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PREFACE. 


I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modern 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°. The advantage of imtroducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
BgsseL and other German mathematicians ; and especially 
in the Theoria Motus Corporwm Ceoelestium of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Differences of triangles, plane and 
spherical, occupies a large space in Cagnoli’s treatise, but 
has not been admitted into more recent works. It here 


vecupies only a few pages, but no important result of 
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Cagnoli’s Table has been omitted, while a number of the 
formuls are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. Themore elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re 


lated. W.C. 


U.S. Navan AcADEMY, 
Annapolis, Md., May 1, 1850 


NOTE TO THE FOURTH EDITION. 


In this edition, besides a number of minor changes, and the correction of some 
typographical errors, a very important modification has been made in the solution of 
the equation tan x = p tan y by series (p. 145), which was given in former editions 
in the usual form ag stated by all writers on trigonometry. This form was dis- 
covered to lack generality, and consequently to fail in certain applications, in con- 
sequence of the omission of the arbitrary term nw now introduced. Several subse- 
quent investigations, depending on this, have in like manner been rectified. _ 


TJ. §. Navan Acapemy, April 1, 1854. 
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PART IL. 


PLANE TRIGONOMETRY. 


CHAPTER I. 
MEASURES OF ANGLES AND ARCS. 


1. TRIGONOMETRY is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. PLane TRIGONOMETRY treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analysis. 

3. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement: a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 
given without a side, because there may be an indefinite number o* 
plane triangles, whose angles are equal to the same three given ones, as 
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Fig. 1. in Fig. 1. the triangles A BOLA BO, 

BY &c. In this case, all these triangles 

p are similar, and their sides are pro- 
i portional ; or the ratio of AB to AC 

/ La: ae is equal to the ratio of A’ B’ to A’ O, 
Al: ———--- =e" &e.3 so that the ratios of the sides to 


each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c.; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

5. The units by which angles are expressed are, the degree, 
minute, and second; distinguished by the characters ° ’ ”, 

A degree is an angle equal to yy of a right angle; or a degree is 
$y of the whole angular space about a point, or sd of four right 

Fig. 2. angles. Thus, Fig. 2, if the angular space about 
- OQ is divided into 860 equal parts, of which A OB 
| is one, then A OB is one degree. The right angle 
| 8 will be expressed by 90°; two right angles by 


re ¢ 180°, and the whole angular space about a point 
by 560°. 
A” A minute is an angle equal to g/5 of a degree. 


Therefore, 1° = 60’; and a right angle =90 x 60’= 5400". 

A second is an angle equal to gy of a minute. Therefore, 1’ = 
60”: 1°=60 x 60”= 3600"; and a right angle =90 x 60 x 60” 
= 824000” 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked” ™ ¥, &.; a third being gy of a second; 
a fourth, g55 of a third; &c. But the more convenient method is to 
express them as decimal parts of a second; thus 4 of a right angle 
will be either 

12° 51’ 25” 42” 517, &e. 


or more conveniently 
12° 51’ 25”.714, &e. 


6. The above division of angles is called sexagesimal, from the divisor 60 employed 
in the subdivision of the degree. The centesimal division, however, would be prefer- 
able in all cases, but cannot now be generally introduced without, at the same time, 
changing the arrangement of all our tables, the graduation of astronomical and 
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other instruments, charts, &c. Nevertheless, the attempt has been made in France, 
and several standard works exist in the French language, in which it is employed 
throughout. 

In the centesimal or French division, the right angle is divided into 100 degrees, 
the degree into 100 minutes; the minute into 100 seconds, &. The reduction of 
these denominations from one to the other requires only a change in the position 
of the decimal point; thus, in this system 60° 75’ 84”-8 is the same as 607584" 
or 60°-75848 or 09:6075848, the symbol g denoting a quadrant or right angle. 

To convert centesimal into sexagesimal degrees, since 100° dec. == 90° sex. deduct ons 
tenth from the number of centesimal degrees. 

EXAMPLE. Required the number of sex. degrees in 85° 47’ 43” dec 

85°-4743 cent. 
Deduct J, = 8 -54748 


76°-92687 sex. degrees and dec. parts. 
55-6122 
36-732 


or 76° 55’ 86-732 sexagesimal. 
To convert sexagesimal into centesimal degrees, since we must take 19 of the Fex., 
divide by 9 and move the decimal point one place to the right. 
Exampie. Required the number of centesimal degrees in 76° 55’ 36”-732 sex. 
Reducing the minutes and seconds to the decimal of a degree, we have 
76°-92687 sex. 
10 of which is 85°-4743 cent. 
or 85° 47’ 48” centesimal. 


To distinguish the degrees of the centesimal from those of the sexagesimal divi. 
sion, the former are frequently called grades, and are denoted by the character # 
instead of °; thus the preceding angle would be 858 47’ 43”. 
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7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs may be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of wnits of are intercepted 
on the circumference. 

The units of are are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
seo of the circumference, whatever the radius of the circle may be: 
and we obtain the same numerical expression of Fig. 3. 
an angle, whether we refer it directly to the angu- t 
lar unit, or to the corresponding unit of are. The 
right angle AOA’, Fig. 3, and its measure, the __, 
quadrant AA’, are therefore both expressed by 
90°; the semicircumference by 180°, and the 
whole circumference by 360°. 


Al 
% The radius of the circle employed in measuring anyles is then 
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arbitrary, and we may assume for it such a value as will most sim- 
plify our calculations. This value is wnzty ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. ‘This value will be generally used throughout this 
treatise. 

9. Zo find the length of an are of a given number of degrees, 
minutes, Ke. 

The semi-circumference of a circle whose radius is unity is known 
to be 3-14159265; or, the radius being A, the semi-circumference 
is 8-14159265 #. Hence 


When R=1 
Arc 180° =3-14159265 R = §-14159265 
« 1° =0-017453293 R = 0-017453298 


« |’ =0.0002908882 R =0-0002908882 
« 1” =0-000004848137 R = 0-000004848137 


An are x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formule 

Are x = 0-0174538298 x° 
= 0-0002908882 v’ 
= 0-0000048481387 x”. 
As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 
Arc # =[8-2418774] x° 
=[6-4637261 | 2’ 
== [4.6855749 | 2” 
in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Exampire. What is the length of the are 2=88° 17’ 48”, the 

radius being = 1. 


38° 17’ 48” = 137868” log. 5-1894635 
Log. factor for seconds 4-6855749 
z= 0-6684031 log. a 9-8250384 


10. Zo find the number of degrees, ge. in an are equal to the 
radius. 
We have, from the preceding article, 


* The logarithms in the examples of this work will be taken from Stanley’s Tables, 
(published in New Haven, by Durrie and Peck,) the best tables of seven-figure 
logarithms yet published in this country. 
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180° 
= 5 os ; 
3-14159265 ieee 


= 3437’ 74677 = 206264 -806 


11. The angle at the center measured by an arc equal to the radius, is often 
taken as the unit of angular measure, as this angle will be of an invariable magni- 
tude, whatever is the length of the radius. If x is the number of such units in a 
given angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &c., found in the preceding article. Thus, 


4° == t R° == 57°-2957799 x = [1°7581226] x 
ve’ == aR! = 8487'-74677 x = [8°5362739] z 
a” == t Rl" == 206264"-806 x = [5:3144251] « 


Reciprocally, the angle being given in degrees, &c., we reduce it to the unit ra- 
dius, by dividing by R°, 2’, or 2”, thus, 


R 


which is evidently the same as multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity 
Hence, an angle thus expressed is said to be given in arc. If we put (as is usual) 


mw == 8°14159265 +-> 


w is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ # to denote an 
= aright angle; 2 four right angles, &c. 


angular magnitude of 180°; 9 


12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or are from 90°. 

The supplement of an angle or are is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 80° is 60°; the supplement of 30° 18 
150°, 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

18. According to these definitions, the complement of an are 
that exceeds 90° is negative. Thus the complement of 120° is 
90°~-120°=— 30°. In like manner the supplement of 200° 1s 
180° — 200° = — 20°. 
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CHAPTER ILI. 
SINES, TANGENTS, AND SECANTS. FUNDAMENTAL FORMULA. 


14. Havine expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 

Fig. 4. that of right triangles. Let us therefore 
B” consider a series of right triangles, ABC, 


P | ABO", ABO", &e., Fig. 4, which have 


: a common angle A. The angles at B, 
ae | | | B’, B’, being also equal, the triangles are 
se oe co similar; and by geometry 
BC: AB=B'C’: AB’= BC": AB" 
or by the definitions of ratio and proportion, 
BO BC Bo 


— — 
— Oe i 


AB AB’ AB’ 


In like manner it follows that 


BC _ B’'c’ ee BCoV" 


AC AC’ AC” 
a8 AB _ AB’ _ AB" 
AQ AC” AC 

Hence it appears that the ratios of the sides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows: 

15. Lhe sinz of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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Thus, in the right triangle ABC, Fig. 5, Hig: 6. “ 
t we designate the sides by the small letters 
a, 6, ec, we shall have, (whatever the absolute a 
length of the sides) F : 


; a . b 
sn A=—, sin B=— 
c C 


16. The TANGENT of the angle is the quotient of the opposite side 
divided by the adjacent side. 


Thus tan A = pe tan B= & 
rf) a 


17. The secant of the angle is the quotient of the hypotenuse 
divided by the adjacent side. 


Thus see A= ee sec B= a 
b a 


18. The COSINE, COTANGENT, and COSECANT of an angle, are re- 
spectively the SINE, TANGENT, and SECANT of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 


sn A= cos B= 2 cos A= sin B= = ) 
C 
a b 

tan d= cot B= — cot A= tan B= — (1) 
b a 

soe A = cosee B= — cosee A = see B= — 


19. Since = is the reciprocal of *, it follows from the first and 
a c 


last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
and secant, the tangent and cotangent are reciprocals. That is, 


ar ee | 1 ) 
A Ss 5 | 
ae cosec A seven sin A 
cos A = d sec A = 1 (2) 
sec A cos A é 
1 1 
tan A = ——— = 
~ cot A x tan A | 


ar more briefly, 
sin A cosec A = cos A see A = tan A cot A=1 (3 
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Sinus, &c. oF ARcs. 


20. The sine, tangent, and secant of 

‘T’ an are are respectively the sine, tangent, 

and secant of the angle at the center 
measured by that arc. Thus, Fig. 6, 


BC 


AB=sin A 
sin sn AOB= OB 


All 
The sine of an arc, therefore, does not depend upon the absolute 


length of the arc, but upon the ratio of the are to the whole circum- 
ference, (Art. 7.) It follows that the relations oe and (8) are also 
applicable when A expresses an are. 

21. If the radius = 1, all the trigonometric nee above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB, or angle AOB, by 2, we have, when OA 
= OB =1, 


sing = Gp= 7 = BC 
AT AT 

tant =o an ei =AT 

_OT OTL 


and from the arc A’B = 90° — x we find in the same way 
cosxa=BD=0C 
cot x = A/T” 
cosec @ = OF” 


Therefore, in the circle whose radius is unity, the sine of an are, 
or of the angle at the center measured by that arc, ts the perpen- 
dicular let fall from one extremity of the are upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arc, which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The secant ts that part of the produced diameter which ts inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In « circle of any other radius than unity, the trigonometric 
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functions of an are will be equal to the lines drawn ag above, divided 
by that radius. 

The properties here stated have heretofore been used by most 
writers upon trigonometry as definitions, but without limiting the ra- 
dius to unity; and it is evidently from this mode of viewing these 
functions that they have derived their names. 


22. Besides the functions already defined, others have been occasionally employed 
to facilitate particular calculations, as the versed sine, which in the circle is the 
portion of the diameter intercepted between the extremity of the are and the foot 
of the sine; thus. Fig. 6, the versed sine of A Bis A C, or the radius being = 1, 


versin z == 1— cos (4) 
by means of which formula we may always substitute versed sines for cosines, and 
reciprocally. 

The coversed sine (covers. ) is the versed sine of the complement, and suversed sine 
(suvers.) is the versed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

che == 2sin4z (5) 
which is evident from Fig. 6, where if the arc BB’==2, we have chord BB’ =s 
2BC=2sinA B. 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions.* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90°; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formule and methods by which 
these tables are rendered available. 
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24, Given the sine of an angle, to find the cosine. 


From the right triangle ABC, Fig. 7, we Fig. 7. 
have by geometry a+ 0=0? B 
Dividing by ¢?, this equation becomes e . 
a BP 
ee zs é . 


* Also trigonometric lines, from the properties explained in Art. 21. 
3 B2 
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or, by the definitions of sine and cosine (1), 

sin? A + cos? A = 1 (6) 
in which the notation sin? A signifies «the square of the sine of A.” 
From this formula, if the sine is given, we find 


cos? A = 1 — sin? A = (1+ sin A) (1 — sin A) 
cos A = /(1—sin? A)=/[(1+sinA)(1—sinA)] (7) 
and if the cosine is given, we find 
sin A = / (1 — cos?- A) = /[(1 + cos A)(1—cosA)] (8) 
25. Given the sine and cosine of an angle, to find the tangent. 
By (1) we have 


tan A = ; 
also 
snd a,b a 
esd ¢ ¢ 6 
in A 
fies A asin 9 
therefore tan or (9) 
And since the cotangent is the reciprocal of the tangent, 
cos A 
cot A = A (10) 


26. Given the tangent of an angle, to find the secant. 
The right triangle A BC, Fig. T, gives 


= bt a 
Dividing by 7, this becomes 
e ae 
polite 
or, by the definitions of secant and tangent (1), 
sec?.A = 1+ tan? A (11) 
This formula applied to the complement of A gives 
cosec? A = 1 + cot? A (12) 


27. The preceding formule are also 
directly obtained from Fig. 8. If the 
angle A OB, or the are AB, be denoted 
by a, the right triangle OBC, gives 


BC? + 0C? = OB 


or remembering that the radius is unity, 
by Art. 21, 
sin’ x + cos’? a2 = 1 (18) 
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The triangle OBC gives by the definition, Art. 16, 


BC 
tan AOB = rave 
or ie (14) 
cos £ 


Since the angle BCD is the complement of BOC, tan BOD= 
cot z, and the triangle BOD gives 


tan BOD = at = a 
01 cota = — (15) 
In a similar manner the triangles AOT, A’ OT" give 
sec? a = 1+ tan? a (16) 
cosec? 2 = 1 + cot? x (17) 


28. The following equations are easily demonstrated by combining (138), (14), 
(15), (16), (17), and employing the property of the reciprocals (2). They are of 
frequent use. 


sing = oe el ean pang ied ee (18) 
cosec & sec x cotz 
; cot z sin x 
cos % = = cotzsing = = (19) 
sec x cosecx tanz 
sing == / (1 —cos2), cos x= 4/ (1 —sin*z) (20) 
sec == 4/ (1+ tan’z), cosec % == 4/ (1+ cot*z) (21) 
tanz == 4/ (sec?z— 1), cotx% == ./ (cosec? z —1) (22) 
sinz = aa NIE = eee eee (23) 
f/ (i+ tan?z) /(1-+ cot?z) 
Sees cot x aa 1 4 
~ A(1+ cot?z) ./ (1+ tan? z) (24) 
= sin x __/ (1 — cos?) 
sne= 7 (i—sint'z) Cos (25) 
_ COs % __/ (1—sin* z) 
eet / (1—cos?z) ss sin & (26) 


29. To find the sine, ge. of 30° and 60°. 

In Fig. 8, let the are AB = 30°, and BB’ =2AB=60°. By 
Art. 21, sin AB = BC, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1; therefore 

2sin80°=2BC= BB’=1 


whence 
sin 80° = 4 = cos 60° (27) 
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and by (7) 
cos 80° = V[(1 +3) (1-H =VGXF) 
whence cos 80° = 4./3=sin 60° (28) 
Then, by (9) and (2), 
> _. sin 80 + _ 
tan 30 rig 80° be a (29) 
1 
cot 80 ape J/ 2 = tan 60° (30) 
° 1 2 ° 
sec 80° = cos 30° = Tg = cosec 60 (81) 
1 
cosec 80° = sin 30° = 2 = sgec 60° (82) 


30. To find the sine, ge. of 45° Since 45° is the complement of 
45°, we have 
sin 45° = cos 45° 


whence by (18), putting «= 45°, 
sin? 45° + cos? 45° = 2 sin? 45° = 2 cos? 45° = 1 
sin’ 45° = cos? 45° = 4 
sin 45° = cos 45° = “YL =1 2 (33) 


Ore o sin 45° 
tan 45° = cot 45 anor (34) 
1 
o = a a ” 
Se see 45 cosec 45 sin 452 Jf 2 (35) 
Ar ¢ hese values are readily verified in the circle, 


Fig. 9, where OA 7A’ is a square described upon 
the radius. The diagonal O07’ bisects the right 
angle, whence AOZ’ = 45°, and tan 45°= AT 
= OA =1; cot 45° = A’ T= 1; sin 45° = BOC 
= OC = cos 45°, Ke. 


IN 


31. The sines and cosines of two angles being given, to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

Fig. 10. Fig. 11. Let the twoanglesbe A OB 

; and BOC, Figs. 10 and 11. 

De At any point B in the line 
0 OB draw BC perp. to OB. 
Draw BA and CD perp. to 
oS AD OA, and B £ perp. to CP. 
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Then the triangles BCH and BOA are mutually equiangular, 
the three sides of the one being perp. to the three sides of the other 
respectively ; therefore the angle BCH = AOB. 


Let t=AOB=BCH 
y¥=BOC 
Then, Fig. 10, a+ty=COD 
Fig. 11, z—y=CVOD 
and in 
CD BAt+CEH BA . CH 
Fig. 10, sn(et+y)—ag=—Go = Got Go WO 
ve BA— CEH BA CH 
Fig. 11, sin (2 — y) = CO €O ~~ CO ~ CO 
and in both figures 
BA BA y BP 
CoO = Bo X WG = sin w cosy 
CH ee CB 


CO = OB * TO = cos a siny 
which being substituted in the above expressions of sin (x + y) and 
sin (v7 — y) give 
sin (7 + y) =sin 2 cosy + cosa siny (36) 
sin (v — y) = sinx cos y — cosxsiny (37) 
Again in 
OD OA—EB OA EB 
Fig. 10, cos (@ + ¥) = Ga=—oa = 00-06 


Fig. 11, cos(u—-¥)=GaG= oa =o01t dG 
and in both figures, 
OA OA OB 
00 OB x C0 eee 


EB EB BC 
OG = Ba* Og = sine siny 
therefore 
cos (x + y) = cosxcosy — sinxsiny (38) 
cos (« — y) = cosa cosy + sin w siny (39) 
and (36), (87), (88), and (39) are the required formule. 


These may be considered as the fundamental formule of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by a and 
y (Art. 20). 
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CHAPTER III. 


TRIGONOMETRIC FUNCTIONS OF ANGULAR MAGNITUDE IN GENERAuw, 


82. THE definitions of sine, &c. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 


ey If, Fig. 12, we suppose the line OA to revolve 


from the position OA to OA’ in the direction of 

(| the arc AA’ (or from right to left), it will describe 

a B an angular magnitude of 90°; when it arrives at 

OA” it will have described an angular magnitude 

wary of 180°; at OA”, 270°; and at OA again, 360°. 

iit If it now continue its revolution, when it arrives 

at OA’ again, it will have described an angular magnitude of 

360° + 90°, or 450°; and thus we may readily conceive of an angular 

magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
le established in the preceding chapter; first deducing their values 
anelytically, and then explaining their geometrical signification. 

38. To find the sine, ge. of 0° and 90°. In (87) and (89) 
Jet « = y; the first members become sin (wv — x) = sin 0°, and 
cos (v7 — x) = cos 0°; and by (18) they are reduced to 


sin 0° = sinz cosz — cos xsinz = 0 
cos 0° = cos? az + sin’ x == 1 
and since 0° and 90° are complements of each other, Art. 12, 
sin 0° = cos 90° = 0 (40) 
cos 0° = sin 90° = 1 (41) 
from which by (9) and (2) 
sin 0° 


oO oO 
tan 0° = cot 90 = aa? 


0 . 
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cot 0° = tan 90° = —7 = = 00 (43) 
sec 0° = cosec 90° = — = - =] (44) 

1 
cosec 0° = sec 90° = = 0 = = 0 (45) 


34. To find the sine, ge. of 180°. In (86) and (88) let 
s= y = 90°; these equations become by means of the preceding 


values 


sin 180° =1x0+0x1=0 (46) 
cos 180° =O0x0—1x1l=—1 (47) 
whence by (9) and (2) 
0 1 
tan 180° = 4 = 0 cot 180° = 0 = cO (48) 
1 1 
sec 180° = =a 1 cosec 180° = 9 =e (49) 


85. To find the sine, fe. of 270°. In (86) and- (88) let 
a =180°, y = 90°, then 


sin 270° =0x0+(—-1)x1l=-—1 (50) 

cos 270° =(— 1)x0—0x1=0 (51) 

—1 1 

tan 270° = >- = cot 270° = — = 0 (52) 
oe) 
° 1 o 1 

sec 270° = 5 = 0 cosee 270° =~ 7 =—1 (53) 


36. To find the sine, ge. of 360°. In (86) and (88) let 
a= y= 180°; then 

sin 860° = 0 x (—1)+(—1) x0=0 (54) 

cos 860° =(—1)x(—1)—-0 x0=1 (55) 


the same values as for 0°, whence it follows that all the trig. func 
tions of 860° are the same as those of 0°. 

The same process continued will give for 450° (= 360° + 90°), 
the same trig. functions as those of 90°; for 540° the same functions 
as for 180°, &c. 
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87. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (86) and 
(88) let 2 = 0°, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin ¥ 
cos y = cos 0° cosy — sin 0° sin y = cos ¥ 
which are simply identical equations, and reveal no new property. 
But if in (87) and (89) we put 2 = 0°, we have, after substituting 
the functions of 0°, 
sin(— y) = —siny cos (— y) = cosy (56) 
whence by (9) and (2) 


til gy OY tay (57) 


cot (— aaa = a. (58) 
1 

BOY) = Sey) a = sec (59) 

cosec ( — ee ee ee (60) 


or, the sin., tan., cot., and cosec. of the negative of an angle are the 
negative of the sin., tan., cot., and cosec. of the angle itself ; and the 
cos. and sec. are the same as those of the angle itself. 
38. In (87) and (89) let x = 90° ; we find after reduction 
sin (90° — y) = cosy cos (90° — y) =siny 
which agree with the definition of cosine, but give no new relations. 
But in (86) and (88) let = 90°, we find 
sin(90° + y)=cosy, cos(90°+y)=—siny (61) 

whenee by (9) and (2), 

tan (90° + y) = — coty cot (90° + y) = —tany (62) 

sec (90° + y)=—cosecy cosec (90° + y) = secy (63) 
or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90°; and the cos., tan., cot., and ser. are 


equal to the negatives of the sin., cot., tan., and cosec. of the excess 
of the angle ateve 90°. 
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39. In (87) and (89) let 2 = 180°; we find 
sin (180° — y) =siny cos (180° — vy) = — cosy (64 
tan (180° — y) = —tany cot (180° — y) =—coty (6d) 
sec (180° — y) =—secy cosec (180° — y) = cosecy (66 


or, the sin. and cosec. of the supplement of an angle are the same as 
those of the angle itself ; and the cos., tan., cot., and sec. are the 
negative of those of the angle wtself. 

40. If y is acute (that is, less than 90°), all its trig. functions are 
positive ; and since its supplement 180° — v is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
ecsec. of an obtuse angle are positive, while its cos., tan.. cot., and 
82c. are negative. 


41. In (86) and (88) let ¢ = 180°; we find 
sin (180° + y) =—siny cos (180° + y) = — cosy (67) 
tan (180° + y) = tan y cot (180° + y) = coty (68) 
sec (180° + y)=—secy — cosec (180° + y) = —cosecy (69) 


by means of which, if y is acute, we obtain the values of the sines, 
&e. of angles between 180° and 270°. 


42. In (87) and (89) let « = 270°; we find 
sin (270° — y) = — cosy cos (270° —y) = —siny (T0) 
tan (270° — y) = coty cot (270° — y)=tany (71) 
sec (270° —y) = —cosecy cosec (270° — y) = —secy (72) 
43. In (86) and (88) let x = 270°; we find 
sin (270° +y)=— cosy  _—s cos (270° + y)=siny = (78) 
tan (270° + y) = — coty cot (270° + y) = — tany (74) 
sec (270° + y) = cosec y cosec (270° + y) =—secy (75) 
44. In (87) and (89) let « = 860°; we find 


sin (860° — vy) = — siny cos (360° — y) = cosy (76) 
tan (860° — y) = — tany cot (360° — y) = — cot y (77} 
sec (860° — y) = secy cosec (860° — y) =— cosecy (78; 


or the functions of 360° — y are the same as those of — y (Art. 387) 
45. In (86) and (88) let x = 860°; we find 
sin (860° + y) =siny cos (860° + y)=cosy (79 


or, the functions of an angle which exceeds 360° are the same aa 


those of the excess above 360°. 
4 Cc 
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It follows that the functions of 720° + y are the same as those 
of 860° + y, and therefore the same as those of y; and in like 
manner for an angle which exceeds any multiple of 860°. 


46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 87, 


sin (y — 90°) = — sin (90° — y) = — cosy 


cos (y _ 90°) = CoS (90° it y) = sin y (80) 


whence also tan., &c.; and in the same manner we may find the func- 
tions of y — 180°, y — 270°, y — 360°, &e. 
47. We shall now give the geometrical interpretation of the pre- 


ceding results. 
Fig. 13, 
As 


In Fig. 18, let the radius revolve from the 
position OA to OA’, OA”, &c., as in Art. 82, 
thus describing a continuously increasing an- 
gular magnitude; or, which is ecuivalent, let 
the are commencing at A increase continuous- 
ly to AB, AA’, AB’, &e. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 

Ist. The: sine being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter ar awn through the other extremity, 
we shall have sin AB = BC, sin AB’ = B’ C’, sin A A” B” = B’C’, 
sin AA” BY” = BC, and if we make 


AB = AY fy’ — AY Bp” = AB" _— y 


we have 
sny =BC 
sin (180° — y) = BC’ 
sin (180° + y) = B’C” 
sin (860° — y) = B’' C 
The lines BC, B’ 0’, B’ C’, B’’ C, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formule enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 
sin (180° — y) =siny 
sin (180° + y) = — siny 
sin (860° — y) = — siny 
so that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative; or the sines which are above the diameter 
AA” are positive, while those which are below this diameter are 
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negative; or still more generally, the sines that have opposzte ar 
rections, with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 


cosy=OC 

cos (180° — y) = OC” 

cos (180° + y) = OC" 

cos (860° — y) = 
but by (64), (67), (76), 

cos (180° — y) = — cosy 

cos (180° + y) = — cosy 

cos (860° — y) = cosy 
so that the cosines on the right of the diameter A’ A” are positive, 
while those on the left of this diameter are negative; or rather the 
cosines that have opposite directions, with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz.: that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 


a negative are will be one reckoned from A towards b”, or in the 
opposite direction to that of the positive arc, so that 

sin AB” = sin(—y) = B’UC=—BC=—sny 

cos AB’ = cos(—y) = OC = cosy 
as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana: 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is alse 
expressed by Fig. 18. 


1st Quap. | 2d Quap. | 8d Quan. pl tae Quad. dd Cpu. | Sh Ou. 4irOuND: 4th Quan. 
SINE 
| OcsInz } tf. Th 


fp 
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ai 48. The particular values of the sine and 
cosine at A, A’, A”, &c., or sin. and cos. of 
0°, 90°, 180°, &e., may also be found by 
Fig. 13, upon the same principles; but this 
A we leave to the student. 

49. GENERAL RemMARK.—In the demon- 
“,  stratio of the fundamental formule for 
Sy sin (x+y), and cos (7+ y), Art. 81, the 
angles z, y and x+y were all taken less than 90° and positive. 
In this chapter these formule have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formule from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 

trigonometric functions which have now been determined. 


50. The results of this chapter may be expressed by a few general formule. 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete revolutions of 860°. If we represent the semi-circum- 
ference, or two right angles, by 7 (Art. 11), and let » = any whole number or zero, 
we shall have 


sindn > = 0 cos4n— = 1 (81) 
sin (4n41)5=1 eos (4n-+ 1) 5 = 0 (82) 
sin (4n- 2) > = 0 cos (An 2) > = —1 (88) 
; va or 
sin (¢2-+- 38) — =—1 cos (42 -+ 38) 5 = (84) 

whence 
ton dn 5 = 0 tan (4n- 1) 5 =o 
wT r 

tan (4n+-2) 5 = 0 tan (£n+ 3) > =o 


or the tan. of the even multiples of _ == 0, and of the odd multiples =, so that 
we may write more simply 


tan 2n = = 0 tan (2n-+1) >= 00 (a) 
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In these formule we have only to give x one of the values 0, 1, 2, 3, 4, &., to 
obtain the functions of any given multiple of the right angle. Thus, we find 


pin 45° = sin 6 == sin (4 1) | = 1 by making n = 1, in (82). 


rT 


Since the subtraction of 87 5 


from the are will not change the functions, tas 


above formule are also true when 7 is a negative whole number. 


61. Ina similar manner we obtain 

sin[ 4n 5 4-y |=siny cos [an 5 +y| = cosy (86) 
sin( (Ant 1)F+y]=cosy cos { (4n+1)5-+y | =—siny (87) 
sin [ (4n+ 2) o+y] =—siny cos [ (an 2) 5 + y | ==—cosy (88) 
sin [(4n4+3) 549] == — cos ¥ cos | (40 + 8) = + y | =siny (89) 


tan[2n5+y] = tony tan [ (2n+1)>+y | = —coty (90) 


in which x may be any whole number, positive or negative, and y any angle, positive 
or negative. 

52. A still more concise form may be given to the formule of the two preceding 
articles, as follows: ~ being, as before, any whole number, positive or negative. 
Tr 


sin 2n > = 0 cos line 


== (—1) (91) 
sin (2 n + 1) z= (—1) cos (2m 1) >= 0 (92) 
sin [2 n _ + y |=(-))" siny cos [ 2 n x + y |= (—1)"cosy (93) 


sin (2n-4 Sty |=(—1) cosy cos| (2a) ety |=—(-I"sing (94) 


and from these (85) and (90) may be directly deduced. 


58. We have seen that an angle being given, there is but one corresponding sine, 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a is 
also the sine of all the angles 


r—Y, 2Zr+-+y, 8r—y, &. 
—wr—y, —l2rty, —3r—y, &e. 
or in general 
@== siny = sinfawr+(—1)"y] (95) 


C2 
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In like manner if a is a given cosine, and y any corresponding angle, 


a@ = cos ¥ = cos (2H 7 + y) (96) 
and if ais a given tangent corresponding to the angle y, 
@ == tan y = tan (na -+ y) (975 


Sinz AND TANGENT OF A SMALL ANGLE oR ARGC. 


Fig. 14, 54. When the angle AOB=2, Fig. 14, is 
= very small, the sine and tangent are very nearly 
equal to the arc A.B, which measures the angle, 
z the radius being unity ; and the cosine and secant 
“ are nearly equal to OA =1 (Art. 21). There- 
fore, to find the sine or tangent of a very small 
ru angle approximately, we have only to find the 
ength of the are by Art. 9; thus 


sin 1” = are 1” = 0-000004848137 
log. sin 1” = 4.6855749 


and x being a small angle, or arc, expressed in seconds, 


sing = tanz = asin 1” (98) 
If xz is expressed in minutes, 

sinz=tanzg=zsin 1’ (99) 
If z expresses the length of the arc, the radius being unity, 

sing = tanz=2 (100) 


The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

55. If 2 and y are any two small angles, it follows from the pre- 
ceding article that 

sinz:sny=asinl’:ysnl”=a2:y 
that is, the sines (or tangent) of small angles are proportional to the 
angles themselves. The agfication of this theorem, however, liko 
that of the preceding, mus® depend upon the accuracy required ir 
the problem in which it is employed.* 


* For a full discussion of the limits under which this theorem may be employed, 
see a paper, by the author of this work, in the Astronomical Journal, (Cambridge. 
Mass.) Vol. i. p. 84. 
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CHAPTER IV. 
GENERAL FORMULA. 


56, Wx have already obtained four fundamental equations, (86), 
(37), (38), and (89), involving two angles, x and y. From these we 
shall now deduce a number of formule, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (86) and (87) are 


sin (w + y) + sin (x — y) = 2sinz cosy (101) 
sin (x + y) — sin (« — y) = 2 cos xsiny (102) 
and the sum and difference of (38) and (89) are 
cos (x + y) + cos (x — y) = 2 cos x cosy (103) 
cos (w + y) — cos (w — y) = — 2 sin wsiny (104) 
58. If we put 
ety=27' 
ame ea 
whence Zesty, w= z(et+y’) 
ays amy’, y=e(e—y’) 


equation (101) will become 
sin a’ + sin y’ = 2 sin} (2 + y') cos} (2’ — yy’) 


and (102), (103), and (104) admit of a similar transformation. But 
since 2 and y’ admit of all varieties of value, we may omit the 
accents and apply the formule to any two angles 2 and y; we have 
thus 


snz+siny=2snd(e+ y)cos4(x— y) (105) 
sinz — siny = 2 cos} (w+ y) sin} (x — y) (106) 
cosa + cos y = 2 cos } (x + y) cos (e —y) (107) 
cosz -cosy = — 2sin4(x% + y) sin} (x — y) (108) 


Each of these equations may be enunciated as a theorem; thus 
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(105) expresses that «the sum of the sines of any two angles 1s 
equal to twice the sine of half the sum of the angles multiplied by 


the cosine of half their difference.” 


These formule are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 


a product. 
59. Dividing (105) by (106), we have by (14) and (15) 
sina + siny _ F, Rifas 

sina — siny tan} (x+y) cot 4 (a Y) 


or by (2) 


sinx+siny  tank(x#+y) 
sinzg—siny tan} (e¢—y) 


and from (107) and (108) we find in the same manner 


COS LZ — COSY 
COS Z + COSY 
We find also 
sing + siny 
cosz + cosy 


= — tan} (e+ y) tand (@ — y) 


= tan} (x+y) 


sing — siny 


Se ies L(y — 
cos z + cos y mea ee) 


sin z + sin 
ane Ta = — cot} (oy) 
cos x — cosy 


sin ¢— siny 


= .c. (Gata 
cos @ — Cosy og egy) 


(109) 


(110) 


(111) 


(112) 


(118) 


(114) 


60. Divide the equations (36), (87), (88) and (39) by cosa cos y; 


then by (14) we have 
sin (x + y) 


= tang + tan y 
COS @ COS Y 


sin (7 — y) 


= tana — tany 
COS @ COS Y 


Chat EE eee ee 
COS @ COS Y 


cos (v — y) 


eau < 1+ tan zvtan y 


(135) 
(116) 
(117) 


(118) 
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61. Divide (86), (87), (88) and (89) by sina siny; and by sin z 
cos y; then 


sin (x + y) 


snesiny ~ cot y cota (119) 
eee = cot xcoty 1 (120) 
ee =l1+tcotrtany (121) 
eee D —cotaxtany (122, 


62. Divide (115) by (117), and (116) by (118); then by (14) 


_ tang +tany 
ea ae 1 —tanztany 28) 
tan (2 —y) = tan x — tan y (124) 


1 + tan vtany 


by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 


coty cot z= 1 (125) 


need) cot ¥ + cotz 


63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 


ec ee 


sin(x+y) tanz+tany coty-+cotz (126) 
cos(z+y) 1—tanetany  cotxcoty—1 (127) 
cos(7—y) l1+tanztany cotxcoty+l 
64. Formule for secants are obtained from those for cosines by means of (2), 
thus we find 


1 
cos z cos y =F sin zsiny 


sec (x -bhy) = 


and multiplying numerator and denominator by sec z sec y, 


sec x sec y (128) 


sec (7 y) = 1 =F tan z tan y 
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Also since 
1 g 
sec =i: secy = 3 CORSE COE 
cos zx cosy COS % COSY 
we find by (107) and (108) 

2 cos 4 (x + 7) cos + (x — y) 
Seo eh caer = 129 
sec x + sec ¥ eae (129) 

2 si . _ 
y 


In the same manner from (105) and (106) 


2 sin 3 (# + y) cos $ (@ — 9) (181) 


cosec x -+- cosec ¥ = Sterne 


200s } (7-4 y) sin } («— 9) 
Sin % sin y 


(132) 


cosec x — cosec y == — 


These formule, although generally omitted in treatises on trigonometry, will be 
found useful in a subsequent part of this work. 


65. The product of (86) and (87), and of (88) and (39), are 
sin (x + y) sin (2 — y) = sin’ x cos’ y — cos’ # sin’y 
cos (w + y) cos (w — y) = cos’ x cos” y — sin’ x sin’ y 
By (18) we have cos? # = 1 — sin’ # and co’? y = 1 — sin’ y, 
which substituted in the preceding equations, give 
sin (x + y) sin (ew — y) = sin? x — sin?'y =cos*y—cos’a = (188) 
cos (a + y) cos (v— y) = cos’ a ~ sin?y = cos’y — sin? = (184) 


66. In (36), (88) and (123), let y = 2, we find 


sin2a2—=2sinz cose (135) 
cos 2 x = cos’ # — sin? x (136) 

2tan a 
tan 2 t= Io tare (137) 


by which the functions of the double angle may be found from those 
of the simple angle. 
67. To find the functions of the half angle from those of the 
whole angle, we have, from (18) and (1386), 
cos? 2 + sin? a= 1 
cos? ~ — sin? az = cos 2a 
the sum and difference of which are 
2 cos? z = 1 +'cos 2a 
2sin?a = 1— cos2z 
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As these express the relations of an angle 2 2 and its half z, their 
meaning will not be changed by writing 2 and 4 @ instead of 2 z 
and x; whence 


2 cos’ $a = 1+ cosz (188) 
2sin?4¢=1— cosa (139) 
the quotient of which is 
1— cosz | 
tan? i ¢ = ——___—_. 140 

: 1 + cos oo 

68. The following may be proposed as exercises. 

: 2 tan $ 2 2 
an = T+ tan? Fz cotez+ tange Gt) 

2 tan} 2 
cate ESE tan?d2 cotda2— tangs Cf) 
tari 2+-2cotxtangixe—1=—0 (143) 
tan? $ «— 2cosecztanzgz+1—=0 (144) 
1 — tan’ $z 
cos % == I+ tan? dz (145) 
tan 42 = cosec % —~ cot 2 = =e (146) 
1 

cot $x == cosec z+ cotz = 1 co (147) 
(and pes Lo oes (148) 


1+ sinz-+tcosz _ 


69. Several useful formule result from the preceding, by intro- 
ducing 45° or 80°. If x = 45° in (86), (87), (38), and (39), we 
have, by (83), 


COS ¥ -+- Sin 4 
sin (45° + y) = cos (40° = y) = tS (149) 
whence 
cos ¥ -—L sin 2 
tan (45° 4 y) = cot (45° spy) = —— (150) 


cos ¥ =F sin 
in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If ‘we divide the numerator and denominator of (150) by cos y or 
Bln ¥, 
litany coty+1 


tan (45° +9) = TS tany ~ coty 1 


(151) 
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From this, by (57), 


ie 152 
tan (y — = tany +1 (152) 
70. Again, let x = 90° + y in (188), (189) (140), and (146), 
sin (45° =k fy) = cos (45° = dy) = q| (aS ew ) (158) 
1 siny 
_ itsiny cos ¥ ' 
tan (45° f= 4 y) = cos ¥ = T= siny (1551 
From the last we find 
2 
tan (45° + 4 y) + tan (45° — fy) = ae 2secy (156) 
tan (45° + $y) — tan (46° —}y) =~ ee 2 tan y (157) 
the quotient of which is 
° pee, Oa 
tan (45° +- 4 y) — tan (45 4y) Baty) (158) 


71. In (101), (102), (103) and (104), let 2 = 30°; then by (27) 
and (28) 

sin (30° -++ y) + sin (80° — y) = cosy (159) 

sin (80° + y) — sin (80° — y) =siny /3 (160) 

cos (30° + ¥) + cos (80° — y) = cosy V3 (161) 

cos (80° + vy) — cos(80° — y) = — siny (162) 

and in a similar manner we may introduce 60°; but it is unneces- 


sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 


FormvuLz FoR MuttipLe ANGLES. 
72. From (101) and (102) we have 
sin (y + x) = 2 sin y cos x — sin (y — 2) 
sin (y + x) = 2 cos y sin x + sin (y — 2) 
in which let y == (m—1) 2; then 
sin mz == 2 sin (m — 1) x cos x — sin (m — 2) x (163) 
sin mz == 2 cos(m—1) esin x + sin (m — 2) x 164} 


which are the general formule for computing the sine of any multiple mz, from the 
lower multiples (m — 1) x and (m — 2) z, and the simple angle z. 


FORMULA FOR MULTIPLE ANGLES. 37 


if we make m successively 1, 2, 3, 4, &c., these formule give 


sin x= sing = sin z 
sn2z%==2sinz cosz == 2cosz sinz 
sin82== 2sin2zxcosx—sinz = 2cos2asinz+sinz 
sindz =: 2sin82coszx—sin2%==2cosd3zsinz-+ sin 22 
&e. &e. 
78. From (108) and (104) 
cos (y-+-z) = 2cosy cos z— cos (y — 2) 


cos (¥ + 2%) = —2 siny sin x + cos (y — 2) 
which if we put y == (m — 1) z, become 


cos mz == 2 cos (m—1) x cos x — cos (m—2) x (165) 
cos mz == — 2 sin (m —1) zsin z+ cos (m — 2) x (166) 
If m is taken successively equal to 1, 2, 8, 4, &c. 
cos t= cos x = Cos % 
cos2z==2cosz cosx—l =—2sinz sinz+1 
cos84=2cos2xcosx—cosx =m—2sin2zsinz-+ cosz 


cos4x% = 2cos3zcosz—cos2%=—2sin32zsinz-+ cos 22 
&e. &e. 


74, In (128) let y == (m — 1) z; then 
tan (m— 1) x-+ tana 


om a eee, ea Se tae 167 
sas 1 — tan (m — 1) x tan z ( ) 
whence 
y t 

tan 2“ = tanz ip Pp ee x + tan % 

1 — tan 2 2 tan x 

2 tan z tan 8¢%-+-tanz 

tan 20 = tan? a tO Se = ean Be tan 

&e. 


75. If in the expression for sin 8 z, Art. 72, we substitut. the value of sin 2 2, 
we find 
sin 3 2 = 4 sin z cos*z — sina 
by which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 2, the latter will also be 
expressed in terms of the simple angle. By these successive substitutions we easily 
ebtain the following tables: 
sin 2== sing 
sin 2% = 2sinzcosz 
sin 32 = 4 sin x cos? z — sin % 
sin 4% == 8 sin z cos’ x — 4 sin x cos % 
&e. 
76. cos Z= Coss 
cos 2 4 = 2 cos? x#— 1 
4 cos? x — 3-cos z 
cos 4% = 8 costx— 8 cos? z+ 1 


re} 
° 
wm 
0° 
R 
I 


D 
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77. If in these equations we substitute for cos? x = 1 — sin* z they become 


sin x= sing 

sin 2% = 2 sin z // (1 — sin? 2) 

sin 32 =: 8 sin xz — 4 sin’ z 

sin 42 = (4 sin x — 8 sin® z) ,/ (1 — sin’ x) 
&e. 


78. cos t= 4/ (1 — sin’ z) 
cos 2% = 1 — 2 sin? x 
cos 8 z == (1 — 4 sin’ x) // (1 — sin? 2) 
cos 4% = 1 — 8 sin? z+ 8 sin‘ x 
&e. 


From the preceding tables it appears that the cosine of the multiple angle may 
always be expressed rationally in terms of the cosine of the simple angle; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 


79. By successive substitutions we find from the formule of Art. 74. 


tan z= tanz 


2 tan x 


tan 2% = 7a 


8 tan x — tan’? x 


tan 8% = ——sata 


me 4 tanz—4 tan’ z 
~ 1—6 tan?z + tan‘ z 
&e. 


tan 4 x 


80. The preceding results are but particular applications of general formule to 
be given hereafter, (Chapter XV.) They are introduced here for the convenience 
of reference in elementary applications. The powers of the sine or cosine of the 
simple angle may also be expressed in the multiples of the angle: but they are mest 
readily obtained from the general formule of Chapter XY. 


RELATIONS OF THREE ANGLES. 


81. Let z, y, and z be any three angles; we have, by (36) and (88), 
sin (¢-+ y-+ z) = sin (x + y) cos z-+ cos (+ y) sinz 
== sinz cosy cosz-+ cos x sin y Gos z 
+coszcosy sinz— sin z sin y sin z (168) 


cos (x-+ y+ 2) = cos (x-+ y) cos z — sin (x + y) sin z 
= cos z cos ¥y COS Z— Sinz sin y GOSZ 
—sinzcosy sinz—coszsiny sinz (169) 
and in the same way we may develop the sines and cosines of x + y — 2,2 —y +z, 
&c.; but we may find these directly from (168) and (169) by changing the sign of z 
y, &c., and observing (56). 
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The quotient of (168) divided by (169) gives, after dividing the numerator ana 
denominator by cos x cos ¥ cos 2, 


tan «+ tan y -++ tan z — tan x tan y tan z 
tan (x Gh — ga NL AEE CD ce CR f. 
ae ae 1 — tan x tan y — tan x tan z — tan y tan z io) 


82. Let x, y and z be any three angles, and from the equations 
sin (v — z) = sin z cos 2 — cos x sin z 
sin (y — 2) == siny cos 2 — cos y sin z 
let cos z be eliminated; we find 
sin y sin (x — z) — sin x sin (y — z) = sin z (sin z cos y — cos z sin y) 
= sin z sin (x7 — y) 
If sin z is eliminated, we find 
cos y sin (x — z) — cos x sin (y — z) == cos z sin (7 — y) 
These equations may be more elegantly expressed, as follows: 
sin x sin (y — z) + sin y sin (e — z) + sin z sin (x@—y) = 0 (171) 
cos x sin (y — z) + cosy sin (2 — x) + cos 2 sin («x — y) = 0 (172) 


A number of similar relations may be deduced from these by substituting 90° =r gz, 
&c., for x, &e. 
83. Let 


om (z+y+2) 
we have by (104) 
2 sin v sin (v — xz) = cos  — cos (2 » — Z) = cos x — cos (y + 2) 
2 sin (v — y) sin (v — 2) = cos (y — z) — cos (2 v-— y — 2) 
= cos (y¥ — z) — cos z 
the product of which is 
4 sin v sin (v — 2) sin (v — y) sin (v — z) = cos z [cos (y — z) + cos (y + z)] 
— cos? z — cos (y + 2) cos (y — 2) 
Reducing the second member by (103) and (134) ; 
4 sin v sin (v — x) sin (v — y) sin (v — z) = 2 cos x cos y cos 2 — cos* 
— cos? y — cos*z-+ 1 (173) 
In the same manner we find 
4 cos v cos (v — x) cos (v — y) cos (v — z) == 2 cos x cos y cos z + cos? z 
+ cos? y + cos? z—1 (174) 
84, The following may be proposed as exercises. 
sinz-+siny-} sin z—sin (z-+- y +2) = 4sin} (z+ y) sin} (v-+-z) sing (yz) (175) 
cos z-/- cosy + cosz+ cos (z+ y+2) = 4008} (x+y) cos } (t-4+-z) cos} (y+ z) (176) 
sin (2 + ¥ + 2) 


COS Z COS ¥ COS Zz 


tan z+ tan y -+- tan z— tan z tan y tan z = (177) 


cos (z + y + 2) 


cot z + cot y + cot z— cot x cot y cot z = — sit ain oh Rin 


(178) 
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4 [sin (x-+-y-+-z)}+-2 sin x sin ysin z]* = 4 [sin (z-+-y) cosz-+ cos (x—y) sin z|? 

== [1—cos (2 +2 y)] (1+ cos 2z) + [1 + cos (22— 2 y)] (1 — cos 22) 179) 
+- 2 (sin 2z-+ sin 2 y) sin 2z 


= 2 (1-+sin 2 zsin 2 y-+sin 2 xsin 22-4 sin2 ysin 2z— cos 2xc0s 2 y cos2z) 


85. Let the sum of three angles z, y and z bez, or a multiple of z, that is, an even 


multiple of S a condition which is expressed by the equation 
rT 
tp y pean. > (180) 


then, tan (x -++- y + z),== 0, and the first member of (170) being thus reduced to 
zero, the numerator of the second number must be zero, or 


tan z-+ tan y -++ tan z = tan 2 tan y tan z (181) 
an equation, it must be remembered, that is true only under the condition (180). 
Since z, y and z may be selected in an infinite variety of ways so as to satisfy (180), 


it follows from (181) that there is an infinite number of solutions of the problem, 
‘‘to find three numbers whose sum is equal to their product.” 


Let the sum of three angles z, y and z be _ or an odd multiple of = ; thatis, let 
chy pes (Qn+1)5 (182) 


then, tan (x -+ y+ 2) = ox, and the denominator of (170) must be zero, or 
tan z tan y + tan z tanz-+ tany tanz = 1 


which, divided by tan z tan y tan z, gives 


cot x +. cot y + cot z = cot x cot y cot z (183) 
a relation that holds only under the condition (182). 
86. Let 
ebytemne mtn (184) 


We have by (98) and (91) 
cos (++ y — z) = cos (nw —22z) = (— 1)" cos 22 
cos (v7 — y ++ 2) = cos (nw —2y) = (— 1)" cos2y 
cos (y+ z2— 2) = cos (nw —22) = (—1)* cos2z 
cos (y+ 2+ 2) = cosnaw == (— 1)” 
the sums of the first two and of the second two are by (103) 
2 cos x cos (y — 2) == (— 1)" (cos 2 z + cos 2 y) 
2 cos x cos (y¥ ++ z) = (— 1)" (cos 2%-+ 1) 
and the sum and difference of these equations are 
4 cos x cos y cos Z ==: (— 1)" (cos 2z-++ cos2y-+ cos 22z-+ 1) 
4 cos x siny sin z == (— 1)" (cos 22+ cos 2 ¥ — cos 24—1) 
nt st 4coszcosycosz== cos2u-+cos2y+~cos2z+1 (185) 
+ 4coszsiny sinz = —cos2z4-+ cos2y+cos2z—1 (186) 
the upper sign being taken when 7 in (184) is even, the lower when x is odd. 
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In the same manner we obtain 


spe 4sing sinysing= sin2dQc¢+sin2y+ sin2z (187) 
=e 4 sin z cosy cosz==—sin2¢+ sin2y-+ sin2z (188) 
the signs being taken as above. 
Again, let 

wr . 
tp ¥y +2 (2n-+ I)> (189; 

we shall find by the same process 
sr4sinzsinysinzg= cos2z-+-cos2y-+cos22—1 (190) 
ck 4 sinz cosy cosz = —cos2z%-+-cos2 y+ cos2z2+1 (191) 
te4coszcosycosz = sin2dze¢-+sin2y-+ sin2z (192) 
st 4 cosz sin y sinz = —sin22¢-+-sin2y-+ sin2z (198) 


+ or — according as m in (189) is even or oda. 


INVERSE TRIGONOMETRIC FUNCTIONS. 
87. If 


y = sin & 


y 1s an explicit function of x, and, smce # and y are mutually de- 
pendent, x is an ¢mplecit function of y; but to express 2 in the 
form of an explicit function of y, we write* 


x=sin 7 y 
which is read, «‘x equal to the angle (or arc) whose sine is y,” and 
z is called the enverse function of y, or of sine a. 
In like manner tan y is “the angle or arc whose tangent is 


y,” &e. 
88. Many of the formule already given may be conveniently expressed with the 
aid of this notation. Thus, by (16), 
x= sec’ ¥/ (1 + tan’ z) 
orif we put y = tan z 


tan y = sec* 4/ (1+ y’) 


=~ ey rn 


* This notation was suggested by the use of the negative exponents in algebra. 
If we have y == nz, we also have z = n~' y, where y is a function of x, and = is 
the corresponding inverse function of y. The latter equation might be read “x is 
a quantity which multiplied by 7 gives y.” It may be necessary to caution the be- 


ginner against the error of supposing that sin y is equivalent to any 


For a general view of the nature of inverse functions, see Peirce’s Diff Cale. 


Arts. 18, et seq. 
6 D2 
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And in the same way the formule of Art. 28 give 


: 1 y 
sin —! y ==: cosec —' — == cos deg?) efoto 
y y / ( y’) J (i—¥) 
—. 9/4 
cos” * y = seo? + a= sin / (1 — x) tan VY i=) 
y y 
1 . y 1 
tan y = cot™*— = sin ————>z = cos’ — _— 
y J FY) Ji+¥7) 


Formule (123) and (124) may be written 


tang  tany 


shy= En 
se ee 1 = tan z tan y 


or putting ¢ = tan z, ? = tan y, 


me a 


tan? ¢ Ee tan7? ? = tan? Ti (194) 


Also the formule of Arts. 67 and 68 give 


1 — 1 ‘a 
conty a asin | (152 = roe {At =2taam f(} ;) 


1—y7* 
ity 
&9. We may also employ the notation sin~* (cos z) or ‘tha arc whose sine is 
equal to the cosine of 2,” i. e. ‘the complement of 2’; and sin (cos~* y) or “the 
sine of the arc whose cosine is y,” &. We shall have accordingly 
sin (sin “*y) = y tan (tan y) = y &e. 
sin —* (sin z) = « tan ~? (tan z) = 2 &e. 
But it must be observed that since the same sine or tangent sorresponds to an 
infinite number of angles, (Art. 58,) these last equations should be wxitten 
sin—* (sin z) = nx + (—1)"2, tan“ (tanz)=anw-{ 2 
which are equivalent to (95) and (97). 


2y 2y 
2 tan y = sin? ———~ = tan ———; = cos" ( 
a 1+y l—y 
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CHAPTER VY. 


TRIGONOMETRIC TABLES. 


90. Brrore proc:eding to the numerical computation of triangles 
and to other applications of the preceding formule, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables ;* the first, called the 
Table of Natural Sines, gc., contains simply the numerical values 
of the sines, tangents, &c. for each given value of the angle; the 


* The most convenient seven-figure tables yet published in this country are Stan- 
ley’s, already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensive and varied calculations, generally provide them- _ 
selves not only with tables of seven figures, but also with those of six, of five, and 
even of four figures—the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seven-figure, or even ten-figure tables in all cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient; but it ig 
clearly a loss of time and labor to employ other figures besides those which are ne- 
cessary in arriving at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker’s Nova Tabula Berolinensis, 
(Berlin, 1852,) which are distinguished for simplicity of arrangement, as well as ac- 
curacy. 

Bowditch’s five-figure tables, in his Epitome of Navigation, are valuable on account 
of their undoubted accuracy. 

Four-figure tables are to be found in various collections, as for instance, in Schu- 
macher’s Hiilfstafeln, (edited by Warnstorff.) 

Of the German seven-figure tables we may cite those of Vega, of which Bremiker’s 
edition is the best: of the English, Taylor’s, Hutton’s, Babbage’s, Shortrede’s; and 
of the French, Callet’s, Bagay’s, Borda’s. Taylor’s, Shortrede’s, and Bagay’s give 
the log. functions to every second of the quadrant; Borda’s give the functions corre- 
sponding to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum Completus, edited by Vega, 
‘Leipzig, 1794.) 
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second, called the Zable of Logarithmic Sines, §e., contains the lo« 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 


TABLE OF NatTurRAL Sines, &c. 


91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. ‘This interpolation 
is based upon the supposition that the differences of the sines, Xc., 
are propostional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a sufficient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10”, and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 40°; every tangent is a cotan- 
gent, &c.; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 46°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90°; but we easily deduce the functions of all other 
angles by the principles of Chap. ITI. 

For the functions of an angle between 90° and 180°, we may taks 
the same functions of its supplement, observing to prefix the proper 
algebraic sign, Art. 89. Thus, from Hutton’s Tables we find 


sin'140° 16’ = sin 89° 44’ = —0-6892158 
cos 140° 16’ = — cos 39° 44’ = — 0-7690278 
tan 140° 16’ = — tan 39° 44’ = — 0.8811992 
cot 140° 16’ = — cot 39° 44’ = — 1-2080810 
sec 140° 16’ = — sec 89° 44 = — 1-5003431 


cosec 140° 16° = cosec 39° 44 = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before; thus 


sin 140° 16’ = ec3 50° 16’ = &e. 
cos 140° 16’ = — sin 50° 16’ = &e. 


which is the better practical method, as the subtraction of 90° may 
be performed mentally. 


94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 8d quadrant, Art. 41; thus 

sin 220° 26’ = — sin 40° 26’ 
cos 220° 26’ = — cos 40° 26’ 
tan 220° 26’ = + tan 40° 26’ &e. 
95. For angles between 270° and 360°, we may deduct 270° and 


take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant, Art. 43; thus 


sin 831° 27’ = — cos 61° 27’ 
cos 381° 27’ = + sin 61° 27’ 
tan 831° 27’ = — cot 61° 27’ &e. 


Or we may take the same functions of the difference between the 
angle and 860°, Art. 44, observing the signs. 

96. Above 860° we deduct 360°, and take the same functions 
with their signs, Art. 45; and if the angle exceeds 720°, 1080°, &e., 
we deduct 720°, 1080°, &c. ; thus 


cos 840° 45’ = cos 120° 45° = — sin 30° 45’ 
tan 1872° 13’ = tan 292° 13’ = — cot 22° 13’ 


TaBLE oF Logarirumic Srvzs, Xe. 


97. In this table we find the logarithms of the numbers in the 
‘able of Natural Sines arranged in precisely the same manner}; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2, &. The tangents under 45° being also less than unity, 
the indices of their logs. are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs. of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 


we must deduct 10 from that sum. 
98. Since 


1 
seed = — FG 


we have log sec A = — log cos A 
or since the tabular log. cos. is increased by 10, 
log sec A = 10 — log cos A 


that is, the log. secant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. is the ar. co. of the log. 
sin.; and log. cot. is the ar. co. of the log. tan. 

Also since 


log tan A = log sin A — log cos A 


by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 


cos 140° 16’ = — 0-7690278 
and log cos 140° 16’ = — 9.8859420 


* Strictly speaking, negative numbers have no logarithms, but in practice, the 
multiplication, division, &c. of numbers is performed without reference to their signs, 
1. @. as if they were all positive, and the sign of the result isthen deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to effect the first of these operations, i. e. the multiplication, division, &c. of 
the numbers considered as positive; and to facilitate the second operation, or the 
determination of the sign, we prefix to the logs. the signs which are prefixed to the 
numbers to which they belong. 
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As the logs. of all the trig. functions are positive (being rendered 
so by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 


ELEMENTARY MeEtuHop oF ConstRUCTING THE TRIGONOMETRIC 
TABLE. 


100. By dividing w = 3-1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1”, and (Art. 54), the 
sine of 1”, which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin 1’ = 0.0002908882 
and by (7) 
cos = / (1 — sin? 1’) = / [(1 + sin 1’) (1 — sin1)] 
= / (1-0002908882 x -.9997091118) 
or performing the arithmetical operations 
cos 1’ = 0-9999999577 
Then by (101) and (1038) 
sin (cv + y) = 
cos (x + y) = 


sin x cos y — sin (x — y) 


2 
2 cos z cos y — cos (tw — y) 


m which we can suppose y to be constantly equal to 1’ and 2 to be 
come successively 1’, 2’, 3’, &c. Thus, first substituting y = I, 


sin (x + 1’) = 2 sin 2 cos 1’ — sin (x — 1’) 
cos (x + 1’) = 2cosa@ cos 1’ — cos (4& — 1’) 
then if 2 = 1’, 2’, 3’, &c., we find for the sines 


sin 2’ = 2 cos 1’ sin 1’ — sin 0’ = 0-0005817764 

sin 38’ = 2 cos 1’ sin 2’ — sin 1’ = 0-0008726646 

sin 4’ = 2 cos 1’ sin 8’ — sin 2’ = 0-0011685526 

sin 5’ = 2 cos I’ sin 4’ — sin 3’ = 0-0014544407 
&e. &e. 

ard for the cosines 

cos 2’ = 2 cos 1’ cos 1’ — cos 0’ = 0-9999998308 

cos 8’ = 2 cos 1’ cos 2’ — cos 1’ = 0-99999961938 

cos 4’ = 2 cos I’ cos 3’ — cos 2’ = 0-9999993232 

cos 5’ = 2 cos 1’ cos 4’ — cos 8’ = 0-9999989425 
&e. &e. 
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The whole difficulty in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos 1’ = 1-9999999154 ; but 
this multiplication is much shortened by observing that 


2 cos 1’ = 1-9999999154 = 2 — -0000000846 


ao that if we put 
m = -0000000846 
we have 2 cos 1’ = 2 — m and therefore 
sin 2’ = 2 sin 1’ — sin 0’ — m sin 1’ 
sin 3’ = 2 sin 2’ — sin 1’ — m sin 2’ 
sin 4’ = 2 gin 3’ — sin 2’ — m sin 3’ 
&e. 
cos 2’ = 2 cos 1’ — cos 0’ — mcos I’ 
cos 8’ = 2 cos 2’ — cos 1’ — m cos 2’ 
cos 4’ = 2 cos 3’ — cos 2’ — m cos 3’ 
&e. 
which are computed with great facility. 
101. It is not necessary, however, to continue this process beyond 
30°; for by (159) and (162) we have 
sin (80° + y) = cos y — sin (80° — y) 
cos (380° + y) = cos (80° — y) — siny 
so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
y successively 1’, 2’, 3’, &c. 
sin 80° 1’ = cos 1’ — sin 29° 59’ 
sin 30° 2’ = cos 2’ — sin 29° 58’ 
sin 80° 3’ = cos 3’ — sin 29° 57’ 
&e. 
cos 80° 1’ = cos 29° 59’ — sin 1’ 
cos 30° 2’ = cos 29° 58’ — sin 2 
cos 80° 3’ = cos 29° 57’ — sin 3’ 
we. 
This last process requires to be continued only to 45° since the 


sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents may be found from the sines 
and cosines by the formulze 
sin & Cos x 


cot z= - 
cos & sin 2 


tan c= 


and the secants and cosecants by the formule 


1 1 
cosec @ = = 
Cos & sin 2 


sec 7 = 


103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (188) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45° = 4 we can find 
sin. and cos. of 22° 80’, and from these the sin. and cos. of 11° 15 
by the same formule; and from cos. 80° = 4 / 8 we can find sin. 
and cos. of 15°, 7° 80’, and 8° 45’. If these agree with those found 
by the first process, the whole work may be considered as correct. 


104. There are various other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of verifi- 
cation. 

Tet z == 18°; then 382+ 2% = 90° and cos 8 z = sin 2 x, whence, by Art. 76, 


4 cos? x — 38 cos t == cos 8x == 2 sinzcos2 


4 co? z— 3 == 2 sin x 
4 (1 —sin? xz) — 38 = 2 sing 
sim@az-+}sinz =f 


which equation of the 2d degree being resolved, gives sin 2 = 


5 ds 
sin 18° == cos 72° = Co 
whence cos 18° == sin 72° — pas tis 2) 


From these by (188) and (139), we find the sine and cosine of 9° and 86°; thin 
by (87) and (89) those of 36° — 80° = 6°, whence those of 3°; after which it 
will be easy to form a table of the exact values of the sines and cosines for every 
8° of the quadrant.* These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods; but they lead to a 
formula of verification which is of some importance. We find 


cos 86° == Yb+1 
4 


* A table of this kind is given by Cagnoli in his Zrigonomeérie. 
7 E 
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And by (102) 


sin (72° +. y) — sin (72° — y) == 2 cos 72° sin y = . sin y 


Yi — 
2 


sin (36° ++ y) — sin (36° — y) == 2 cos 86° sin y == yor? sin y 


the difference of these equations gives 
sin (86° + y) — sin (86° — y) = sin (72° +- y) — sin (72° — y) + siny 
which is Zuler’s formula of verification. By giving y any value at pleasure, the cor- 


rectness of five sines of the tables is examined. By substituting 90° — y for y in 
this formula it is easily reduced to the following 
sin (90° — y) ++ sin (18° +- y) + sin (18°— y) = sin (54°-+- y)-+ sin (54° — y; 

which is known as Legendre’s formula, though not essentially different from Euler’s. 
105. The method that has here been given for computing the trigonometric table, 

though simple in principle is nevertheless sufficiently operose. The method by in- 

finite series, to be given hereafter, will be found to be much more rapid and simple 

in practice. 
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CHAPTER VI. 
SOLUTION OF PLANE RIGHT TRIANGLES. 


106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 


The solution is effected directly by means of our Fig. 15, 
definitions of sine, &c., which are expressed by B 
the equations (1). As three of the six functions ; 
are only the reciprocals of the other three, we 

shall base the solutions upon the following three; 4 7 ¢ 


(Fig. 15): 


sin A = — oe tan A = — 
¢ ¢ b 

Since each of these equations expresses a relation between three 
parts—an angle and two sides—it follows that in order to apply them, 
or in order to solve the triangle trigonometrically, there must be 
given two of these parts; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept,—employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Cass. I. Given the hypotenuse and one angle, or e and A. 

To find a. We consider a, ¢ and A; and since the ratio of a and 
e is given by the sine, we have 


sin A = < whence a@=ecsin A (195) 


To find b. Considering 6, ec and A, we have the ratio of 6 and ¢ 
expressed by the cosine, or 


cos A = 2 whence 6=ecosA (196) 


To find B. Wehave B = 90° — A. 
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The required quantities a and d being equal to the product of twe 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 


EXAMPLES. 
1. Given ¢ = 672-3412, A = 35° 16’ 25”; to find the other parts. 
By (195) By (196) 
e = 672.3412 log 2-8275897 log 2-8275897 
A = 35° 16’ 25” log sin 9-7615382 log cos 9-9119049 


a = 388-2647 log* 2-5891279 6 = 548-9018 log* 2-7894946 
Ans. a = 888-2647 
6 = 548.9018 
B = 54° 48’ 35” 
2. Given e = 42567-2, B = 87° 49’ 10”; find the other parts. 
Ans. a = 1619-626 
6 = 425386.37 
A = 2°10'50” 
108. Casz II. Given the hypotenuse and one side, or e and 8. 
To solve this case trigonometrically, we must first find an angle. 
To find A. We have 


cos A = 2 (197} 
c 
To find a. We have, by the preceding case, 
sin A = - a=esin A (198) 
But a may be found by geometry from the equation 
a+b? =c¢? whence w@=c? — & 
a=J/(e?— 3) = /[(e+ d) (¢— 4)] (199) 
EXAMPLES. 
1. Given ¢ = 672-3412, 6 = 548.9018; find A and a. 
By (197) By (198) 
b = 548-9018 log 2-7894946 
e = 672-3412 log 2-8275897 log 2-8275897 
A = 35°16'25” log cos 9-9119049 log sin 9-7615882 


a = 888-2647 log 2-5891279 


* Ten is rejected from each of these indices because the logarithms of the sine 
and cosine in the table are ten too great. Art. 97 
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By (199) 
e= 672-3412 
= 648.9018 
e+ 6 = 1221-2430 log 3-0868021 
e—b= 123-4894 log 2.0914538 
2)5-1782559 
a = 388-2647 log 2.5891279 
Ans. A = 35° 16/25” 
B = 54° 48/35” 
388-2647 


l 


a 
2 Given ¢ = -092857, 6 = -058018; find a. 
Ans. a = -071859 
109. Cass III. Given an angle and its adjacent side, or A and 6. 
To find a. We have 
tan A = . whence a= 6 tan A. (200, 


To finde. We have 


b b 
cos A = whence, by (2), ¢ = row 


=bsec A (201) 


ur directly from the secant 


C 
sec A = — whence cec=dbsecA 


b 
JIXAMPLES, 
1. Given A = 88° 59’, 6 = 2.234875: find the other parts. 
Ans. a@ = 125-9365 
e = 125.9563 
B=1°V 

2. Given B = 60°, a = 10; finde. (See Art. 29), 

Ans. ¢ = 20. 
110. Case IV. Given an angle and its opposite side, or A and a. 

To finde. We have 


_ 4 a ana. 
sin A : CFT ose A (202) 
Zo find b, We have 
a a 
taad=-= b= —— = acot A (203) 
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EXAMPLES. 


1. Given A = 25° 18’ 48”, a = -0856238; find 6. 
Ans. 6 = -1810278 


2. Given B = 89°17’5”, 6 = -01; finde. 
Ans. e = -0157934 


111. Case V. Given the two sides, or a and 6. 
To find A and B. We have 


tan A = cot B = ; (204) 


To find ce. We have 


sin A = =acosec A (205) 


afs 


sin A 
We may also find e directly by geometry, from 
e=a+h? whence ¢ = / (a? + 0) 
but this is not readily computed by logarithms. 


EXAMPLES. 


1. Given a = 30, 6 = 40; finde. Ans. ¢ = 50 


2. Given a = 8-678912, 6 = 2.463878; find A and ¢. 
Ans. A = 74° 9'4".1 
e = 9.021875 
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112. By inspecting the tables it will be seen that when the angles are very small, 
the cosines differ very little from each other; consequently a small angle cannot be 
found with very great accuracy fromits cosine. For a similar reason an angle that 
is nearly 90° cannot be accurately computed from its sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90° by its co- 
sine, or in either case by its tangent or cotangent; and for this purpose special for- 
mule are sometimes necessary. We shall deduce several such formule, from which 
one adapted to a particular case may be selected. 


118. From (197) we find, by (139) 


1 —cos 4 = 2 sin? }4=—1— 


sin} A me J (=) (206) 


which may be used instead of (197), when A is small, thatis when 4 is nearly equal 
toc. It gives also 


e—b =2csin?4 A (207) 


‘by which ¢c — 5 may be accurately found when A is small 
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Also from (197), by (140) 


taga= | ea) =-/(Q-> (208) 


114 From the equation 
sin A = = 
c 


we deduce by (158) and (154) 


oe 
sin (45° + 3A) = IS 2 2) (209) 
cos (45° =k } A) = J a (210) 
ek e ) 
tan (45° = 3 A) = J (=) . (211) 
and from tan 4 = = we find by (151), 
bt a 
° = 212 
tan (45° =& A) er (212) 
115. By (186) we have 
32-— ag? 
cos 2.A == cos? A — sin? A = rs 
which, since 2.4 == A+ 90° — B = 90° — (B — A), gives 
sin (B— A) = CT OO— A) (218) 
By (135) 
cou (B — A) ax sin? A em 2ein A cos A = 0" (214) 
c 
and fiom (218) and (214) 
tan (B— A) = eck (215) 


by which B — A is found with great accuracy when d and a are nearly equal 
EXAMPLE. Given c == 4602°886, 6 == 4602-21059 to find 4. 
By (206). 

e— b = 0-62541 log 9-7961648 

2¢ = 9205-672 log 8-9640555 

2)5-83210938 

$A = 28'20"18 log sin} A = 7:9160547 

A = 56! 40’-36 


The ordinary process gives log cos A = 9-9999410, whence A = 56’ 40”. These 
results are obtained by Stanley’s Tables, in which the log. sines, &c., are given for 
every 10” for the first 15°. A greater discrepancy between the two results would be 
found by tables in which the functions were given only for each minute. 

A slight error remains in the value of $ 4 == 28’ 20°18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 
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rapid change of these duferences. We avoid the use of these large differences, and 
gain somewhat in accuracy, by employing the approximate value of sin. $ A given 
by (98), whence 


oa ee ee __ sing A 

sik $A = 34 sin 1”, t4—= ir 
Thus we have found above log sin 4 A == 7-9160547 
Art. 54, log sin 1” == 4:6855749 
% A = 1700712 = 28’ 20"-12 log 4 A = 8:2804798 


But to obtain 4 A with the utmost precision, recourse must be had to the follow- 
ing process, which is constantly employed in observatories, and wherever smal angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for every minute from 0° to 2° the logarithms of 


sin x tan x 
— h and =—hk 
x x 


which do not vary rapidly, and may therefore be taken with accuracy from the 
tables. Then we have 


< Sin % sin 2% 
sing = 2. —=—=2.h t= 
x h 
tan x tan % 
tan 2 =2. —_—2z.k i-_ 
x k 


A table of this kind will be found on page 156 of Stanley’s Tables, where the 
notation used is 


g = log sin 2, n = log x 


aol Thus in the above 


and therefore in the column marked g—n we find the log 


example we have found logsn$A=q == 7:9160547 
and from the table g—n == 4:6855700 
4A = 1700-14 = 28 20-14 log A= 7 = 8-2804847 


which is the true value of 4 A within 0”-01. 
Stanley’s Table contains also the values of 


log _ =g—n (¢ = log tan z, n == log x) 


x 

—- — a ] 
log ae gqtn (9 log cosec z, 7 og x) 
log : =g¢g+t+n (q = logcotz, ~—n = log 2) 


tan x 
the use of which may easily be inferred from the example just given. 
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CHAPTER VII. 
FORMUL FOR THE SOLUTION OF PLANE OBLIQUE TRIANGLES 


116. As every oblique triangle may be resolved into two mght 
triangles by a perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulee for their so- 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines 
of thetr opposite angles. 


Denote the angles of the triangle ABC, Pees 
Fig. 16, by A, B and C,and the sides oppo- ; 
site these angles respectively by a, 6 and e. ye 
From (@ draw CP perp. to AB and put 4 ; 


(P=p. Then in the right triangles ACP, BCP, we have, 
by (195) 
p= osin A, prasin B 


whence 6sin A =asinB 
which, converted into a proportion, gives 

a:6=sin A: sn B (216) 
and in the same way we may prove that 

a:e=sin A:sin C 

b:ec=sin B: sin 7 


and these three proportions may be written as one, thus: 


a:b:e=sin A: sin B: sin C (217) 
a 6 c 
a sn A sin B sin 0 ee) 
When the perpendicular falls without the meth é 
triangle, Fig. 17, the angle CBP is the sup- 
plement of B, but by Art. 39, it has the same i | 
sina, so that the triangle CBP gives oe i—lP 


p=asnCbP=asnB 
8 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two sides of a plane triangle ts to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 


a:6=sin A: sin B 
whence, by composition and division, 
atb:a—-b=snA+snB:snA—sinB 
But from (109) if « = A, y = B we obtain the proportion 
sin A + sin B:sin A — sin B= tan} (A + B): tan$(A — B) 
which, compared with the above, gives 
atb:a—b=tan}(A + B): tand(A— SB) (219) 
This may also be written 


a+b tang(A+ SB) 
a—b ~ tan$(A—B) ee) 
and we may infer the same relation between 6, c, B, C and a, c, 
A, C. 

119. The square of any side of a triangle ts equal to the sum of 
the syuares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 


Fig. 16. In the triangle ABC, Figs. 16 and 17,* 
we have either 
itt BP=c—AP or BP=AP—e 
P 
Fig. 17. but in both cases 


¥ / BP =AP* + 0°—2ex AP 
, p Adding CP? to both members, we find 
B 
C= +e?—2ex AP 


But the triangle A CP gives by (196) 
AP=bcsA 


* The consideration of Fig. 17 was not strictly necessary according to the prin- 
ciple stated in Art. 49. It may, however, be useful for the student to verify that 
principle when convenient. 
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which substituted in the preceding equation gives 


a=? +c —2 be cos A (221) 
as was to be proved. We have in the same way 

B= a + oe — 2 ace cos B (222) 

= a? + B® — 2 ab cos (228) 


120. The same result is obtained from the following equations (which are evident 
from Fig. 16, where c = A P-+- PB) 


a=: bcos C-+eccos B 
b= ccos A+ acos C7 | (224) 
e=acos B+ bcos A 

From the first of these 
ec cos B= a —boos 0 

whence ce? cos? B = a? — 2 ab cos O -+- 8 cos? C’ 

and from (218), ce sin? B = b? sin® 0 

the sum of which two equations is, by (13), 
== a —2 ab cosC+ 0 


121. From (221) we find 


b2 +c? — aq? 
cos A == aaa) (225) 


by which an angle is found when the three sides are given; but to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 
Subtract both members from unity; then 
2be—-BP—?+a a—(b—c) 


1— cos A = D be sea eT 


But, by (189), making w = A, we have 
1 — cos A = 2 sin? 4A 


Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz.: the sum and the 


difference of a and 6 — ¢; thus, 
a—(b—eP=[a—(b—e)] x [at (6—c)] =(a—b+c)(a+b—c) 
Substituting these values in the above equation and dividing by 2 


(a—b+0c)(a+b—e) 


sin? dA = Lhe 


(226) 
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This may be simplified by representing the half sum of the three 
sides by s, or by putting 


atb+te=28 
whence 
a—bte=atb+te—2b=28—2b=2(3— Dd) 
atb—e=atb+te—2c=2s—Qe=2(s—C0) 
which substituted in (226) give 


sin? 4A = ea )e—9 (227) 


In the same manner we should find from (222) and (228) 
: s—a)(s—e , s—a)(s—b 
sin? 4 B= este ) sin? t C= ena e—?) (228) 


122. Add both members of (225) to unity; then 


2 2 oe ye — 
1+ esd tT te a = C4 er a 
But by (188) 
1+ cos A = 2 cos?ZA 
Also, (6+cP—a@=(6+e+a)(b+e—a) 
therefore 
oop aa btetall tens 


Substituting s in the numerator as in the preceding article 


te Ae S3) (229) 
be 
and therefore also 
s(3— 6 s{s—e 
cos? 2 B= se), cos? 4 C= ae — 2) (230) 
128. Dividing (227) by (229), we have, by (14) 
tan? 4A = (s — 6) (8 ~e@) (231) 


8 (8 — a) 


and in the same manner 


_@-a@)(0-8) . ay y_@-4) @-9) 
tan’ B= s(e—-8 tan C= e(s—e) (282) 
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124, The preceding formule are suflicient for the resolution of all the usual cases 
of plane triangles; but there are others that are occasionally useful. From (218) 
we find, by (105), (106) and (135), 


a-t d _, in A+ sin B __ sing (A+ 3B) cos 3 (A — 4) 
c sin C sin $ C cos 3 C 


a—b sn A—sinB cos} (4+ 8) sin} (A— B) 


@ Yre sin C a sin} C cos $C 


But since 4 + B+ C = 180°, 
A-+- B= 180° — ¢, 4(A4+ B) = 90°—4 C0 
sin4 (4+ B) = cos}, cos $ (4 -4+ B) = sin} C 


by means of which we find 


a+  cos}(A—ZB) _ cos} (A— B) 939 
Gert! sin 4 ~ cos$ (A+ B) e298) 


a—ob sin 4 (A — B) sin $ (A — B) 


C cost 0. sin3 (4+ 3B) cee) 


The quotient of (238) divided by (234) gives (220). 


125. Adding unity to both members of (233), or subtracting it, we have, oy 
(103) and (104) 


OU 6 2 cos (A+ B) + cos$ (4 —B) _ 2 cos 3A cos$ B 
c cos 3 (A+ B) sin 3 C 
a+ b—e _ cos3 (A — B) — cos 4 (A+ B) 2sin$ A sin} B 
C — cos 4 (A + B) = sin} C 
Similarly from (234) we find 
e+a—b_ sin} (A+ B)+ sin} (A— B) _ 2sin}Acos} B 
c an sin 4 (A + 3B) ra: cos $ C 


e—a+b __ Sing (A + B) —sin 3 (A — B) __2cost Asin} B 
e sin} (A+ B) rc cos ¢ C 


Substituting ¢ = 4 (a-++ 6-4 c), these equations become 


s cos} A cos$¢ B (238) 
ee ee aE ye a 
c Sin 4 


s—c  sinj3A sind B 


ee sin 3 C eee) 
s—6 sin} A cos} B 
Pa urea enemas le 23 
¢ cos $ C ad 
#¢—2_cos$A sin§B (238) 


c cos¢ C 
F 
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From these equations we can deduce immediately (227) &c.; for example ex- 


changing c¢ for 4 in (236), we have 


s—6_ sin$A sin$C 
a sin ¢ B 


which, multiplied by (236) gives (227). 
126. Four times the product of (227) and (229) is by (185) 


sin? 4 = 


mee? 8— a) (s — 5) (# — ce) 


whence 


sin A = A.V le (e— 2) (2— 2) (s —c)] 


Exchanging A for B and C successively, this gives also 


2 


ac 


sin B = 


v [se (s — 2) (s — 4) (s—¢)] 


sin C == = [9(e— a) (6— 8) (6—0)] 


In these equations put* 


K = V/ [#(s— 4a) (*—8) (¢—9)] 


then 
ae hes Sates ein Ce EX 
be ac a 


Ce EE en 


which brings us back to the theorem of Art. 117. 


(239) 


(240) 


(241) 


(242) 


(248) 


127. The sum of A, B and C’ being 180°, and the sum of 4 A, 4 Band 4 C being 
90°, we have, by Arts. 85 and 86, the following relations among the angles of a piwue 


triangle. 
tan A+ tanB-+ tan C= tanA tan BtanC 
cot $ A-+- cot 4 B-+ cot $ C= cot 3 A cot $} Boot $C 
sin A+ sin B+ sin C= 4cos4Acos4 Beoos$C 
sin A+ sin B— sin C= 4sin4A sin} Bcos $C 
cos A -+- cos B-+- cos C—1 = 4sin}A sin} Bsin 3 C0 
cos A +- cos B— cos C+-1 = 4cos4 Acos} Bsin3 C 


in the last of which we may interchange A, Band C. These relations may be sub- 


stituted in the equations of Art. 125. 


* Kis the area of the triangle. See Art. 148. 
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128 The following equations are added as exercises. 
s—e 


pois tan } A tan} Bom 


sin(A—B)  (a-+8)(a—3) 
ce 


sin (A+ B) 
tan }.4 tan } Boot} C= dan 
$3 


cot 4 A+ sot } B+ cot3% C=F 


Ke 


sin} Asin} Bain} C= 
Ks 
cos $ A cos 4 Boos$ C= a 


tan A ton} Btn} O = 
K* = 8 (s — a) (s-— 6) (s — ¢) 
== [4a — (a9 — ey | 


1 


Pan 2 28 de 3 mares won §® wae 
ox 7g (2a P+ 2ee4 oe at B e) 
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CHAPTER VIII. 
SOLUTION OF PLANE OBLIQUE TRIANGLES. 


PETE 129. Casz I. Given two angles and one 
side, or A, B anda. Fig. 18. 
aN To find the third angle. We have 
A 
° C= 180° —(A +B) 
To find bande. We apply the theorem of Art. 117, and state 
the proportions thus: the sine of the angle opposite the given side is 


to the sine of the angle opposite the required side, as the given side 
is to the required side. Thus we have 


sin A:sn B=a:6 


whence fee alee 2 = asin B cosec A (244) 
sin A 
and sin A:sinl=a:e 
whence ¢= —_ asin C cosec A (245) 
sin A 
EXAMPLES. 


1. Given A = 50° 88’ 52”, B = 60° 7’ 25” and a = 412-6708, 
to find C, } and «. 
A+ B= 110° 46’ 17” 
C= 69° 13’ 43” 


By (244). By (245). 
A = 50° 38’ 52” log cosec 0-1116730 log cosec 0-1116730 
B= 60° 7 25” log sin 9-93880702 
C’ = 69° 13’ 48” log sin 9-9708129 
a = 412-6708 log 2-61560387 log 2-6156037 
log 6 2-6653469 log ¢ 2-6980896 


b = 462-7505 e = 498-9875 
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2. Given A = 100° 16’ 85”, B = 25° 16’ 18”, and b = 29-167 
find a and e. . 
Ans. a@ = 6867-22857 
e = 55-59178 
1380. Casn I. Given A, Banda. Second solution. We find C = 180°—(A-+ B); 
then, by (233) and (234) 


cos3(B—C) cos 3 (B— C) 246 
eee Te We: mee we (246) 
bee g, SBE (B=— 0) __ ,, Sind (B—O) oe 


sin $ (BL C) ~*~ cos $A 


which give the sum and difference of the required sides; adding half the difference 
to half the sum, we find the greater side, and subtracting half the difference from 
half the sum, we find the less side. 

181. Casr I. Given A, Band a. Third Solution. When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and 0; for 
we have, from (244), 


asin B sin A — sin B 
G—be a—— = ae 
or 
gecyes eee ee) (248) 
sin A 
Exampie. Given A = 35° 40’ 12-8, B = 85° 87’ 48-6, and a = 26246-948. 

A = 35° 40’ 127.3 log cosec 0:2342442 0:23424 
B == 35° 87’ 48-6 log 2 0-3010300 0:30108 
4 (A+ B) = 35° 89’ 075 log cos 9:9098720 9-90987 
h(A4—B) = 0° 1119 log sin 6-5423038 654230 
a == 26246-948 log 4-4190788 4-41908 
a—b= 25499 log 1-4065288 140652 


b = 26221-449 


One of the advantages of this process is, that a — 6 may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. Ifa 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs. to find a — d to seven figures, and therefore } to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case IL. Given two sides and an angle opposite one of 
them, or a, 6 and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus: the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 


6 sin A 
a 


a:6=sin A: sin 2B whence sin B= 
9 F2 


(249. 
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To find C. We have C= 180° — (A + B) 
To find ec. Having found C, we now have the data of Case L: 
therefore, by (245) 


e = asin C'cosec A (250) 


133. It is shown in geometry that when two AB SP 


¢ 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, \ 
as in Fig. 19, whenever the given angle is , \Y 


acute and the given side opposite to it is less Hee 
than the other given side. In one of them, the required angle Bis 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other; for 


B=BB'C=180°-ABC 


These two values of B are given in the trigonometric solution by 
vhe consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined 


Fig. 20. 
C 


only by its sine, it admits of two values, supple- Pa 

ments of each other, unless the conditions of |, Pa 

the problem are such as to exclude one of these > 

values. In the present case, the obtuse value 

of B is excluded when a is greater than 6, and C. 

there is but one triangle whether A is acute or \ 

obtuse, as in Fig. 20. pes 
154. If the given parts were such that ay ie 


a=bsinA 
a would be equal to the perpendicular from C upon the side ec, and we 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 
135. If the given parts were such that 


a<dsnA 


a would be less than the perpendicular from ( and the problem 
would be impossible. It would also be impossible if a< 6 while 
A > 90°. 

186. When there are two solutions, represent the two values of B 
by 5’ and B”, then the two values of C will be 


CQ’ = 180° —(A+ B’)=180°— B’ —A=B"”—A (251) 
CG” = 180° —(A + B”) =180°— BY— A= B’—A (252) 
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and the two values of ¢ will be 


‘= asin C’ cosec A e’ = asin C” eosec A (258) 


EXAMPLES. 
1. Given a = 31-23879, 6 = 49-00117 and A = 82° 18’; find B, C 
and ¢. 
a = 31.23879 ar. co. log 8-5053058 
6 = 49.00117 log 1-6902064 
A= 82°18’ log sin 9-7278277 
B’ = 56° 50’ 56”.3 log sin 9-9283399 
B” = 128° 3’ 3”.7 
CQ’ = 90°45’ 38”7 log sin 9-9999627 


CO" = 24° 8856.3 log sin 9-6201964 
log cosec A 0-2721723 0-2721723 
log a 1-4946942 1-4946942 
log e’ 1-7668292 log e” 1-8870627 
o! = 58-45601 ol = 24.88163 

Ans. B = 56° 56’ 563 B= 128° 8° 8-7 

= 90°45’ 387-7 Sor = 24°38’ 56-3 

¢ = 58-45601 e = 2438163 


2. Given a = -051234, 6 = -042356, A = 55°; find B, Cand e. 
Ans. B = 42° 87'32”.7 
C= 82° 22/273 


e= -06199202 
8. Given a = -042356, 6 = -051234, A = 55°; find B, Cand e. 
Ans. B= 82° 14’ 35-7 B= 97° 45’ 243 
Ci = 42° 45/243} or CO = 27° 14 357 
e = °03510331 e = °02366993 
4, Given a = 40, 6 =50, A = 53° 7’ 48”-4; find B. 
Ans. B= 90°, 


5. Given a = 40, 6 = 50, A = 60°; solve the triangle. 

Ans. Impossible. 
6. Given 6 = 40, c = 50, B=100°; solve the triangle. 

Ans. Impossible, 
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Vig. 21. is 187. Casz II. Given a, band A. Second Solution. We 
may solve, separately, the two right triangles 4 PC, BPC, 
Fig. 21, which is a convenient method when there are 
a e two solutions. We first find B by (249); then we have 
P: AP = bcos, BP=acosB 
and c= A P+ BP 


The cosine of the obtuse value of B is negative, (Art. 39), so that BP is then nega- 
tive, and we have the two values of c from the formula 


c= APHtBP 
There will be but one solution, if B2??> A P, for e cannot be negative. 
138. Case III. Given two sides and the included angle, or a, 6 and U. 
To find A and B. We have first 
A+ B=180°-—C 
4(A + B)=90°—230 
from which we next find the half difference of A and B by tno 
theorem of Art. 118, which gives 
a+b:a—b=tan}(A+ B): tan}(A — B) 


—b 
a+ b 


The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 


e = asin C cosec A = bsin CO cosec B (255) 


tan }(A—B) =" tan} (A + B)= 4 


cotz C (254) 


EXAMPLES. 
1. Given a = -062387, b = -023475, and C’ = 110°32’; find A, B 
and ¢. 

A+ B= 180° — C= 69° 28’ 

a+b= -085862 ar. co. log 1-0661990 

a—b= -038912 log 8-5900836 

4(A+ B)= 34° 44’ log tan 9.8409174 

4(A— B)= 17° 26'33” log tan 9-4972000 
A= §2° 10/33” 

B= 17°17’ 27” log cosec 0.5269189 


C= 110° 82’ log sin 9.9714981 
b = .028475 log 8-3706056 
e = 0739635 log 8-8690176 


Ans. A = 52°10’ 88” 
B = 17° 17’ 27” 
e = -07396385 


SOLUTION OF OBLIQUE TRIANGLES. 69 


2. Given a = 31-0005, 6 = 15-1101, C = 10° 15’; find A and B. 
Ans. A = 160° 17'18”-7 
B= 9°27'46".3 
8. Given a = 2.463878, 6 = 9-021875 and O = 74° 9’4”.2; find 
A and B. 
Ans. A = 15° 50’55”.8 
B= 90° 0’ 0” 
4. Given 6 = 15-1101, c= 31-0005, A = 10°15’; find B and C. 
Ans. B= 9° 27'46".3 
C= 160° 17 13”.7 
139. Having found A and B as above, the most convenient mode of finding c is by 
(238) or (284), which give 


¢ =x (a +. 8) eee (256) 
B 
¢ = (a—b) = i a = By (257) 


for we have, from the process of finding A and B, the log. of a +- 8, or of a— 23, 
and the values of 3 (A + 2B) and 4 (A — B), 80 that we have only two new logs. to 
find, which are taken out at the same opening of the tables with the tangents of 
3 (A+ B) and 3 (A —B). 

140. Caszn III. Given a, and C. Second Solution. When a 
and 6 are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let x be an auxiliary angle, such that 


tan 7 = - (258) 


an assumption always admissible, since a tangent may have any 
value from 0 tooo. 


We deduce 
tan ee a~—b 
tanz~+1l a+6é 
Z a—b 
or by (152) tan (a — 45°) = a+b 


which substituted in (254) gives 
tan $ (A — B) == tan (v — 45°) tan 4 (A + B) (259) 
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We find # from (258) and employ its value in (259). As this 
‘method does not require the preparation of a + 6 anda-— 48, it is 
‘Julte as short in practice as (254). 


EXAMPLE. 
Given log a = 8°7950941, log 6 = 8-3706056, and C= 110° 32’, 
(Same as Ex. 1. Art. 138.) 
log a = 87950941 
log 6 = 8 8706056 
xz = 69° 22'46""8 — log tan 0°4244885 
a — 45° = 24° 22/468 log tan 96562825 
4 (A + B) = 34° 44’ log tan 9°84091T4 


4 (A — B) = 1T° 26’ 82-9 log tan 9-4971999 
141. Casz Il. Given a, 5, and C. Third Solution. To express A or B directly 
in terms of the data, we have, from (218) and (224) 


csin A =asin@d 
ccos A = 6—acos Vd 


the quotient of which is 


asin C - 
= sia late 260 
tan 4 b—acos 7 (460) 
and in the same manner 
nap as CER (261) 


a—bcos 0 


142. Casn Ill. Given a, &b and C. Fourth Solution. To find ¢ directly from the 
data, we have, by (223) 
= a +o? — 2 ab cos 7 
which, however, is not adapted for logarithmic computation. It may be adapted as 
follows. Substitute by (139) 


cos OC = 1— 2 sin? $C 


then &= a+ 2—2ad+ 40d sin? § C 
== (a — b)?-+ 4ad sin? 3 C 
4 ab sin? 4 C —_ 
ex (a0) J (14228 E°) (262) 
Let z be an auxiliary angle, such that 
a ad sin? 4 C 
3 — $$ 
tan* x (a — 5) 

or ene? = Co Jap (263) 
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then the radical in the above equation becomes ,/(1 -++ tan? x) = sec 1; therefore, 
¢ == (a — b) secx (264) 


143. Wo may also adapt (228) for logarithmic computation by means of (138) 
which gives 


cos C = —1-4- 2 cos? 40 
whence 
e == a? + 07-4. 2 ab — 4 ad cos? ¢ C 
= 4 ab co? iC : 
¢ =(@+n J (1 ae (265) 
Let 

1 ee 

sin 2 = fconie J ab (266) 


then the radical becomes ,/ (1 — sin? z) = cos x; therefore, 
c = (a+ 0b) cosz (267) 


144. It is to be observed, that the supposition (263) is always possikle, since a 
tangent may have any value between 0 and oo, and therefore an angle x may al- 
ways be found having any given number as its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) is always possible; but 
whatever the values of @ and b 


(a—by>0 
therefore (a + b)?> 4 ab 
2.fab 
whence aos 1 


therefore the second member of (266) is never greater than unity. 


EXAMPLE. 
Given a == 062387, 6 = 023475, C = 110° 82’; (same as Ex. 1, Art, 138) 
By (266) and (267). 
@ == °062387 log 8-7950941 
b == :023475 log 8-3706056 


2)7-1656997 
log 4/ab = 85828499 


a+b == -085862 ar. co. log 1:0661990 log 8-938&010 
4 C = 55° 16’ 1. cos 9-7556902 
log 2 0-3010300 

l. sin z 9-7057691 1. cos ¢ 9°9852161 


¢ = 07396344: log 8-8690171 
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145. Case IV. Given the three sides, or a, band ¢ 
Lo find A, Band C. We have from (227) and (228), 


: s— b)(s—e 
ingaa {(2=9G—9) 7} 
ing B= | S—OS—1) (268) 
; (s — a) (s — 6 
amg c= | (S=9E—) 
or by (229) and (230) 
cost A= AiG 2) 
Cos 1B= [(E8—4%) (269) 
mr Cs 
ur by (281) and (282) 
s— b)(s—e 
was ICS ees? De) 
aaa [aes ae 2 (270) 
s— a)(s — b) 
soe eae (GES =oes » 


In these formule s=4$(a+6-+¢). Hither of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs. to be taken from 
the tables. It is accurate for all values of the angle. 


- re er es es 


* See Art. 112. 
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WXAMPLES. 


1, Given a = 10, 6 = 12, ¢ = 14; find the angles. 


By (268). 
a= 10 arcol 9-0000000 arcol 9.0000000 
6b=12 arcol 8-9208188 ar co 1 8-9208188 
e=14 arcol 8-8538720 arcol 8-8538720 
2s = 86 
s=18 
s—a= 8 log 0-90380900 log 0-9030900 
s—b= 6 log 0-7781518 log 0-7781515 
s—c= 4 log 0-6020600 log 0-6020600 
2)9-1549021 2)9-3590220 2)9.6020601 


logsines © $A 95774510 4B 9.6795110 4 9.8010806 
LA = 29°12/27".6 £ B= 28° 33/39".0 1 (= 39° 18'58"-5 
A = 44° 24'55"2 B=57T° 7/18".0 C= 78° 27'47".0 
Verification. A+B+ (= 180° 


2. Given a = -8706, 6 = -0916, c = -7902; find the angles. 
Ans. A = 149° 49’ 0”.4 
B= 8° 1'56".2 
Cas VOT 97: 84 
8. Given a = -5128864, b = -8538971, ¢ = -8090507 ; find 0. 
Ans. O = 36° 18/10%.2 


148. The computation by (270), when all the angles are required, will be much 
facilitated by the introduction of an auxiliary quantity* 


re | (CRIDER AE 9) 7m) 


from which we find by (270) 


r 
s—eE 


r r 
tan} 4 = oe tan} B= Pasa tani C= (272 


—_ 


* This quantity r is the radius of the inscribed circle. See (289) 
0 G 
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EXaMPLh. Given a = 6053, 6 = 4082, ¢ = 7068. We find 


s = 8601-5 ar. co. log 6-0654258 
$— a = 2548-5 log 8:4062846 
s—b = 4519-5 log 8-6550904 
@—c = 1533-5 log 8-1856838 

2)6-3124846 

log r == 8.1562423 

AA == 29° 20’ 54-47 log tan $A = log - _ - 9-7499577 
3} B = 17° 85' 317-70 log tan} B= log——~ = 9-5011519 
3 C = 48° 3/ 33-83 log tan } C = log - if = == 9-9705585 


verification. 90° 0’ 0”-00 


Fig. 22, 147. The case where the three sides are given is some- 
times solved as follows. From (0, Fig. 22, draw OP 


| ; perp. toc. Then 
A B AC? = AP? + CP’, BOM == BP4LCOP 


P 
the difference of which is 


AC'*—BC%'= AP*—BP 


or (AC+ BC) (AC— BC) = (AP+ BP) (AP— BP) 
andif AP— BP = d, this equation gives 
A Grav a (208) 
Then, since AP -+- BP = c, and AP— BP = a, we have 
AP=3(c+ 4), BP = 3 (c—d) (274) 
and in the right triangles ACP, BCP 
cos A = es, cos B = = (275) 


so that (273), (274) and (275) solve the problem. When d> ec, BP is negative, 
cos B is negative, and B is an obtuse angle, (Art. 39). 
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148. Representing the area by A, and the perpendicular CP, Fig. 22, by p, we 
have, by geometry, 


K = hep (276) 
In the triangle A CP, we have p = 6b sin A, whence 
K= tbesin A= desin} Acos4 A (277) 


by which the area is computed from two sides and the included angle. 
Substituting in (277) the values of sin $A and cos $A by (268) and (269), 


K = «/ [s(s — a) (s — 4) (s —e)] (278) 
by which the area is computed from the three sides. 
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CHAPTER IX. 


MISCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES. 


149. Ina given plane triangle, to find the perpendicular from one of the angles upos 
the opposite side. 


Let p be the perpendicular from Cuponc. We have 
p=dsindA (279) 
or by (239) and (278), 
pad 2K 

e c 


V [s(¢—4) (0 —3) (s—9)] = (280) 


the expression for p in terms of the three sides, where s = 3 (7+ 6-+ c) and Kis 
the area of the triangle. 


If we substitute in (279) sin A = — sin C, it becomes 


po < sin C (281) 


sin B 
sin 0 


or, if we substitute the value of 4 = c 


sin A sin B sin A sin B 


=O nO an FB) (282) 


When the triangle is right-angled at C, (282) becomes 
p=csin Acos A = 5 sin 2A 


the expression for the perpendicular upon the hypotenuse. 


150. If p’, p’, p’”, denote the perpendiculars upon the sides a, b, ¢ respectively, 
we have from (280) 


1 1 1 a-+bte 8 
pig tg ge TR (283) 
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161 To find the radius of the circle circumscribed about a plane triangle. 

Fig. 23. The center O of the circle, Fig. 23, lies in the perpen 
dicular erected from the middle point of one of the sides, 
as 4B. Let the radius = &. We have, by geometry, 


AOD=j4AO0B=C0 
and in the triangle A O D, 


: ; AD c 
sin AOD = sin C= 35 = Tp 
h Pa 284) 
whence = 750 (2 
Substituting the value of sin C from (241), 
abe abe 
a a ee 285% 
se 4./[s(s—a) (s—é) (s—c)] 4K ee 
From (229) and (280), we easily find 
Es 
cos 4 A cos 4 Boos} C = a 
which combined with (285) gives 
Fa 286 
~ 4cos4A cos  Bcos 4 CO (285) 
152. To find the radius of the circle inscribed in a plane triangle. 
Fig. 24. The required center O, Fig. 24, is in the in- 
D tersection of the three lines bisecting the angles, 
E LV] and each of the perpendiculars OD, OL, OF, is 
Se equal to the required radius = 7. The value of 
<& OF in terms of AB=c, OAB=344,~-A 
3 ASW Bi 2p OBA =} Bis by (282) 
sin} A sin} B sin $ A sin 3 B 
sz ¢. > ew FD 28 
: sin 3 (A+ B) : cos $ 7 ey) 
This is reduced by means of (236) to 
== (s —c) tang C (288) 


Substituting the value of tan 3 C, 
r= f(EMEK DCM) (289) 


This is reduced by means of (281) and (232) to 
r= stand 4 tan} Btan} C (290, 
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158. Besides the inscribed circle, strictly so called, there are three other circles 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 25. These have been named eseribed circles. Their centers are fvund 


Fig. 25. 
cr 


om 


geometrically, by bisecting the exterior angles BCC’, CBB’, &. Designate the 
centers of the circles lying within the angles A, B, and C respectively, hy 0’, O". 
and O”’, and their radii by 7’, 7’, 7’. We find the perpendiculars from 0’, &e.. 
upon LC, &e by (282) to be 


bea cos} Beos$C _ cos 3 Beos} C 
ee Oe ena (Be CO) eee A 
; cosz A cose CO _ cos 4 A cos $ C 
Web. ao =o eg (291) 
7 me cos} Acos? Bi | cos$Acosy B 
— "sin (ALB) ~~ * “eos sO 


By means of (235) we reduce those values to 
7 = stan} A, r’ == stan 4 B, rv” == stand (2921 
Substituting the values of tan § A, &c. 


pan | GIES) = 
qa: | G08) os 


s—a) (s—b K 
r= (ee ae ese 
G2 


(293) 


Rane te 
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Also, by means of (236) applied successively to a, d and c, we may reduce (291) 
ty the following: 


” == (s — a) tan} A cot $ Boot $C 
r’ = (s — 6) cot A tan $ BootZC (294) 


7” == (s —c) cot 4 A cot $ Btan $C 
154. Relations between the radit of the circumscribed, inscribed, and three escribed circles 
of the preceding article, and the three perpendiculars from the angles upon the opposite 
sides. 
The four equations of (289) and (298) give 


K* K* 


i) cane a 
i larg a ea (TY a ls ie 
Dividing this successively by 77, 7, &c. 
yp ot gl! pr glt 7 
ze = 7 == (s —a)* 
7’ wt  pll 4296) 
rrr rrr | 
==: (s — b)? == (s —c)? 
y” (s ) PD (s ¢) J 


Again, we have, (Art. 127), 
tan 4 A tan} B+ tan} A tan} C+ tan} Btan}C=1 
and substituting in this the value of the tangents from (292) 


Po nall pl BF 


ee ee 
1 1 1 1 
s+545=- (297) 
From (292) we find 
tan 3A yr 


fe hg RO ce ay a} 1 =e, , 1 
ing Bo r’ tang A = 7’tan 4 B 
from which it follows that in Fig. 25, the distances A D and BD’, are equal (D, D’ 
being the points of contact of the circles 0’, O” with A B produced), and therefore 
BD=AWD'’. Other curious geometrical properties may be traced with the aid of 
our equations. 

From (284), 

r= a ee eee c 
~ 4singAcosf#A ~ 4sin$Bcos$}B ~ 4sin$4 Coos C 


which combined with (287) and (291) give, by Art. 127, 


3 = tsing Asing Bsing C= cos d + cos «# + cos C—1 

ud 3 

Re = *sin 3 A cos } Bos 3 C = — cos A + cos B+ cosC+ 1 

e (298) 
Fr = Fc0sg Asin; Bow, C= cos 4 — cos B-+- cos C+-1 

a m= 400s A cos} B sind C= cos 4 + cos B— cosC-+ 1 
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Changing the signs of the first of these equations, the sum of the four is 


i eetennn wl 


Finally, if p’, p”, p’” denote the three perpendiculars from the angles upon the 
gides a, 6, c respectively we have by (283), (289) and (297) the following relation: 


1 1 1 1 1 1 
Sto = H-4+—-4— = — 299% 
p’ pr yt ra 7’! yt! , ( 9 ) 


155. To find the distance between the centers of the circumscribed and inscribed circles.* 


Let P, Fig. 26, be the center of the circumscrihed, Fig. 26. 
and O, that of the inscribed circle. Put PO = D. 
By Arts 151 and 152, ; 
C 
PAB=90°—C, OAB= 4A 
oO’ 
whence 
F 
PAO = 90°— C—4 A= 4(B—C) 
and by (221) 
A B " 
PO=PA+ OA? —2PA.OAcosPAO 
e 2 Rr cos 4 (B — C) 
2. 7A a o AT 
- er gin } A 
7? 4Rrsinkd Bsini C 
By GR) Fite oy Gaal sri” las 
al 
therefore Db? = R* —~ ae a ee) 
sin 5 A 
or Dt = —2 Rr (3800) 


156. Let PO’ = D’, Fig. 26, O’ being the center of the escribed circle lying 
within the angle A. If 7 = radius of this circle, we have, as in the preceding 
article 


a 2 Rr’ cos } (B — C) 
2 0, 7a Be ee A ee re Na Se 
a = B+ ay sin 3 A 
ra «A Rr’ cos = Boos $ O 
sin? i A sin 4 A 


D? = R42 Rr’ 
Di! =: R*+4 2 Rr’ (801 
D'"? == BY 4 2 Rr” 


* Hymers’ Trig. Appendix, Art. 58. 
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the expressions for the distances of the centers of the three escribed circies from 
that of the circumscribed circle. 
The sum of (800) and (801) gives by (299) 


D4 DI4 D4 Dx: 12 FB (302) 


157. Given two sides of a plane triangle and the difference of their opposite angles, (or 
a, b, and A — B), to solve the triangle. 
We have 4 (A -+ B) directly from (220), which also solves the case where two 
angles and the sum or difference of two sides are given. 
158. Given the angles and the sum of the sides, (or A, B, O, ard a+ b-+-¢ = 238). 
By (285) 
sin 3 C 


CF * Cos gg A cose 


and a and 6 are found by similar formule. 


159. Given one angle, the opposite side, and thy gum of the squares of the other two 
sides, (or C, c, and a? + 0? = e’). 
In the identical equations 


(at dP? = &+ 2 ab, (a — b)* = & — 2 ab 
substitute the value of 2 ad given by (228), namely, 


eae — 
ae cos 7 
find 3 o) eae b)2 3 ne 
we nn (a> 6) = e+ a CS OS a 
which determine a + 8, and a — 3, and therefore a and 6. 
To compute these equations by logarithms, let 
e@—c  (e-+c) (e—c) 
Oi ee oe ee 
J =~cos O cos C ee) 
then (a -+ 5)? = &-+- 9; (a — b)? = ?&— g® 


that is a-- dis the hypotenuse of a right triangle whose sides are e andg; and 
a — bis one side of a right triangle whose other side is y, and whose hypotenuse is ¢. 
Let the angle opposite g be denoted by z in the first triangle and by ’ in the second, 
then by the formule of right triangles 


tang = = at b=esecxz 
(804) 
sind = 2 a—-b=—ecos” 


so that the problem is solved by logarithms by finding log g from (3803) and em- 
ploying its value in (304). 

The above may serve as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in the 
present instance is similar to that of Art. 148; thus 


pene l(4Z) tend G8) 
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2 
therefore if tan 2 = - we have | (14 .) == sec Z 
: ae ee of ; 
and if sin v7’ = x we have a) = COs x 


whence the same formulz as before. 

160. Given an angle, tts opposite side, and the difference of the squares of the other two 
sides, (or C, c, and a* — 6° = f?). 

We have by multiplying (233) by (284) 


ite 
sin (A — B) = 4 sin C 


whence 4 — B, and since A ++ B = 180° — C, the angles are determined. There 
will be two solutions given by sin (A — B) except where the obtuse value of A — 
is greater than A -+ B. 
161. Given the three perpendiculars from the three angles upon the opposite sides. 
Denote the perps. upon a, b and ¢ respectively by a’, 8’ and ¢’, and let 
1 1 


i 
C= 


eo” c 


1 
wt wy 
amo, b 


Tf & == 2 area of the triangle 


ad’ = bb’ =e’ =k 
and therefore 


a= a’ k, b == 6” k, ¢ = ck 


Substituting these values of a, b and ¢ in (225), (227,) &e. 


es A 6/4 + ¢c’'3 32 qa’ (s"”— 6”) (s” a c”’) 


a bigh » sin?Z A= - es , &e. 
in which 2 s” = a” + 0” +e”. 

162. Given the radii of the circumscribed and inscribed circles, and the perpendientar 
from one of the angles upon the opposite side, to solve the triangle. 


Let ¢ be the side to which the perpendicular (py) is drawn. We have found for 2, r 
and p the expressions 


c c ¢ 
LO =: SS SO - = 


~ 2snC 2sin(dA-+ B) ~ 4sind (A+ B) cos $ (A+ B) 


ae sin 3 A sin4 B 
~~ "* sind (4-4 B) 
sin A sin B 
pS Oa 
sin (A-+ 2) 
11 


gy 


Eliminating ¢ 


from which two 
(rn) becomes 


r 
R 
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we have 


an 


2B == Sin A sin 1 (m) 


= = 400s} (A+ B) sing Asin} B (n} 


equations 4 and Bare to be found. Developing cos 4 (A -+ B), 


== 4sin 3 A cos} A sin } B cos } B— 4 sin? 3 A sin? 3 B 


== sin A sin B— 4 sin? 4 A sin? 4 B 


which subtracted fram (m) gives 


p—2r 
2R 


== 4 sin?} A sin? 4 B (0) 


Dividing the square of (m) by (0), we find 


2R(p— 27) 


whence 


cin} A sing B=, |( 


3 
== 4 cos* 4 A cos? 4 B 


p—Qr p—2r 
8R /~ 24/[2R(p—2r)] 


Pp 
cos $A es le Oe TT 


The difference and sum of these two equations give 


008 (A+ 2) = Depa aay 
(305) 


p—r 
cos $ (A — B) => GEG] 


which determine 4 (A + 2B) and 4 (A — B) and therefore A and B. The sides 
are then found by the formula 


Fig. 27. 


whence 


e=2Fsin C 


168. In a given plane triangle A FC, Fig. 27, to find a 
point F such that the three lines drawn from this point to the 
angles A, Band C shall make given angles with each other. 

Let the given anglesbePPC==2 andAPC= 2B 
and the required angles PAC= 2 PBC=y 

p The sum of the angles of the quadrilateral 4 CBPis 


etytat~e+t C= 360° 
i (x+y) = 180°—3 (2+ 640) (306) 
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In the triangles 4 PC, B PC, we have 


PO 6 sin x asin y. sin xz a@ sing 
“sing sin « sin y 6° sing 


from which 
sing-- siny tan¢(z+y)_ m+ 


sinz—siny” tan}(z—y)  m—1 


m—1 


ene See ee) 


To compute this equation by logarithms, let 


tan y= i= pe 
(307) 
then by (152), tan 4 (x — y) == tan (7 — 45°) tan 4 (x+y) : 


so that the angles z and y are found by (306) and (807). 
164. The following problems are proposed as exercises. 
In a plane triangle A BC — 

1, Given c, the perp. upon ¢c == panda+b=m. 


; 4 p? 
Sil? oa a—b =ccos 2 
(m -- c) (m — ce) 
ton} O = aut 


(m -+- c) (m — e) 


2. Given c, the perp. upon ¢c = 7, anda— 6b =n. 
4 p? 
tan? 2 == ——___-____ a+ b=csecs 
(Fa) @—n) a 
pee A ea) 
2 pe 
B Given C, c, and ab = q’. 
24 
tan “== — cos 3 C a+6b=csec2 
e , 2¢ bd 1 
sin @’ == —~ sin} C a—b=ccos2 


4, Given C, the perp. from C = p, anda-+ 5 = m. 


tan z == tan} e== mtan}2z 


a 


. Given C, the perp. from C = p, anda— b= n. 
n 
Oi ae c= ncotss 


6. Given c, C, anda-+ b = m. 
sm 4 (4 — LP) 


mi, 
cos 3 (A — B) = — sing C a—b=c cna 
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%. Given ¢, A, anda+ b =m. 


m—C 
ey ea cot $A 


8. Given a-+ 6 = m, the perp. upon ¢ = 7, and the difference of the segments 
of c = d. 
4» 
cam | (1 AP ) 


tan 3 (A — B) = a 


m — qd? 


or witk an auxiliary angle 


Sig eae Rene ee ¢ == mM COs x 
(m +- 4) (m — @) 
ton $(A-+ B) = 5~ sin z ton z eh (A eae ay 
P 2p 
9. Given the perimeter = 2 s, C, and the perp. from C = p. 
tan? == 3 cot} O c = § cos 2 


10. Given c, a-+ 5 = mand the radius of the inscribed circle = 7. 


; 2r m--e¢ 
snz=— ( as ) a—b=ccose% 
c m— Ct 


Qr 


tan} C= 


mMm—— C 


11. Given c, a — 56 = n, and the radius of the inscribed circle = 7. 


tne = CEM") a-- b == ¢ cot (x — 45°) 


12. Given the radii 7’, 7”, 7”, of the three escribed circles. (Arts. 153, .54) 


x’? 
tanta 4 = Sep 


155. Given the sides of a quadrilateral inscribed in a circle, to find its angles and area 
Fig. 28. 


In Fig. 28, let AB =a, BC = b, CD=c¢, DAz=d. 
Let2s=-a+5+c+dandXkK = areaof dA BCD; then 


from the triangles ABC, ADC, observing that B = 1380°— D 
we find 


+9 (230) (2%) pee Ga) 
sin See cos ee 


2 __ (s— 4) (8s — 4) 
tant 2 = GO =a) 


K = o/ [(s — 2) (s — 2) (s — ¢) (s— @)] (308) 
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CHAPTER X. 


SOLUTION OF CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 


166. THE solution of a problem in which the unknown quantity 
ig an angle, often depends upon that of one or more equations, in- 
volving different functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shail select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 


167. Lo find 2 from the equation 
sin (# + z) = ™ sin z (809) 
in which w and mare given. We have, by (119), 
sin( # + 2) = sin #sinz (cotz + cota) 
which becomes identical with (809) by taking 
sin « (cotz + cota) =m 


whence the required solution 


cotz =-—— — cota (310) 
sin a 
If the proposed equation were 
sin (# — 2) = msin 2 (311) 
we should find 
cote = eect +- cota (312) 
sin w 


Unless 2 is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions; for all the angles z, 2+ 180°, 2+ 360°, 2+ 540°, &e., in 
general all the angles 2 + » w have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 860°. 

H 
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Similar remarks apply in all cases where an angle is determined 
by a s¢ngle trigonometric function; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 860°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (209) the following 


sin(a+z) +sine mt+1 


sin (w+z)—sinz m—1 
But by (109), if c=a2+2, y= 2, we have 
sin (# +z) +sinz tan (e+ }a) 
sin (g + 2) — sing tan 4% 
which substituted above, gives 


m+1 
m—1 


tan (¢-+4a) = tan $@ 
which determines z + 4 a, whence z is found by deducting } a. 

The computation of this equation is facilitated in most cases by 
introducing an auailiary angle, such that 


tan O=m 


an assumption always admissible, since while the angle varies from 
0 to 90° the tangent varies from 0 to wo, so that an angle @ may 
always be found having any given number as its tangent. 


We have then by (152), 
m+i tano+1 


Sa — i — ° 
m—-1 tang—Il cot (g — 45°) 
and the preceding solution becomes 
tan@==m, tan (@ + ga) = cot (@ — 46°) tan da (318) 


The logarithmic solution of (811) is found in the same manner 
to be 


tan @ = ™, tan (¢ — 4a) = cot (0 + 45°) tanga (314) 
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169. Zo find z from the equation 


tan (« + 2) = m tan 2 (815) 
We deduce 


tan (# +2) + tang m+1 
tan (a + z)—tanze m—1 


so that by (126) and (152) the solution is 


tan @ = m, sin (2 + 22) = cot (@ — 45°) sin w (816) 
170. To find z from the equation 
tan (a + z) tane =m (317) 
We deduce 
1+tan(#+2)tang Il+m 


eee 


1—tan(a+z)tanzg 1l--m 


so that by (127) and (151) the solution 1s 
tang=m,  cos(# +22) = tan (45° — @) cosa (318) 


171. Zo find 2 from the equation 
sin (¢ =z) sing =m (819) 
By (108) we find 
cos 2 — cos (4 2 z) = +2 sin (2 2) sinz= tlm 
whence cos (2 22) = cosas nam (819*) 
which determines a —E 2 z, and hence 2 z. 
From (319*) we have four values of 2 == 2z between 0° and 720°; therefore, four 
values of 2z between the same limits, and four values of z between 0° and 360°. 
In general, we shall have four solutions under 360° in all cases where the double 
angle is determined by a single function. 
The logarithmic solution of (819) varies with the signs of mand z. Thus, if the 
equation is 
sin (¢-+ z) sinz== m 
m being essentially positive, we have by (133) 
cos? 4a — cos? (z+ 44) = sin (2-4-2) sinz=m 
cos? (z+ $2) = co ga—m 
and by (183) again this is solved by 
cos*¢ = m, cos* (z-+- 4a) = sin ($-+ 42) sin (6— $2) 


and the other cases are solved by similar methods. 
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172. The preceding examples will suffice to indicate the method to be followed 
with all the equations of the following table. The solutions of the equations involv- 
ing cosines may be obtained from those involving sines, by exchanging z for 90° 1 z, 
or 2 for 90° = a. 

Logarithmic solutions of the first four will be obtained by imitating the process of 
Art. 171. 


EQuaTIONS. | SOLUTIONS. 
: | —_ 

1. sin (2 tz) sing = m cos (2 22) = cosa pam 

2. cos (a z) cosz = m cos (2 2 z) == 2m — cose 

3. sin(« +z) cos2z == m sin (2 22) = 2m —sine 

4. cos (2 +z) sinz = m sin (2 Fh 2z) = sina 2m 

5. sin (zz) = msinz | tang=m, tan (2 =k 3 «) = cot (¢ =p 45°) tanga 
6. cos (2=thz) = mcosz | tans == m, tan (4 2 =z) == tan (45° — 4) cot a 
7. sin(a-kz) = mcosz | tang =m, 


tan (45° — $4 =p z) = tan (45° —@) tan (45° 4 3 a) 

8. cos (az) == msinz | tang =m, 
tan (45° — } a> z) = tan (45° = ¢) tan ($a — 45°) 
9. tan(zz) tang = m | tang =m, cos (2 = 2 z) = tan (45° = ¢) og 4 
10. tan(a ez) mtanz | tang =m, sin (22 + a) = cot (s =: 46°) sina 


In the numerical solutions the signs of the angles and their functions must be 
carefully observed. The signs of the functions should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle ¢ may be taken numerically less than 90° in all cases, but 
positive or negative according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of z as by taking ¢ in the 2d quadrant 
when its tangent is negative, or in the 3d quadrant when its tangent is positive 


LIXAMPLE. 


Find z from (817) when « = 65° and m == 1:5196154. By (818) 
log tan ¢ = log m* +4 0-18173387 


6 56°39’ 9” 
45° —11°39' y” 
log tan (45° — 9) — 9-3148426 


log cosa + 9°6259488 
log tan (45° — ¢) cosa = log cos (a+ 22) — 8-9402909 
a 22 95° or 265° or 455° or 625° 
a 65° 
22 30° or 200° or 890° or 560% 
Z 15° or 100° or 195° or 280° 


* It must be remembered that in this employment of the signs + and —, these 
signs belong to the natural numbers ; and when the logs, are addea or subtracted, the 
sign of the result is to be determined according to the rules of multiplication and 
divisicn in algebra. 
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478. Zo find z from the equation 
sin (2 -+ 2) = msin(é-+ 2). 
Put 2 = 6+ 2, 2 = 24— 4, then this equation becomes 
sin (a’ + 2’) = m sin 2’ 
which is of the form (309) and may be solved by (309*) or (811); thenz = 2#—£, 


In the same manner equations of this form, involving cosines or tangents, may be 
reduced to those of the preceding table. 


174. To find k and z from the equations 


ksnzg=m \ (320; 


kcoszg=n 


We have, by division, 
m 
tan 2 = — 
n 


which gives two values of z, one less, the other greater than 180°; 
whence, also, two values of & from either of the equations 


The solution becomes entirely determinate (2 not exceeding 360°) 
as follows: . 

Ist. When the sign of kis given. For if k is positive, sin 2 has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If is negative, the signs of sin z 
and cos 2 are the opposite to those of m and m, and z must be taken 
accordingly. 

2d. When z is restricted by either the condition z2<180°, or 
zg> 180°. For under either of these conditions the tangent gives 
but one solution. If 2< 180°, & has the sign of m; and if zg > 180° 
k has the opposite sign to that of m. 

3d. When zis restricted to acute values, positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90°; and a negative tangent, between 0° and — 90°; and & will 
always have the sign of 2. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (3820), Ist, by a posi- 
tive number & and an angle z between 0° and 360°; 2d, by a num- 
ber #& (unrestricted as to sign) and an angle z<180°; 38d, by a 
number & (unrestricted as to sign) and an angle z> 180°; and 4th, 


by a number #, and an angle zin the Ist or 4th quadrant. 
12 H 2 
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EXAMPLE. 


To find & aud 2 from (820), (k being a positive number), whe 
m = — 0-3076258, n = + 0-4278735. 


ksinzg — 0-3076258 
keosze + 0-42787385 


(a) logk sing — 9-4880228 
(d) logk cosz2 + 9-6313147 
(a) — (8) log tan zg — 9-8567081 

2 824°17’ 6.6 
(c) log sn 2 — 9-7662280 
(a) — (c) log k + 9-7217948 


k + 05269808 


Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formule of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 


175. Zo solve the equation 
mcos2z + nsinz = q (321° 


m, nand q being given. 
The first member will be reduced to the form & sin (@ + 2) by as 
suming & and © such that 


k sin @ =m, kcoseg=n (322) 


whence 
k sin @ cosz + k cos @sinz = q 


sin (9 + 2) = 4 (328) 


Therefore, if k and @ be found from (822) by the preceding ar- 
ticle, (Z being limited to positive values), we can then find by (828) 
the value @ +z and therefore of z. ‘There will be two solutions 
from the two values of @ + 2 given by (323). 
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If we restrict © to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by the equation 


aes 
an @ = ; 
(324) 


and then sin (0 + 2) = £ sin @ = i cos @ 


and in this form it will be unnecessary to find k.* 


EXAMPLE, 
To find z from (821) when m = — 1-0498332, n = + 0-7466898, 
and g = — 0-4316898. 


By (822) and (828). 
log m=logk sing — 0-0211203 


By (324). 
log m — 0-0211203 


log n=logkeos@ + 9-87381402 logm + 9.8781402 
log tang — 0-1479801 log tan@ — 0-1479801 

@ 805° 25’ 20” @ 125° 25’ 20" 

logsin @ — 9-9111059 logsing + 9-9111059 

log & + 0-1100144 log g — 9-6851713 


q 
ar cologm — 9.9788797 
log sin (9 + 2) + 9-5251569 


log ¢ — 96351713 
log sin(@ + 2) — 9-5251569 


199° 34" 40” 19° 34’ 40! 

a 1 or 340° 25/20” Ore \ or 160° 25/20” 
: { — 105° 50’ 40" , { — 105° 50°40" 

or 385° 0’ 0’ or 85° 0’ 0 


To avoid the negativ~ value of z, in the first of these solutions, 
we may take for the first value of 


® + 2, 860° + 199° 84’ 40” = 559° 84’ 40” 


whence 2 = 559° 34’40” — 305° 25’ 20” = 254° 9/20”. 
cond solution gives a like result. 

If we suppose © in (824) to be limited to acute values positive or 
negative, we take@ = — 54° 34’40”, which gives@ + z= 199° 34’ 40,” 
or 340° 25’ 20”, whence the same values of z as before. 

We may repeat the latter part of the work with cos @ for verifi 
cation. 


The se 


ee eee ee 


* The solution is, by (323), impossible when 4 is greater than unity; and by 


adding the squares of (822), 4? == m® + n°; therefore the solution is impossible when 
> rt +n. 
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L176. To solve the equution 
asin (2 -+ z) + dsin (@+ 2) + csin (y+ 2) + &. = g (825) 


Developing by (86) and putting 
asina-+dsinf+esinyg-+ &. =m 
acosa+ dcos8+ ccos;,+ &. = 


this becomes 
mcosz--nsing = qg 


which is solved in the preceding article. The same process applies if any or all of 
the terms contain cosines. 


177. To find k and z from the equations 


k sin (a+-z) =m 
k sin (6+ 2) =n } oe 


The sum and difference of these equations are, by (105) and (106), 


2k sin [$ (a+ 8) + 2] cost (2 —f) = mtn 
2k cos [$ (4+ 8) + 2] sin} (@— 8) = m—n 
whence 


‘ m+n 
2% sin [3 (a + 6) + 2] = ee) 
(827) 
2 & cos [} (a+ 8) +2] = — 7 
sin § (« — 8) 
from which 2 & and 4 (2-+ 4) -+ 2 are determined by Art. 174. The logs. of the 
second members of these equations should be computed separately, for the purpose 
of readily discovering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art. 174) when the sign of / is given. 
From (827) we find, by division, 


tan (3 (¢-f 8) +2] = ME ton g (wp) (828) 


m 


which requires a less number of logs. than the separate computation of (827), but 
we are obliged to refer to (827) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 

If we assume 


tan ¢ = 


S]a 


(829) 
we may compute (3828) by the formula 


tan [4 (a+ @) + 2] = tan (45° + ¢) tan 4 (a — 8) 
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EXAMPLE. 
In (826) given a = 200°, @ = 140°, m = — 0-42345 and n = — 0-201238, te 
find 2 and k, & being positive. 
By (827). 
m+n — 062468 
m—n — 022222 
(e+) 170° 
3 (a — £) 30° 
log (m+n) — 9:7956578 
log cos 4 (« — 8) -} 9-9875306 
{@) log 2& sin [4 (a + 6) + 2] — 9°8581270 
log (m—n) — 9°8467831 
log sin } (a — 4) -+ 9-6989700 
(6) log 2& cos [4 (2+ 8) + 2] — 964781381 
(a) — (8) log tan [4 (2 + 6) + 2] + 0-2103140 
(a+ B+ 2) 238° 21' 387-6 
z 68°21'387-6 


(¢) log sin [4 (a+ 6) + 2] — 9-9801171 

(2) — (¢) log2h% ++ 9-9280099 
2%  — 0-8472467 

% 04286284 


178. A more general solution of (326) is the following.* Let 7 be any angle as- 
sumed at pleasure, and in (171) let 
t=—a+2z, yo Pez *@m=y2 
(distinguishing the z of (171) by an accent); then we shall find 
sin (a— @)sin(y+z) = sin (a — 7) sin (6+ z) — sin (6 — 7) sin (4 4+ 2) 
In this let 7 (whose value is arbitrary) be exchanged for 7 + 90°; then 
sin (a— 8) cos (7 -+ 2) == — cos (a— y) sin (6 4 z) + cos (4 — y) sin (2 4+ 2) 
Multiplying these equations by & and substituting m and from (326) 
fon (a — 8) sin (y + z) = m sin (7 — 2) — nsin (y — a) (330) 
k sin (a — &) cos (y + 2) = m cos (7 — 6) — n cos (y — 4) 
which (7 being assumed at pleasure), determine & and y -} z. 


If we take » = 0, we find 
—msin @-+ nsina 


tan 2 = aa 
m Cos 6 —n COS « 
if 5 == a; 
k sin (a +2) = m 
mcos (a—)—n 331 
Xk cos (a -+- 2) — TED ( ) 


if » = @, we have a similar result. 

If 7 == $ (2 + 8) we obtain the solution of the preceding article. 
If % is required, without first finding z, we have, by adding the squares of (380) . 
k sin (a — 8) = // [m+ n? — 2mn cos (2 — £)] (382) 


* Gauss. Theoria Motus Corporum Celestium, Art. 78. 
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179. To find k and z from the equations 


k 908 (a+ 2) = m 
Kk cos (@-+-z) = 2 } ee8) 


These are reduced to the form (326) by substituting 90° + sand 90°-L @ for a and @. 
We find, however, by a process similar to that of Art. 177, 


u— ™ 


Qkein [F(t A+) =o 5G py 


2 boos [4 (@-+ A) +e] = A 


| (384) 
J 


me tan ¢ = 


3[8 


(385) 
cot [4 (a + 2) +. z] = tan (45° + ¢) tan 4 (a — 8) 
ExaMPLe. In (8388) given a = 280° 16’, @ = 200° 10’, m = — 0:62342, and 


% —= 0-69725, find z and k, & being positive. 
Ans. 2 = 207° 5! 84"-4 k = 1-0273643 


180. The more general solution of (838) may be found directly from (172), but 
it will be simpler to obtain it from (830) by substituting 90°+- « for a, and 90° + 8 
for 8, whence 


% sin (a — £) sin (y + z) = — m cos (y — 6) + ncos (y—a) (336) 
k sin (a— 8) cos (y-+2z)= msin(y — 4)—nsin (y—a) 
» being arbitrary as before. 


tfy= 0, we find 
—m cos B-+- 7 cos a4 


tan? = Tas @4 nena 
If y =a, 
k sin (a + z) ao monk (G8) 


sin (a — @) (837) 
k cos (a-+- 2) = m 
[f y = 4 (a+ £@), we obtain the solution (334). 
(f & is required directly, the sum of the squares of (836) gives 
k sin (a — 6) = / [m?-+. n* — 2mn cos (a— 8)] 
te in Art. 178. 


481. The solutions of the preceding articles may be applied to a single equation 
ot the form 


n sin (a -- z) = m sin (6 + z) 
which is a more general form of (309). For if we assume 
k sin (a+ 2) =m 
ws have k sin (6-4-2) =n 


whence & and z are found by Arts, 177, 178. 
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182 In like manner, if the proposed equation is 


n cos (4-4-2) = m cos (6+ 2) 
we assume 
k cos (2-+ z) == m 
whence kcos (6+ 2) =n 


and & and z are found by Arts. 179, 180. As the sign of & (in this and the preced- 
ing article) may be arbitrarily assumed, there will be two solutions. 
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1838. To solve the equation 
e+ petgq=0 (888) 
when gq ts essentially positive, and p either positive or negative. 
We have from (144), exchanging z for 4, 


tan? 4 ¢ — 2 cosec¢ tanZ¢+t1=—0 (339) 
and (888) may be reduced to this form by substituting 


in which we may take the radical only with the positive sign, since we may assume 
¢ and z to have the same sign. We thus reduce (338) to 


es ge ia aay 
aye y: z+1=0 


which compared with (839) gives 


P 
— 2 cosec ¢ = 2== tan}¢ 
Vo’ : 
Dat a 
or sin ¢ = —<, 2 == fq tan }¢ (340) 


which gives two values of ¢ less than 360° and consequently two values of x. If 
be the least of these two values of ¢less than 860° (= 27), all the values of ¢ which 
have the same sine are 


6, n— Ob, 29 +. 6, 8xr— 0, &e. 
and all the values of tan $ ¢ are 
tan46, cot 6, tan 4 6, cot 4 6, &c. 


Hence the two roots of (838) are found by the formule 
2 — —_ 
amo — VE, LZ, == of 7 tan} 8, Uy saa zg cot de £347) 


‘n which 6 may be always taken < 90° with the sig of its sine, and ,/ ¢ is to be re- 
garded as a positive quantity. 

As long as 2 ,/ is not greater than p, this solution is possible, but when 2,/ 7 > p, 
sin 0 is not possible, and both roots are imaginary ; which agrees with what is shown 
in algebra. 


96 PLANE TRIGONOMETRY. 


184. To solve the equation 
e+t+pe—q=—I0 (342) 


when — q is essentially negative, p being either positive or negative. 
We have, by (148) 


tan?4¢+ 2cot¢tanddg—1=— 0 
and (342) is reduced to this form by substituting 


% a= 24/9 
whence PA a ga2 tes 6 
VQ 
The required solution is therefore 
2 
2cot ? = ——, 2== tand¢ 
Vd 9 
2 ae 
or tan ¢ = a 2==./gtands (348) 


If 6 is the least value of 4, all the values of ¢ which have the same tangent are 
6, rt 0, 22+ 6, 3 w+ 4, &e. 
and all the values of tan 4 ¢ are 
tan 4 6, — cot 46, tan $6, — cot 3 6, &e. 
Therefore the two roots of (342) are found by the formule 


tan 0 = At, t,==,/gtan}0, = — Se. cot  @ (344) 


in which, as before, the radical is to be taken as positive, and @< 90° with the sign 
of its tangent. 

In this case both roots are real, since tan 6 is always possible. 

185. Zo solve a numerical equation of the third degree. Jt igs shown in algebra that 
any equation of the third degree may be reduced to oneain which the 2d term is 
wanting; we need consider therefore only the form 


etazt+b=0 (345) 
To resolve this, put 
em ye 
we find (Byz+ta)y¥ta+t+y+27+5=0 


Now x may be decomposed into two parts, y and z,1n an infinite variety of ways, 
and we may therefore suppose that y and z are such as to satisfy the condition 


dyz+ta= 0 


which reduces the first term of the preceding equation to 0, and gives the two con 
ditions 


y= yteo= —d 


Put vy? = ¢,, 2? = 7,; then we have 
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80 that, by the theory of equations, ¢, and ¢, are the two roots of an equation of the 
3 


second degree in which the absolute term is — a and the coefficient of the second 


term is b; that is, they are the roots of the equation 
2 -+- bt — ae = 0 (m) 
27 


If then we find the two roots ¢, and ¢, of (m) by the preceding methods we shalt 
have 


emytee Yi+t+wYVas (n) 
It will be necessary to consider the sign of a in the equation (m). 
Ist. When a is positive, (m) comes under the form (842) and the solution by (344) 


gives 
2 a; a a? 
tno 2 | eS tan 4 9, n= —[o cote 


and by (7) _ 
c= | (tam 0—g/ cot 30) 


and if we assume 


tan $ ¢ == 4 tan 3 0 
this becomes, by (142) 


a 
== — 2 3 cot ¢ 


Collecting these results we have, for the solution of (845), when a is positive, 


2 fo 
tan 6 = — 579 tan 4 ¢ = / tan $9 


9 a 
°= | cot ¢ | 


3 
in which the radicals q| = and J - are to be considered positive, and 6 is to be. 


(346) 


taken < 90° with the sign of the tangent. But two of the three values of / tan $ 6 
being imaginary, the given equation has but one real root.* 


* If r represent the real value of .3/ tan 3 6, and a,, a, the two imaginary roota of 
unity, the real value of z is 
fa 1 
i= 3 (« — —) 
and the imaginary values are 
ao ( 1 fa ( 1 
y= 3 T,— rd, 3 3 Tay — rs 


or since 4, a, = 1 


|e Qs a a, 
tl, = + (ra, — *) a. + (ra, — 


13 I 
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24. When a is negative and — 4 a? < 27 57, Equation (m) becomes 


Ptoi+(—3)=0 


and is of the form (888); its roots are therefore found by (3841) which gives 


and by (7) cm [+ (vtondo+ went?) 
or if we put, as before, tan $4 == ¥ tan } 6, the solution of (345), when a is negative, 18 
: 2 a | 
sin § = — — a7 tan 4 ¢ == Wy tan } 0 
(847) 


2 aS 

a a a cosec 

which gives one real root, (the other two being imaginary, as above), when sin @ is 
possible, i. e. when — 4a* < 27 03.* 


Substituting the values of a, and a, 


—1l+Y/—8: —l1—//—3 
a he 2 
1 
and also r == tan 3 ¢ >= cot 4¢ 
we find ram | (cot + cosee 4 4/ —8) 


a 
ve =| 3 (cot ¢ — cosec g / — 8) 


ex finally, z, being the real root, the imaginary roots are 


* The two imaginary roots will be found, by a process similar to that employed 
tn the preceding note, to be 


Z, 4/3 
= — cos ¢ 447 — 1 


in which z, is the reel root found by (347). 
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Rd. When a is negative and — 4 a*>27 5%. In this case sin 6, in (847), is impossible 
and the preceding solution fails. This is the irreducible case of Cardan’s rule, the 
roots appearing under imaginary forms, although it is known that they are all three 
real. It is, however, readily solved trigonometrically. 

In Art. 77, putting ¢ for z, we have 


sin? —fZsing+isind¢=—0 (m’) 
and (345) may be reduced to this form by substituting 
L==kz 
“ a b aa 
whence z + atte =: 0 (7") 
so that we must have 
a 3 a 
ia =— TT or k= 2 |— 3 


in which the radical is to be taken positive, so that x and z shall have the same sign. 
Comparing (m’) and (n’) we have also 


- b : 7 27: oF 
ysin 8 ¢ = o sin8¢=— [—~a = [—-ZR 


which is a possible sine in the present case. We may therefore take 


Z == sin cu) 
and the solution is 


; b a 21 ' a 
indo y fas rateing [3 (348) 


which gives three real roots by the different values of 3 ¢, which have the same sine. 
If @ is the least of these values, all the values of 3 ¢ are expressed by 


Q2ne+9 and (2n4+1)r—0 


n being any integer or 0; and all the values of ¢ are expressed by 


2n+1 
= —,— 7-36 


2n 
= oe + 4 8, $ 
Now all integers are included in the forms 3 m, 3 m+- 1 and38 m-—~ 1. 
If n = 8m, the above values of ¢ are 


o=2mr+40, ¢=2nur+tar—F8 
whence 


sin? = sin 4 8, sin? == sin} (7 — 9) 
If n == 8 m+ 1, we find in the same way 
sin ¢ == sin 4 (~ — 6), sin ¢ == $0 


the same as before. 
If n = 8m — 1, we find both values to be 


sin ¢ == — sin } (3 + 9) 
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so that tnere are but three different values of sing. Substituting these in (348), 
the three roots of (345), when a is negative and — 4 a* > 2723, are found by 


sin 6 : ae 
De ae 
a e 
2,2 |—F sin $0 


— eee (849) 
Lg == 2|—5 sin 4 (7 — 0) = 2 |—<sin (60° — 36) 


%3== — 2 —Feng@+)—=—2 |—F sin (60°-+4- 4 8) 


in which 6 < 90° with the sign of its sine, and the radicals are taken with the posi- 
tive sign. 
EXAMPLES, 


1. Solve (845) when ¢ = — 6-101815, 6 =: — 5-766578. We find 


2 a 
Pe, es ae * 
log =f w= 0-002651 
which being greater than any log. sine, we take its arithmetical complement and 
proceed by (849). Then 


log sin 6 = — 9:9974349 
6 == — 83°46’ 44” 


$9 — 27°55'34"-7 | 60°—30 87°55'34"-7 | — (60° + 3 6) — 3294 257-8 


log sin — 9-6705571 9-9997155 — 9°7251024 
a 
log 2 |—3 0-4551811 0-4551811 0-4551811 
log z, — 0-1257882 logz, 0-4548966 log 2; — 0:1802885 
2, == — 1-335790 %q == 2°850339 gaz — 1:514549 
2. Solve (845) when a = — 7, and b = 7. 
Ans. x, == 1-856896, z, == 1°692021, x, == — 3048917. 


8. Solve (845) when a = 1-5, and } = — 45. 
Ans. The real root = 3:4163975. 


It may be observed that the algebraic sum of the three roots is always zero, in 
consequence of the absence of the term in z* from the given equation. This is easily 
shown from (849) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple verifica- 
tion of the values found by (849). 


* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XI. 


DIFFERENCES AND DIFFERENTIALS OF THE TRIGONOMETRIC 
FUNCTIONS. 

186. In the applications of trigonometry, it is often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle, corre- 
sponding to a given inerement of the angle. 

Let the angle x be increased by Az, (this notation signifying d¢f- 
ference, or increment of x), and let the corresponding difference or 
increment of the sine be expressed by A sin w and of the cosine by 
A cos 2; we have, by this notation, 

Asing = sin(e+ Av) — sing 
A CoS @ = 608 (@ + Aw) — cos x 
and by (106) and (108) 
Asnag= 2cos(e+4Az)singAz (850) 
Acosg = —2sin(a+4Ax)sngAx (851) 
which are the required formule. 

We here consider the difference always as an ¢nerement, 1. e. an 
increase, and give it the positive (algebraic) sign; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (851) the second member will be negative so long as 
w< 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
In like manner Asin 2 is negative when 2 > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

Atanz = tan(e + Ax) —tanz 
A cotz = cot (x + Ax) — cota 


and by (116) and (119) 


sin AZ 


Avan cos (@ + Ax) cos x 


=sec(z-+ Ax) secxsinAx (852) 


—snAz 
Acotz=-— 


sin (e+ Ax) sin = —cosec(e-+ Axz)cosecxsinAg (353) 


12 
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189 7s find the increment of the secant and cosecant. We have 
Asec% == sec (te + Ax) — sec x 
A cosec % == cosec (x + Ax) — cosec x 


or by (180) and (182) 


2sin (x-+ 342) singAz 


Pee cos (x + Az) cosz S59) 
— ae i q 
‘taste Z2cos (x-+4Ax)sinf ar (255) 


sin (v-+ Az) sina 


190. Zo find the increments of the squares of the trigonometric functions corresponding 
to a given increment of the angle. 


We have 
A sin? x = sin? (z + Ax) — sin? x 
== cos? 4 — cos? (x + A 2) 
whence by (133) 
Asin? x = —Acos?z = sin(24+ 42) sinAz (358) 
From (115), (116), and (119) we deduce 
__ sin (« +-y) sin (« — y) 
~~ cos? z cos? y 


— sin (x+y) sin (x—y) 
sin? % sin? y 


tan? « — tan? y 


cot? x — coy = 


whence 


ch las sin (2z-+ A2) sind x 
A tan? z = “coe (ep A 2) cos 2 (3857) 


—sin (24+ Az) sin Az 


ss ae sin? (t +- A x) sin? x ee) 
From (16) we have 
sec? (x -+- Ax) = tan? (t+ Az)+1 
Sec? x ==: tan? z+ i 
the difference of which gives 
A sec? ¢ = A tan? z (3859) 
and in the same manner, from (17), 
A cosec*? z == A cot? x (860) 


and the values of A tan? z, A cot? z, may be substituted in (359) and (860). 


191. When the increment of an angle, or are, is infinitely small, 
it is called the differential of the angle, or arc; and the correspond 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of w is denoted by dx; of sinaw by d sina, &c. 
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192. To find the differentials of the trigonometric functions from 
the differential of the angle. 

Let the angle 2 and its increment Az be expressed in the unit of 
Art. 11; or, which is equivalent, let « and Aw be the arcs which 
measure the angle and its increment in the circle whose radius = 1. 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent; therefore, when Az is infinitely small, or 
becomes dz, 

sin dx = dx siné du = 4 da 

This may be demonstrated more rigorously thus. When dz is 

infinitely small, we have cos dx = 1, whence 


sin dz 


tan da = cos dx = 1 


sin dz = tan dz 


but the arc cannot be less than the sine, nor greater than the tan. 
gent, and therefore 
dx = sin dx = tandxr 


Again, when Az is infinitely small, or becomes dz, we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or —; thus we must 
substitute x for z + dz, or for ~+ 4dz. 

Upon these principles we find the differentials directly from the 
finite differences (350), (851), (852), (858), (854) and (855) as follows : 


d sin x = cos x dz (361) 
d cosa = — sin x dz (362) 
dtan x = sec? a dx = (1 + tan’ x) dx (568) 
d cot x = — cosec? w dz = — (1 + cot? x) dx (364) 
d sec x = tan x sec x dx (3865) 
d cosec x = — cot 2 cosec x da (3866) 


198. In the same manner the equations (356), (357), (358), (359) and (860) give 


d sin? 2 == -—— d@ cos? = sin 2 x dz (367) 
dtan*zx== d sec?z = ue dx (368) 
cos‘ x 

2 sin x 2 tanz 
= — at = ) 
cos? z af Cos? & os eee 
—sin 2 
dcot? % == d cosec? = = de (370) 
sin* x 
— —2 
ca pemenecy (371\ 


sin? x gin? x 
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194. Although the equations (361), (862), (863), (864), (865) and 
(866), are rigorously true only when dz is infinitely small, they may 
be used when dz is a finite difference, instead of the equations, (850), 
(351), (852), (858), (854) and (855), provided dz is sufficiently small 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with z Thisis very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dz must 
be expressed in are, i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to are by Art. 9. 

195. Zo find the differential of an angle from the differentials of 
its functions. 

Fiom (861) we have 


= dsin x 
GOs x 


da (372) 


but it 1s vonvenient in this case to employ the notation of inverse 
functions, Art. 87. Thus, if y = sin z, « = sin~*y, and the preced- 
ing equation becomes 


dsiny = raters (372) 
In the same manner trom (862), &c., we find 
deos ‘y= rare (874) 
dtany =; ee (375) 
dcot ty = ae (376) 
footy Wert (377) 
dcosec ly = Pras (378) 
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CHAPTER XII. 
DIFFERENCES AND DIFFERENTIALS OF PLANE TRIANGLES. 


196. In trigonometrical investigations it is 


often necessary to determine the effect of a mae 
small change in one of the data, upon the com- a 
puted parts. Thus, Fig. 29, if A, AB and J 

A B 


AC, of the plane triangle ABC, are the data, 

and AC’ is subject to an error of (’C’, the required parts will be 
subject to errors which are respectively, the differences between 
ACBand AC’B, ABCand ABC’, BCand BC’. In the same 
figure, the data may be supposed to be A, A B and ABC, and the 
angle A BC may be regarded as subject to the error C BC’ which 
produces the corresponding errors in the remaining parts. In thesame 
manner, the data may be A, A B, and A CB, A CB being variable ; 
or, A, A B, and BC, BC being variable. In all these instances, A 
and d B are constant, while the remaining four parts are varzable, and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle, any two parts being constant, and the rest 
variable, to determine the relations between the inerements of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle. 

197. CasEI. Aande constant. The six parts of the given triangle, 
A BC, Fig. 29, being A, B, C, a, }, c, those of the derived triangle 
formed by varying all but A and ¢, are A, B+AB, C+ ae, 
a+ Aa, 6+ Ab, andec. In these two triangles we have 


A+ B+ C= 180° 
A+B+AB+C+aC= 180° 


whence AB+aC=0, AB=—AC (379) 
14 


Fig. 29.” 
C ‘et 
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Also in the two triangles we have 


a@=ecsin A cosec 7 


a+ Aa =csin A cosec (C+ AC) 
the half difference of which by (355) is 


esin A cos((C+3AC) sind AC 


1 — 

oe sin (sin (C+ AC) 

bdo _ AA _ cos (C+ 3aV) 
sin 2 AB sin + AC sin((? + AC) 


The half sum of (m) and (n) by (181) is 


esin A sin((?+4AC) cost ad 


ayy ha = sin C'sin (C+ AC) 


which combined with () gives 


From (260) we have 


esin A 


es 6—ccosA 


whence 
b—ccos A =esin A cot 7 
b+ Ab—ccosA—esin.“ cot((?+AC) 
the difference of which by (858) is 


esin_A sin AC 


BVO Cain (OF AO) 


therefore 


Ad Ab a 


= = 


sin AB sin AC sin (7+ AC) 


(m) 
() 


(p) 


(380) 


(381) 


(882) 
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This equation gives by (185) 
- ae cet ees 
snd AC cos4AC sin (C+ AC) 
and dividing (880) by this 


Aa _ cos(C(+4AC) 
Ab —s cos BAC 
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(388) 


It is to be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small are being nearly equal to its sine or tan- 
gent, the equations (880), (881) and (882) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to are by Art. 9, or Art. 54. 

198. Casz II. A and a constant. We have as in the preceding 


case AB =— AC; and in the two triangles 
6bsin A=asin B 
(6 + Abd) sin A = a sin (B + AB) 
the difference and sum of which give 
4 Ad sin A = a cos (B + 4 AB) sin} AB 
(6 + 4 Ab) sin A = asin (B + 4AB) cos} AB 
whence by division 


Abd 
tan $ AB 


_ £Ad b+EAb 


ce 


tan $AC ~ tan (B + 4 AB) 


In the same way 


e-+idAc 
tandAC tandAB tan (C+ 4 AC) 


Seomaed 


From the equations 
esn A=asin C@ 
(c + Ac) sinA = asin(C + AC) 
we find 4 Acsin A = acos(( + 4 AC) sind AC 


(p) 


(884) 


(885) 


(9) 
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which combined with the equation (p) gives, since sin ;AC=— sing AB, 


Ab __ cos (B+ 3 AB) ag¢ 
Ae ~— cos (1 + 8 AC) ae) 
From (p) we also have 
3460 = Ads cos (B+HAB) (887 
sin 4 AB = gin z AC sin. B 


which, when A 0 is to be found from AB, is more convenient than 
(384). In the same way from (gq) 


4 Ae 4 Ac ecos((+ £AC) 
ae a ae ie88) 
199. Case III. bande constant. We have 

esin B = dsin C 
esin (B+ AB) = b sin (C+ AC) 
the sum and difference of which give 
esin(B+4AB)costaB=dsin(C+$AC)cosz aC (p) 
ecos(B +4 AB)sin3 AB =bcos(7+4AC)snZ AC  (Q) 
the quotient of these gives 
tan$ AB __ tan (B+ 4B) 
tangAC tan(C+4AC) 
By (224) we have 
=bcosC+eccos B 
a+ Aa = 6 cos (C+ AC) + ¢ cos(B + AB) 
the sum and difference of which give 
a+4Aa=bdcos(C+AC) costAC+ecos(B + 4AB) cost AB 
—}Aa= bsin((C+4AC) sind AC+ esin(b + $AB) sing AB 


(889) 


These expressions are reduced by () and (q) to 
a+ 4 Aa=ccos(B+ AB) cos$ABcotd aC (tangaB +tan hac) (r) 
— dAa=csin(B +4AB)coshAB (tan d AB + tan} AC) (8) 
and by division 


4 Aa at+iaa 
3 aire 2 
tand acd cot (B + $A5) em) 
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In the same way we have 
tAa a+dAa 
} ei ees aaa 9 
tan SAB cot (C + 4 AC) oe) 
Since the sum of the three angles is constant, 
AA+ AB+AC=0 
4 (AB + AC) = —4AA 
therefore by (115) 


sin} (AB + AC) 


1 tan 4 eres ar wy seer 
tan AB + tan 3 AC cost AB cost AC 


— sing AA 
cos$ AB cos f AC () 
which substituted in (s) gives 
% Aa esin(B+4 AaB) 
eg i, Ne 
sin 4 AA cost AC ea) 
and in the same manner 
tAa  __sbsin(C7 + 3 AC) 
snZAA cost AB ub?) 
Substituting (¢) in (7) we find 
sn¢ AC —_ecos(B+ 4 AB) 
sntA4 at+haa i) 
snZAB— bcos(C +34 AC) 
whence also sin AA = == ~atsAa (895) 


By differencing the equation 
C= +e—2Zbecos A 
we find instead of (392) and (893) 
4 Aa be sin (A + $AA) 
Se es go ee Nt ee ¢ 
sind AA on atéAa (396) 
K 
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200. Case IV. A and B constant. We have 


sin B 


= a 
sin A 


sin B 


aaa 


(a + Aa) 


sin B 
whence Ab = - Aa 
sin A 


In this case the third angle is also constant and there are but 
three variables related by the equation 


sn A sinB sin 0 (397) 


This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (881), (882), 
(388), (384), (885), (386), (387), (388), (889), (390), (B91), (392), 
(3898), (394), (895), (896), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by successzve approximations. 

For a first approximation we consider the increments in the second 
member to be = 0, employing B for 6 + 4 AB, &c., and taking 
cost AB=1, &c. This will evidently produce but a slight error 
so long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a second approximation, by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. ‘This is in fact one of the chief advantages of com- 
puting by differential formulee, rather than by the direct formulee 
applied to each of the two triangles successively. 


DIFFERENTIAL VARIATIONS OF PLANE TRIANGLES. lil 


EXAMPLE. 


In a plane triangle whose parts are 
A = 58° 41/48".9 B=35°11! 8%4 C= 86° TTT 
a = 6053 6 = 4082 e = 7068 
let A and a be constant while 6 is diminished by 50-5; to find the 


change in the angle B. 
We have in this case Ab = — 50-5; and by (887) 


1 Ad sin B 


in £ fore geen, Laser ht acai e 
Eno? 6 cos (B+ $ AB) 


ist APPROX. | 2p APPROX. 
4 Ab — 25.25 
b 4082 
B 30° 11’ 35° 11’ 
+ AB 0 — 15’ 
Btdiab 35° 11’ 34° 56’ 
logd Ad — 1-4023 
ar. co. log. 6 6-3891 — 7-5520 
log sin B 9.7606 
ar. co. 1. cos (B+ 4 AB) 0-0876 0-0863 
log. sin } AB — 7-6396 — 7-6883 
4 AB — 15/0” | — 14’ 56”.8 


It is evident that changing the angle B + 4 AB by only three seconds 
would not affect the fourth place of its cosme; a third approxima- 
tion is therefore unnecessary, and we have finally AB = — 29’53”.6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 
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202. The equations (880), (881), (882), (883), (884), (885), (386), 
(387), (888), (889), (890), (891), (892), (898), (894), (895), (896) and 
(3897) become differential by making the increments infinitely small, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or —, and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substituted for A. These changes being made, we 
easily deduce the following differential relations. 


Case I. A and e constant. 


dB=—d0 
——_ ao =acot 7 
aad (398) 
aBu- aC sn? 

ot = cos 0 


dB=—d0 
db db 
IB aGO™ 6 cot B 
399 
a e cot 7 ee) 
db cosB 
de — gos O | 


Cask IIT. 6 and ¢ constant. 
dAt+dB+dC=0 


dB tanb 
dC tan @ 
ada a 
—,, = — atan B, — = —atan 0 
ac dB (400) 
same sin B= dsin C 
oo = —* cos B, oo = —— 00s 0 
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Case IV. The angles, A, B, C, constant. 


da ab de : 
snA snB sind en) 


208. These differential relations are often employed when the 1n- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the.result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in are. 
Thus if dB is given in seconds we must divide it by 2” = 206264”.8, 
or substitute dB sin 1” for dB. 

But in such fractions as es this substitution is evidently unne- 
cessary provided the two increments are always expressed in the 
same unit, as minutes, seconds, &c. 


EXAMPLE. 


In a plane triangle whose parts are 
A = 58° 41’ 48”.9 B = 85° 11’ 8”.4 C= 86° 7 77 
a = 6053 b = 4082 e = T068 


suppose 6 and ¢ to be constant and the angle A to receive the incre- 
ment dA = 20”.6; find da and dC. 
From (400) we have 


da=dAsin1” csn B 


ae qae cos B 
logdA 1.3189 log (— dA) — 1-3139 
logsin1” 4-6856 loge 98-8498 
loge 38-8493 logcosB = 99-9124 
log sin B  9-7606 ar.co.loga  6-2180 
logda 9-6094 log dC — 1.2936 
da 0-407 dg — 19.7 


15 K 2 
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204, The error of employing the differentials in any case may be determined ap- 
proximately by developing the equation of finite differences and comparing it with 
the corresponding differential equation. We shall select a simple example. 

We have from (887) and its corresponding differential equation in (899) 


b cos (B + 4 aB) 


L 
~ Ab = - 
2 sin B 


sin 3 AB 


Ab == b cot BAB sin 1” 
the first of which when developed gives 


26 sin (B+ 4B) 


ie tm dL 7 
$ Ab = bcot Bsin4aB ain B 


sin 4 AB sin} AB 
or substituting sind AB == AB sin 1”, sin} AB = 14B sin 1”, and also B for 
B+ 4B in the second term, which will affect so small a term but slightly, 


b 
Ab == b cot BAB sin 1” — Zz (AB sin 1”)? 


Comparing this with the differential equation above, the error of employing the 
latter is approximately 


—_— a (AB sin 1”)? 


which for A.B == 1° is — 000015 8. 

It appears from this example that the error is expressed by a term involving the 
square of the increment; and if we develop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terms in- 
volving the squares and higher powers of the increment. Hence, employing the dif- 
ferentials instead of the finite differences amounts to neglecting the terms involving the squares 
and higher powers of the increments. 

205. The differential relations above obtained could have been deduced more di- 
rectly from the formule of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Thus in Case I, A and ¢ being constant, if 
we differentiate the equation 


a@ == csin A cosec 0 
we have da =csinA dcosecC 
== —csin A cot C cosee Cd? 
=—acotCdd 
as in (898) 
The student may exercise himself by deducing the other relations of (398), (899) 
and (400) in a similar manner. 
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CHAPTER XIII. 


TRIGONOMETRIC SERIES. DEVELOPMENTS OF THE FUNCTIONS OF aN 
ARC IN TERMS OF THE ARC, AND RECIPROCALLY.* 


206. THE investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the Differ- 
ential Calculus. AJ that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and T'aylor’s 
Theorem. We shall employ the following expression of this theorem : 


defy hE Sy v GY Ne 


MUA Dat ayy tap Tat ap Ta3 


+ &e (402) 
in which fy denotes what f(y +h) becomes when 4 = 0 and 
d.fy @.f 
dy? dy? 
rivatives of fy. | 

207. To develop sinx and cosx in terms of a. 

We shall first develop sin (y + x) and cos (y + 2) by (402). By 
(361) and (862), if 


, &c., are the successive differential coefficients, or de- 


fy =siny 

we have at = ae = cosy 
Joe <r =—siny 
BE ccs 


we ee: 


* The leading results of this Chapter being of very general utility and constant 
application are printed in the larger type, but as they are not referred to in the sub- 
sequent large print of this work, and moreover require a limited acquaintance with 
the Differential Calculus, the student can omit them at the first perusal, and pass 
ilirectly to Part II 
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so that the values of the coefficients of the serivs (402) recur in the 
order + sin y, + cosy, —siny, — cosy, and therefore f(y + 2) = 


: : x ‘ oe x 
sin (y+ 2) = sity + cosy — SiINY TZ — COSY 7 53 t &e. (403) 
If we commence with 
fy = cosy 
the coefficients will recur in the order + cosy, —siny, — cosy, 
+ siny, and (402) will give 
<2 a ; a 
cos (y + 2) = cosy — siny T 7s za t sing pes + &e. (404) 
If now we put y = 0 in (408) and (404), sin y = 0, cos y = 1, the 
alternate terms of the series vanish, and we have 


3 


8 


x 


sine = 7 —iggt7a345 ~Tasasoy tke (408) 


x 


2 a 
cosx=1 — Tz + 12-34 — 1-7-3-4-54 + &e. (406) 
It may be observed that (406) can be deduced from (405) by dif: 


ferentiation. 

208. The series (405) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose xin the series 
must be expressed in arc, since (861) and (862), upon which the pre 
ceding demonstration rests, require 2 to be in arc, Art. 9. 


EXAMPLE. 
Find cos. 10°. Reducing 10° to arc, by Art. 9, we have 
x= 10 x -01745329 = .1745329 


and computing separately the positive and negative terms of (406), 


"yaa 


1=1-. a 015238086 

x a 
(634 7 -00008866 og -00000004 
1-00008866 — 01523090 


— -015238090 
cos 10° = .98480776 


agreeing with the tables, which give -9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. To develop tan x in terms of x. 
Representing the coefficients in the series (405) and (406) by letters, we have 


x — a,x* + act — a,x" + &e. 


ee 4 
TE eg aa ag Ge. eo 
; il 1 
in which a= Ts a= [23 &e. 


If we perform the division of the numerator by the denominator, we perceive that 
the result will be a series containing only odd powers of x, and commencing with the 
term zx. But as the law for the successive formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 


tanz=¢,2to2*+e,x°+ &e. (m) 
and differentiate it; we find, by (363), after dividing by dz, 
1+ tants = ¢, + 38¢,27-+ dc,2'-+ &e. 
or, since from the division of (407) we know that c, = 1, 
tan? z == 8¢,27-+ 5¢,2°+ 7c, 2° + 9, 2° + &e. (n) 
The square of (7) is 
tan?z = ¢,¢, VP +e | attae, | aS tec | 2+ &e. 
+ cy G + csc, +. gc, + &e. 
+ Cs + ¢, Cs -+- &. 


+ ¢,¢, + &e. 
which compared with (n) gives 
1 
C3 = 3 Cy Cy 
1 
C, = = (€, Cy + Cy 1) 
1 
a= 7 (¢ C+ ¢,¢,-+ C, ¢,) 
1 
=> (Cy Cy + C3 6, + C, cs + ¢, €) 


&c. &e. 


where the law of derivation is obvious. We have preserved the factor ¢,, although 
it is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the terme 
equally distant from them, we may write them as follows: 


°*= 


(¢: ¢1) 
(2 eg ¢,) 
(2 ¢, ey + Cs ¢5) 


(2 ¢, ¢, + 2 ¢, ¢) 


2 
e | col i or] Ht i a 


(2 ¢y ¢, + 2c, eg + ce, ¢,) 
&e. &e. 
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in which form any coefficient en 4, when n is even, is expressed by 7 terms all of 


nt 1 


5 terms all of whose coeffi- 


whose coefficients are == 2; and when n is odd, by 


cients are 2 except the last, which is 1.* 
If we now substitute the value of c, == 1, and deduce the numerical values of the 
coefficients cusaceat we shall find 


172" 62 2° 1882 x! 
tan a=} — of +e + HESS + aagargqq + & (408) 


210. Zo develop cot x wn terms of x. 
If we invert (407) we have 
1—a, 2+ a,2* — &e. 


cot z = 
%—a,x° + a,x — &e. 


(409) 


1 
and the first term of the actual division is =. the second term — (a, —~ a@;) x, and 
the succeeding terms evidently involve only the odd powers of zx Therefore let 
1 
cot 2 == — — dx — dx — d, at — &o. (0) 


The coefficients cannot be determined by the method of the preceding article in 
consequence of the negative exponent in the first term; but they are directly de- 
ducible from those of the series for tan. We have by (142) 


tan x == cot x — 2 cot 2% (p) 
Now the series (0) being true for any value of x will give cot 2x by substituting 2z 
for x, whence 
2cot2z2 = <2 d, x — 24 diz? — 2° d,xz' — &e. 
Subtracting this from (0) we have by (p) 
tan 2 == (27?— 1) d,x + (2*—1) d,x? + (28 — 1) dat + &e. 
Designating the coefficients of (408) by ¢,, ¢3, ¢,, &c. we have also 
tan % = 2 + te + e,x® +. &e 
and the comparison of these two values of tan z gives 


Fe Cy Cy _ & 
oT BT G1 e+ ~ 13 
rcs Cs Cy a 
pe (1) Ohl). 
d,= * = os car 
so" 2 TT (281) (2+ 1) 7 7-9 
&e. &c. 
Cn 
tn = Pej 


* Euler, and after him Cagnoli and ities make these coefficients depend upon 
those of the series sin z and cos x, but the number of given quantities by which 
exch coefficient is expressed is double the number required in the method of the text. 
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Substituting the values from (408) 


1 2 
j=) Gy = 35 &e. 
and reducing the coefficients to their simplest forms, we find the series (0) to be 
1 z a8 225 a 22° 
ors Be ey Pe? — evo — Se () 


211. By a process similar to that of Art. 209, but which we leave to the student, 
we find 
a? 5 a 61 2® ate ; 
scot lho + ong bt gegsg tb oegnz Tt & (411) 
And from (408) and (410) by means of the formula 


cosec & == } (cot x -+ tan ¢ 2) 


we find 
1 ie 81 x 127 x" 
cosee t= — ff geg + gape toes 4+ &. (412) 
212. Zo develop sin" y in terms of y. (See Art. 87). 
Let « = sin“ y (or sin a= y); then by (878) 
dz _ 1 a 9 —} 
ly ~FU--) OY) 
Developing the second member by the Binomial Theorem, 


dz 13 1:3°5 ; 
qo ae Togs ope tM (7) 


As this contains only even powers of y, the series from which it 
would be obtained by differentiation must contain only odd powers 
of y; therefore, let 


a= ay + aye + ay + ay’ + &e. (nj 
There will be no term independent of y if we limit z to values be- 
tween 0 and + 90°, for then when y = 0 we must also have 2 = 0.” 
Differentiating, we have 


Fy at Baa + 5 ay! + Tay? + be 


which compared with (m) gives 
1:3 1°3°5 


a= 1 34,=5 5 a; = = 1% = 3546 


5 &e. 


—— = —o 


* The series (413) obtained under this limitation expresses but one of the values 
of sin™*y, but if we denote the series by s, we shall have by (95) the following ex- 
pression, including all the values, 


sin” y == nx -+- (—1)"s 


n being an integer, positive or negative, or zero. 
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therefore (n) becomes 


fe L #18 yf | 1:35 Vo 
= ly = Scan: ye oe 
BS Oe og * oa” on Oo ag a 


It is unnecessary to develop cos~!y since we have 


+55 +4 + &e. (418) 


7 
cos ly = cour sin” ty 


213. Zo develop tan ty. Let # = tan—'y, then by (875) 
da 
ge a ee he ee RG (m) 


from which we infer, as in the preceding problem, that the required 
series contains only odd powers of 7; therefore let 


a= ay + ay + ay’ + ay’ + &e. (n) 
dd. 
then 7 =a, + 8a,y? + 5a, yi + Tay + &e. 


which, compared with (m), gives 
a,=1 8a, =—1 5a, =1 Ta, =—1 &e. 
so that the series is 
e=taity=y—iyPtiye— yt Ke. (414) 


214. To compute the ratio (=m) of the circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please; but (414) enables us to express its value in a series. We 


have tan = 1, therefore if we make y = 1 in (414) we have 


1 1 


1 


7 1 

a a 
But this series converges too slowly to be of any use. To obtaina 

rapidly oe series ymust be a small fraction. We might em- 


ploy tan z = sy (Art. 29), but in consequence of the radical, it 18 
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° N * 
simpler to resolve “7 into two or more ares whose tangents are known, 


and to compute the value of each of these arcs by the series. To 
effect this let 


<P = tant + tant? (416) 
then by (1238) 
7 t+’ 
ae eT 
a: 
whence {= eae (417) 


from which, assuming any value of ¢ at pleasure, the corresponding 
value of ¢’ is found. 
If we take ¢ = 4, we find ¢’ = 4; therefore by (416) and (414) 


m =tan7*4 + tan "4 
1 1,i1\3 .1,1\s 
= \a-#G@) + =(q) - te} 


1 1,1,3; ,1,1\;3 
+ 3 Sag) ee) | (418) 
A few terms of these series give 


— = 4636476 + .8217506 = -7853982 


gw = 8-14159 
more accurately m2 = 8-14159 26535 39793 


If we take ¢ = - we find t= - but the above supposition is 


wvidently the best adapted for rendering both series sufficiently con- 
vergent.* 


215. To resolve sin x and cos x into factors. 
The series (405) shows that z is a factor of sin x, and gives 


3 a af 
sing == (1 —s55 + pagagg — 8) (z) 


cre ee een 


* See Norn at the end of th.s chapter, p. 124. 
16 L 
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and the factors of the series within the parenthesis must evidently be of the form 


2 


i—< (9) 


A being a constant, but having a different value in each factor. Therequired factors 
must be such as to reduce the second member of (p) to zero whenever the first 
member is zero. Now sin x is zero for the value x = 0, whence z is a factor as al- 
ready seen, and also for z = =t nz, n being any integer; therefore the general 
value of (¢) is 


whence A = 777% 


which, substituted in (¢), gives as the general factor 


ae 
Making n successively = 1, 2, 3, &c., the equation (p) becomes therefore 
. eo , 43 3 
sine =2(1—i5) (1—aa) (I—ay) (419) 
The factors of cos z in (406) must also be of the form (g); but cos xis zero for 


== Ee (2n+ 1) > n being any integer or zero, and the general value of (q) is 


1 Gri _ 5 


A. 2 
9 1 92,23 
whence A=! ee Ms 
which, substituted in (q), gives the general factor 


P22 es 
(22 + 1)? » 
Making z successively == 0, 1, 2, 3, &c., we have 
92 y? 93 43 02 43 
— —_— —— 1— —— (aa) +. 430 
cee (1 ite =) ( 3? a) 5? 9 ow) 


216. Logarithmic sines and cosines. By means of (419) and (420) the logarithmie 
sines and cosines of the tables are readily computed. 


Put x = m ca then 


9? 
Ps one m? m? ( m? ; 
5p (i-#) 0-3) G-#) + 


+ m? m? m? 
aa (1-5) (1%) (i—S) 


and taking the logarithms 


3 m? 
log sin "47 = log + log m+ log (1-4) + log (1—5)+ 


sin m 


™M 7 m> m ( =) 
log cos 47 = log (1-45) + log (1— GH) + oe 1—-— +. . 
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Developing these logs. by the known formula 


== —Mint+3r+in?+ &e.) 


123 


(in which M == modulus of common logs.) and arranging according to the powers cf 


log (1 — 2) 
m, we have 
. mr 
log sin = 
—e m e 
~— 74 
— m! 
— &e. 
mM 7 
log cos ec m 


—m*. 


~- &. 


°) == log > + logm 


M1 1 1 
That et gt & ) 


Mil 


1 1 
-a(atatat& ) 


Mi 


1 1 
s(gtat ate) 


Mi 1 1 
‘Tat pt Ate) 


My,i 


1 ] 
a(pt at ate ) 


M;1 1 1 
a(pt yt Rts ) 


By summing the constant numerical series, and substituting the value of the mo- 


dulus If = -48429 44819 and 


log sin — 
og 5 


— m* ¢ 0-17859 64471 
—m* > 0:01468 89690 
— m® x 0-00230 11796 
—m' x 0-00042 58450 
— m'® % 0-00008 49075 


1 g me 
og Cos —5— 


also of > these formule become 


= 10-19611 98770 +- log m 


— m' x 0-00001 76758 
— m* x 0:00000 37870 
— m'* % 0-00000 08284 
— m'® x 0-00000 01841 
— &e. 


=: 10 


— m < 0:07288 25502 


(421) 


—m x 0°53578 98412 
— m* x 022033 45350 
—m* x 014497 48181 
—m® x 0-10859 04688 
— m' x 0:08686 08766 


— m'* x 0-06204 20818 
— m'® x% 0-05428 68115 
— m'® ye 0-04825 49426 
soaks. (422, 


In these expressions 10 is added to render the logarithms positive, as is usual in 


the tables.* 


* See the preface to Callet’s Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms given them by which they are rendered still 


more convenient. 
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EXAMPLE, 
Compute log sin 9°. We have 
m X 90° = 9° mms logm == — 4 
and therefore by (421) 
log sin 9° == 10-19611 98770 — 1- 
— 0:00178 59645 
— 0-00000 14689 


— 0:00000 00028 


== 10-19611 98770 — 1-00178 74857 
log sin9° =: 9:19483 24413 


217. If in (419) we put z = a we have 


in las i= 3B) (1-3) (i) = 
ster: 


= 7 CDELYE=NEFY) GON OHN.., 
2 2 4 
= r 2 24 4 6 6 oe 
ence Go a tog BP es ( 


which is Wallis’s expression of . 


Note to page 121. Computation of 7. Many other series besides those of Art. 
214, may be given for computing 7 One method of obtaining them is to resolve 
tan—¢and tan?’ into two others, and thus make 47 to depend upon three or more 
arcs. From (194) we easily deduce 


1 1 n 
—t{1 —+J ay | 
tan— — = tan = + tan ——_—_____. re (a) 
1 1 n 
—_ —!1 —i = 
tan—* — = tan ~ — tan aye (6) 


in which m being given, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when m?-+- 1 is divisible by 7; if 
therefore we assume n and p so as to satisfy the condition 


np == m+ 1 (c) 
we shall have 
tan—* = = tan + tan : yay 
™m a m+. p t 
tan™* = = tan” = —_ = tan—* a (¢) 
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For example, let m = 8; then m?-+- 1=10=1 x 10 = 2x 5, 60 that we may 
take n = 1, p = 10; orn = 2, p = 5, whence by (d) and (e) 


tan~* a tan—* — + tan™ 


HI 
oc 
9 
B 

L 
+ 
co 
© 
Fi 


Substituting in (418) 


1 
= tan“ = + tan 7 -+-+ tan™ 


wm] 8 
col 


== 2 tan™ > — tan? 


| a ff! 


= 2 tan = +. tan 


== tan aa + tan— = + tan = (7) 
The equation (f) was employed by Cravsey of Germany, in computing x to 200 
decimal places, and (y) was employed by Dass, also of Germany, in computing 7 to 
the same number of figures. These computations-were carried on independently of 
each other, and the results when communicated to ScuumacHER, (who gives them in 
the Astronomische Nachrichten, No. 589), were found to agree to the last figure 
They prove the value previously found by Mr. Rutherford to be erroneous beyond 
the 150th figure. 
By means of the formule (a), (2), (¢), (d) and (e) we may again subdivide the 
arcs as often as we please. Thus, it is easy to deduce 


1 1 1 
— —1 —t =i 
== 2 tan 5 1 tan 7 + 2 tan 3 


ma 


spl si we ade 
= 2 tan 5 1 tan 7 t tan 7 + tan 268 


1 1 
== 4 tan“ = — tan™ = + tan 31 + tan —— 


268 
1 8 
wcaham —t — —i1 
== 4 tan mS tan 39 + ta 568 
1 1 
ca Pe —1 7 
=: 4 tan 5 tan 585 


which last is known as Machin’s formula. In deducing it we have reduced the dif- 
ference of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 


nearly equal to > and whose cotangent is a whole number; and then deduce the 


L.2 
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difference between this multiple and = Thus it is known (from the trigonometria 


tables) that cot 11°15’ == 5 nearly; therefore by the last formula of Art. 79, putting 


tan % == = 
1 120 
——t inti. —t 
4 tan 7 == ta Ti9 
and by (194) 
120 x 120 
ee ee se re i Be a 
tan il Z tan 119 tan ] tan 33 
therefore 
Re ee ir eee ee ee 
7 = 4 tan 5 tan 335 


as was found above. 
1 
Tf we resolve tan— 359 by means of (c), (d) and (e), we have m = 2389, 


m* +. 1 = 57122 = 2-13‘ = np, which offers several suppositions for m and p; if 
we take n == 13° = 169 and p = 2-137 = 888, we find by (e) 


which was employed by Rutherford. 
If we take n = 1, p = 57122, we find by (d) 


is 1 aii 1 ~1 1 
Gm A tan™ | — tan gay an Bagg 
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CHAPTER XIV. 
EXPONENTIAL FORMULA. TRINOMIAL OR QUADRATIC FACTORS. 


218. To demonstrate Huler’s formule 


cos = $ (e7V¥-1 + e7-2V-) (424) 
sin 7 = ae (e27-1 — e—*V—) (425) 
in which e ts the Naperian base of logarithms, or, 
1 1 
e=1+ — ch 0 + 35 t ke. 


It is shown in the theory of logarithms that 


Se 3 a 

ee Sp as Onna 

Q OHS 
where for brevity we write 

(1)=1 (2) = 1.2 (3) = 1.2.3, &e. 


We have by (405) and (406), ae the above rotation, 


e* =1+4 + &e. (426) 


x x 
cosz=l——a+e— a 
(2) (4) 6 
3 gt 
sin 2 = eccapee ee cal + &e, 


OD @™'° oO 


the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426); and it is evident that we shall make 
them positive by substituting 


= — 2 or ge=2z2f/—1 
which gives 
cosx=1+ — + = cig &e. 
5 +® C (6) 
24 


sing =2/ — 1(1+- Lee oe 


5 TOT 7) 
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7 
om sap he= Ht HtHt Ht & 
whence 
coset Soy tnea lt Ht Gy tat be = ¢ 
But 
Sot gat =—/—-l, z= SF =— 7 f/m | 
therefore 
cosx— f/—l1 sing =e—*V— (427) 
If in this equation we substitute — xv for x, we have, by (56), 
cosa + /—I1sinxg=e*V-1 (428) 
The sum and difference of these equations are 
2 cosa = e*V—1 +. eg zY¥—1 (429) 
2/—1sing = e?V-1— eV (480) 


whence (424) and (425), 
219. The quotient of (480) divided by (429) is 


eyY—-l . g—#y-l eey—-1_ 1 


e 
V—ltane= ayaa = ya (431) 
220. If we put 
y= eV =cosxr+Y/—Il1snz (432) 
we have yois e "V1 = cosa— f/f —1sinz (433) 
and (429) and (480) become 
2cosx=yty} (434) 
2/—1sineg =y—y (435) 
If mz be substituted for x in these formule, we have 
ym == em@™V—-1 == cosma + / —I1sin mx (436) 
y™ =e ™™V—1 = cos ma —- / — 1 sin mz (487) 
2cosmz = y™ + y-™ (438) 


2/—ismnme=y"—y™ (489) 
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221. Moivre’s Formula. The value of y™ from /432), compared 
with (436) gives 
(cosa + / —1 sin x)" = cos mz + / —1sin me (440) 


which is Moivre’s Formula. It shows that the involution of the ex- 
pression cos z + “—1sinz is effected by the multiplication of 
the angle. 

Again, if we multiply (482) by 


cos 2’ + Y/Y —lsing’ =e”’V™} 
we have 


(cos # + /—1sin x) (cos a’ + / —1sinz’) = e@*")Y? 
= cos (2+ 2’) + /—1sin(z¢ + 2’) 
which shows that factors of this form are multiplied by the additios. 


of the angles. 
We have also 


(cosx+/—1sin x) (cosx—/—I1 sin x)=cos’ 2+ sin’a=e°= 1 (44]) 
222. General form of Moivre’s Formula. As long as m is an integer, both members 


of (440) can have but one value; but if m = 7 the first member becomes 


Pp 
(coszxty4/—1sinz)? = ¥/ (cost+.4/ —1 sinz)? 

which has g different values* in consequence of the radical of the degree g, while 
the second member 


cos e+ sin (a) 


has but one value. 

In order that both members may have the same generality, as should be the case 
with every analytical expression, it is necessary to suppose that we take for the arc 
z not merely the arc less than the circumference which has the given sine and cosine, 
but also all the arcs which have the same sine and cosine; that is, c denoting the 
circumference, all the arcs 


a, x -+- ¢, a+ 2e, r+ 3e, &e. 
Now there is an infinite number of these arcs, but only g of them can give different 
values to (a); for all the values of the arc in (a) will be 


P Dp 4. pe p 2 pe Pp (¢—1) pe 
— 2% — 2 ; —_ ee — eS 
ral qs) ¢ q a ae ge ge 
P Gpe Pp (q+ 1) pe 

238 ee &e. ~~. e &6 

q a q q . q : 
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But wot we 7 z+ me has the same sign and cosine as — 2; 


gq 


1 | 


Py + CE Bla = @ e+ a +. »c the same sine and cosine as x z-- ee &e.; 
Y q J q7 qY qg 

so that after the first g terms of the above serics, the same values of the sine and 
cosine return ad infinitum. Representing, therefore, the circumference by 2, 
the equation is entirely general under the form 


(soa 4-4/— Taina) + = 008 2 (Qnebe)\ty—l in 2 (Qnme+x) (442) 


in which 7 is any number of the series 0, 1, 2,3..... g—l. 
228, Trigonometric expressions of the real and imaginary roots of unity. 
If x = 0 in (442) it gives 


te 
(1)* = cos Ane + /—I1sin one (443) 
g 
or (1)" = cos 2 mnar+./—1sin 2 mnr (444) 
m being fractional or integral. If p == 1, (448) gives 
4/1 = 008 87h 1 sin (445) 


which expresses the g roots of unity by making n successively 0, 1, 2,3...¢g—1 
For example, let g = 4, (445) gives for 


n=0, SY1l=cos0+/—I1sin0=1 
Wet) fl = cos 4 y/—lain — = \/—1 


n=2, Y1l=csr+ /—l1sinr =—1 
3 _ 8 
n= 3, Y1= cs + Y—1sin =F =—j/—l 
as found in algebra. 


Tf ¢ = > in (442), it gives 


atte oe pease 


(/—1)" =e oy ee (446) 


which shows that an imaginary term of any degree can be reduced to a binomial of 
the form d+ Byv/— 1. 
If 2 = @ in (442) we find 
(— 1)" = cosm (2n+1)7+ /—I1sinm(2n+1) 27 (447) 
224, To reduce an imaginary quantity of the form (a+ b4/—1)™ to the form 
A+ Bs/—l. 
Let & and x be determined from the equations 
keosz =a, ksinx = 6b 
oy Art. 174; then, by Moivre’s Formula, 
(a--5,/—1)™ = k” (cosx-+ ,/ —1 sin z)* 
= k™ (cos mz + ,/ — 1 sin mz) 
and putting A = £" cos mz, B = k™ sin mz, 


(at b/—1)" =A BY—1 
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225. To find the quadratic (trinomial) factors of the expression 2°" — 22™ cos ¢ 4-1; 
m being integral. 


By (488) and (484) we have 
ym —2y™ cos mz +1 =—0 
y? —2y cosxe +1=0 


2 
Therefore if we put y = 2, mz == 2nr-+ 6, orz= chsh we have 


27 —22" cos ¢-+1 = 0 (448) 
2nxr-+¢ 
™m 


2 —22 cos +i1i=0 (449) 
As these two equations exist at the same time, they have common roots, and the 
second is therefore a divisor or factor of the first; but this factor has m values in 


2n mt ¢ : 
consequence of the m values of cos Soe (Art. 222), found by making 


n= 0,1,2,8...m—1. Therefore the m quadratic factors of (448) are all ex. 
pressed by (449), and we have 


22” cog pf 1 = ( 422008 £ 4.1) 


x (#22 cos TEP 1) 


x (2 Ogee pee + 1) 


x 


2(m—1)r-+ ¢ 
a ame Pe eee re 
x (A#—22 008 - ca) (450) 
226. To obtain the simple factors of (448), we have only to find the two simple 
factors of each of the quadratic factors in (450), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if z, and z, are the two 
roots of (449), the first member is equal to 


(2 — 2,) (2 — 24) 


but we have by (482) 


—— 


2 
2==y = cos t-+ ./—1 sin z = cos ——__—. Lein="7 12 


i Va 


which gives the two values of z by the double sign belonging to,/— 1. Therefore 
the simple factors of (448) are all included in the form 


1— (oe BZES + 1 sin at) (451) 
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EXAMPLES. 


1, Find the quadratic and simple factors of 
a—22+4+1 
Here m = 2, 2cos¢ = 2, cosy =1, ¢ = 0; and by (450), 
za— 22+ 1 = (2 — 22 cos 0 + 1) (#2 — 2zcos7r+ I) 
== (22 —22+1) (2+ 22+ 1) 
== [z— (cos0 + ./ — 1 sin 0)] 
x [z— (cos0 —,/f — 1 sin 0)] 
x [ze — (cos r + f — 1 sin z)] 
x [2 — (cos r —,/ — 1 sin x)] 
= (2—1) (2—1) @-+1) (@+1) 
2. Find the factors of “+ 22°+-1. Here m == 2, 2 cos ¢ = — 2, g = zm, and 
et 22+ 1 = (2+ 1) (2+ 1) 
= G— DEE YD GYD Et —D) 
3. Find the factors of 2° — 2+ 1. 
zA— 2+ 1 = (2? — 22 cos 80° + 1) (27 + 22 cos 80° + 1) 
= (2—2,/8+1) (24+ 2,/38+ 1) 
= G38 -tY—-N EE BEY YD 
XE BEEY—D +E 8 —FY—V) 
4. Find the factors of 2 — 2z2°-++ 1, 
2 — 22+ 1 = (2 —22-+4 1) (2#+2+41) @+2+1) 
=(@—1P(@+eth/~— 8 (e+ h—-by7 — 38) 
227. To find the quadratic factors of 2* — 1 when m is odd. 
In (450) let ¢ = 0, it becomes 


by (451) 


(z™ — 1)? = (z— 1)? X (#22 008 —7 4 1) 


4 
a 
x (4 2 2 cos rm i) 
, 
« 2(m—1)7 
x (#22008 ar +1) (452) 


Now m being odd, m — 1 is even, and the number of trinomial factors in (452) 
axclusive of (z — 1)?, is even; but 


27 


2(m— 
cos al iam) aaa GOs (22—=") = cos —— 
m VELA 


m 


so that the first and last of these factors areequal. In the same manner it is shown 
that any two of these factors equally distant from the first and last are equal, 
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therefore, uniting these equal factors and extracting the square root of both mem- 
bers, we have, when m is odd, 


am —1 = (2—1)x (#2208 st +1) 


4x 
x (#22008 —* +1) 
Mos 


x (#— 22 cos MA)" a) (458 


228. To find the quadratic factors of 2" — 1, when m is even. 
When m is even, m — 1 is odd, the number of factors in (452), exclusive of (2 — 1), 
is odd, and the middle factor will not combine with any other. This factor is the 


( 2) and contains 
2 (5 r 
2 
os = cos 7 == — ] 


and is therefore equal to 
2 +-2z2+1l=(e+1)> 


so that uniting the remaining factors, and extracting the square root, we have, 
when m is even, 


m—.] = (¢—1)(+1)xX (& — 22 008 =? 4.1) 


4 (2 — 22 008 <= 4 1) 
x. 
x (2 —2z cos (A) =“) 4.1) (454) 


229. To find the factors of 2" 4+. 1, when m is odd. 
In (450) let 9 == m, it gives 


(ef 1) = ( #— 22008 = 41) 


3 9r 
1 een | enema 
x (: 22 cos = +1) 
NR eee 


x (#22 cos ™— I)" 4 1) 


and it is easily shown, as in the preceding articles, that the factors equally distant 
from the first and last are equal, and that the middle term is 27 -+-2z2-++1 = (z+-1)* 
M 
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Hence we find, when m is odd, 


ze+tl=(z+1)x ( #—22 008 = 4 1) 


x ( 2 — 22 00s ~= 4.1) 
x ; 
x ( # — 22 608 =) —")F 4.1) (455) 


230. To find the factors of 2 +- 1, when m is even. 
The same process gives 


amt. 1] = (#22008 = 4 1) 


3 xr 
: ——— ae 
x (2 2z cos = +1) 
ae 
x (2 — 22 Pep ers he mat 1) (456) 


231. The simple factors of (453) and (454) are obtained from (451) by putting 
g = 0, and those of (455) and (456) by putting $ = 7. There will be found pairs 
of equal factors as in the preceding articles, but all the different simple factors will 
be found by taking only the positive sign of the radical ./ — 1. 

232. Any function of the form 2” —2 p z™ +- g may also be resolved into quad- 
ratic factors. Itis only necessary to reduce it to one of the preceding forms. By 
resolving the equation 


2m. 2p mtg = 0 (457) 


we shall find from its two values of 2™ 


mm — 2p eto (@— (pt vP—2)) x (#—(p— VP) 


and if we put the absolute term in one of these factors == = a” (according to ita 
sign) it becomes 


om am = am (2 1) = a (2’™ + 1) 


in which z = az’, and the factors of this last expression may be found by one of 
the preceding articles. 

If, however, the values of 2” in (457) are imaginary, i. e. if p?< g, this method 
fails to discover the real quadratic factors, and we must proceed as follows. Put 
g = a*", then the proposed function becomes 


= +1) = qm (re eee 1) 


m which z == az’; and since in the present case p < a”, a is a proper fraction, 


and we may put ait = cos ¢, which reduces the given function to the form (450) 
a 
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CHAPTER XV. 


TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 


283, THe true developments of sin mz and cos mz in series, when m is not re- 
stricted to integral values, were first obtained by Poinset, and form the subject of a 
memoir read by him before the French Academy of Sciences, in 1823.* The fol- 
lowing problem is the basis of these investigations. 


234. Yo develop (k +. ./k?—1)", in a series of ascending powers of k. Let 


a= (k+ i —1)" (a) 
and assume 
=A,+ 4,4 + 4,P 4 Ase... fA... . (a) 
Differentiating (a) and putting 
; dz 
c= a 


we find 
Se MT k Mz 
ss a4 tse aac = ¢° 
gam (tt /P—1) x (14+ say ) Ges © 
the square of which gives 
m> 2% — (kh? —1)27 = 0 


Differentiating this and putting 


eee dz’ 
dk 
we find, after dividing by 2’, 
mz — ke’ — (kh? — 1)z” = 0 (a) 
Again, differentiating (4) twice, we find, 
2m A +2AK+BAPM....- nA Bt. ... 
f= 112A, IBAA +844, B... + (n— 1) nA... } (¢) 


Substituting in (d) the values of z, 2’, 2”, given by (6) and (e), we have 


P= mA,| + m?A,|k+ mA,| Ow... +m? A,| kh oie. 
— A, —« ae oe 8 == 2b Ay 
avo A. ax(n=1). nay 


+1.24,| 4+2.34,' +344, 2. + (nt) (2+ 2) Ania 
m which each of the coefficients of the powers of # must be zero. To discover the 
tw which governs these coefficients, it will suffice to examine that of the general © 
erm, or the coefficient of 4”, which is 
(m® — n°) Ay + (n+ 1) (n+ 2) Anta =0 
whence 
m> — n> 


(n+ 1) (n+ 5) An 


Ants — 


* See the published memoir, ‘‘ Recherches sur Analyse des Sections Angulaires,” 
Paris, 1825 
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so that from the first coefficient, A,, we find by making n = 0, 2, 4, 6, &e., 


mM 
A,= — 3 A, 
_ mt — 98 m? (m> — 2%) 
as ame 7 2=—iyg4a “te 
m — 43 _ m? (m? — 2?) (n> 2) =e 4?) 
A 56 i aa 1:2:3:-456 _ A 


and from the second coefficient, A,, we find by making n = 1, 3, 5, &e. 


m? — 1? 
A,=— 9-3 A, 
m — 3? (mm? — 17) (m? — 8?) 
Por pag St gaan neat 
= m? — 5? = (m? — 17) (m? — 8°) (m? — 5?) 
a tke aaa 23-4-5-6-7 A, 
&ec. 


Therefore, if we put 


= Me a 2 (m?— 29) 1, m? (m? —2*) (m?—4°) |, 
K=1— 7 P+" aa f2sd56 
ro tea 3 (m? — 1") (m? — 8%) 5 5 
ae ee ep Ot — be, 


the equation (4) becomes 
z= A, K+ A, K’ 


and it only remains to find A, and A,. In (a), (6), (c) and (e), put k = 0; we find 
z==(,/—1)" = A, gm mt (V/ —~ 1)" = A, 
Therefore we have, finally, 
z= (kf /P— 1 = (1 EE (1m! (458) 


235. Zo develop (,/ 1 — h? + h,/ —1)™ in a series of ascending powers of h. We 
nave 


(1 — BERS" =(/— 1)" (h+ V1)” 
therefore by (458), exchanging & for h, 
(SIL BERS 18 = (1) ( — "BF (1) mB] 


in which H and H’ are what K and KK’ become when f is put for &% Combining 
the imaginary factors in the second member, observing that 


(iY —D"& 4%. UO = (7 1)" = (1) 


m 
2 
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(which must not be put equal to unity, since m may be a fraction, and unity has 


imaginary roots,) and also that 
m—t 


(SD (HDA SH 1 xX (Vt SY 10) * 


we have 


(/1 P+ hy)" =(1)? H+ /—i1 (ly =m 5 (459} 
in which 
mm (m? 2) hs 


123-4 =a Re 


m? 


2 (mn? en 13) (m? ak 3?) 
a a __. 3 —m 
H' =h oc e+ F845 ht — &e. 


236. Zo develop the sine and cosine of the multiple angle in a series of ascending powers 
of the cosine of the simple angle. 


When m is an integer, this problem requires us simply to develop sin mz and 
cos mz in a series of powers of cos x; but when m is a fraction = £ the angle mx 
g 


has g values which have the same sine and cosine, (Art. 222), if we consider x tc 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre’s Formula in its general form (442), or 


(cos z-+- ./ — 1 sin z)™ = cos m (2n7r+ 2%) + /—I1 sin m (Qn% + 2) 
Putting & = cos x we have by (458) and (446), 
(cose +4/—1sinz)™ = (k++ ./— 1)™ 
= (Vf — 1)" B41) mB 
= GOS eS -_K+4/—1 sin ‘% eet), K 


4. cos (ener). mK'4./—1sin = Sis ze ). mE" 


Comparing the real and imaginary terms of these two values of (cos z-+,./— 1 sin z)™ 
we have 


cosm(2na-+-- x) = oos(” Sires) . K+ cos eee ea im K 


sin m (2nar-} x) = sin oS) _ A+ sin (Sa ae 


If m is a fraction = —, each member of these equations receives g values by 


P 
g 
taking successively for , or n’, the numbers of the series 0,1, 2, 8,. . . g —1; but 
we are now to show what values of m and 7’ correspond to each other in the ‘wo 
rT 

9? 


Po ee 1) Fete oe 1) 


members. Let z = then k = 0, K = 1, KX’ = 0, and we have 


4 an , 
Gt engi 


18 ui 2 
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therefore these two angles can only differ by some multiple of 2”, or we must 
have 


m(4n-+- 1) 7 _ m(4n Tee pie 
2 2 
whence m (n—n') = n” 


but m being a fraction a and 2, n’ numbers of the series 0, 1,2,...q¢—41, we 


cannot have m (n — n’) equal to an integer n”, unless it is zero ;* therefore 


n—n' = 0, n= 


and the above developments are 


cos m (2 nm -- x)==cos (20er0*), x4 cos ( ene, es)? ae (4€0) 


sin m (2 n7-4-2)==sin (ees), A + sin ( eo DCer i), mk’ (461) 


in which 


m? m* (m? — 2%) 
Pe, (eae a Mee: : 
K=1 Ta 8 z+ papa 008% &e 
eee 2__ 43 a. 98 
K' = cos z — 78 cost ap (EI FD coat zs — he. 


It hence appears that, in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractional. 

237. When m is an integer, one of the terms of (460) and (461) will always become 
zero, and we shall have but asingle series to express the function of the multiple 
angle. The first members become in all cases 


cos (2 mn x + mx) = cos mz 
sin (2 mn x + mx) = sin mz 


and the second members vary according to the form of m. In (460), if 


m= 4m’, cos mz == K 

== 4m’ +1, = mK’ 
m am + cos mx m (462) 
m= 4 m' + 2, cos mez = — K 
m= 4m’ + 3, cos mx = — mK’ J 


and since when m is even, the series X terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will give the equations 
of Art. 76, by making m = 1, 2, 3, &c. 
In (461), if 

m= 4 m’, sin mz = — mK 

m==4m' +1, sin mz == K 

m == 4 m' + 2, sin mz = mK’ 

m = 4m’ + 8, sin mz = — K 


a rt 


* Since is supposed to be reduced to its lowest terms, » and g are prime to each 
other, therefore, if sue me): is not zero, g must dividen —n’; which is impossible, 


since the greatest value of either n or n’ is g — 1. 
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In these fcrmulsx, however, the series do not terminate, but by differentiating 
(462) we find for 


, * . ae a \ 
m= 4m’, sin mz == — m sin x (cos t — 5 cos? x + &o.) | 


m? _. 12 
cos? z+. &e.) 


mo=4m’t1, sin mz =sinz ee Cas 


(466 } 
a__ 9a 
m == 4m’ + 2, lila ae da z-+- &e.) | 


mes 4m’+ 3, sin mz = — sin z (1 — poe gees) 


1-2 
all of which terminate and give the equations of Art. 75. 
238. To develop the sine and cosine of the multiple angle in a series of ascending powers 


f the sine of the simple angle. 
We take as before 


(cosa + .f—1 sin «)™ = cos m (2nx + 2)4 /—lI|sin m (Qu7 + 2) 
Putting 4 == sin z, we have, by (459) and (444), 


(cosa + .f—1sinz)™ = (/1— +h,/— 1)™ 
™ m—t 
= (1)? +/—1(1) 
= cosmn'x.H+./— lsinmn's. H 
+../—1 cos (m—1) n’%. mH’ — sin (m—1) nr. mi 


Comparing the real and imaginary terms of these equations, 


cos m (2nx¥-+- z) = cosmn'x. H—sin (m—1) n’x. mH’ 
sin m (2n7 +x) = sin mn’r. H-- cos (m—1) nx. mH 
and to find what values of n and 7’ correspond, let == 0, then A= sinz = 0,H = 1 
H’ == 0, and we have 
cos 2mnwr == cos mn' xr 
sin 2mnxr = sin mn’ 
from which we infer that 2 mnw == mn'z, or 2n == n’, and hence 
cos m (2ne” + x) = cos2mnr. H—sin2 (m—I1)nx. mil’ (464) 
sin m (2n47 + 2) = sin2 max. T+ cos2 (m—I1) nx. mH’ (465) 


in which m being a fraction = 7 nis any number of the series 0, 1, 2,3,...4 —13 
and 


m? (m? — 23) 


m? 
H=1— sz simet+ sin‘ x — &e. 


1:2:3-4 
2 242 a 9a 
W = inc o sin® agai ee OE ee sies 


2°3 2:3 °4°5 


239. When m is an integer, the first members of (464) and (465) become cos mz 
und sin mz; and the coefficients of the second members zontain only multiples of 
2a; therefore we have 


Cos mx == IT sin mz == mH’ 


But the series H terminates only when m is even, and the series H’ only when #m ta 
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odd, and we must also emnloy the derivatives of these equations to obtain finite ex- 
d x 5 q 
pressions in all cases; thus we have aiso 


dit diT’ 
COS MX == 


sin ML = 
mat ax 


Therefore differentiating the series Zand H’, we shall have, when 


2 
m == 2m, cos mz = 1 — <x sin? x + &e. 
(466) 
m—1? . 
m=z 2m'+i1, cos mz == ¢082(1—-—5— sin? z + &c.) 
"93 
m == 2m, sin mx = m cos % (sin 2 — —54— sin*z + &c.) 
(467) 
m—i1? ., 
m= 2m'+ 1, sin ma == m (sin — —-3— sin? x +- &c.) 


‘all of which terminate, and give the equations of Arts. 77 and 78. 

240. To develop the sine and cosine of the multiple angle in a series of ascending powers 
of the tangent of the simple angle. 

We have 


eosm (2nx 4+ xz) + ./— 1 sin m (2nx-+4 xz) = (cosz+./—1 sin x)” 
= cos™2 (1++./ — 1 tanz)” 
Expanding by the Binomial Theorem, and putting 


a m (m — 1) m (m—1) (m— 2) (m— 38) ‘ 
ee oa ane Eka: 0 aa tan* % — &e. 


m (m — 1) (m — 2) 


3 
[28 tan? z + &e. 


T' = mtanz— 


we have 
cos m (2nxr + «2)-+.4./—1sin m (227-4 2) = cos™2 (7+ 4/—1 7") 


But the imaginary and real quantities are not yet distinctly separated in the se- 
cond meinber, for m being fractional cos” z has a number of imaginary values. If 
we designate its real value by cos™ z, all its values are included in the expression 


cos” x (1y" = cos” z (cos 2 mn’ + ./ — 1 sin 2 mn'#) 
which, substituted above for cos™ x gives 
cos m (2 nx-+-2x) +,/—I1sin m(2 nx-+ 2) =cos” z (cos 2 mn'’x. T— sin2 mn'r. PD’) 
+ /—1 cos” x (sin 2 mn'x . T+ cos 2mn'xr. T’) 

Comparing the real and imaginary terms, we now have 

cos m (2nxr 4+ %) = cos™ x (cos 2 mn’. T’— sin 2 max. T’) 

sin m (2nxr-+- 2) = cos™ x (sin 2 mn'x. T+ cos 2 mn'r. T’) 
and it is shown as in the preceding problems that n = n’, whence 

cos m (2uxr + x) = cos” % (cos 2 max. T— sin 2mnz. T"’) (468) 


sin m (2n7 +. x) == cos” x (sin 2 mux. T-+- cos 2mnz. T’) (469) 
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in which m being a fraction = nis any number of the series, 3, 1, 2,...¢-— [5 


and cas x denotes only the real value of {/ (cos x)’. 
241. By the division of (469) by (468) 


tan 2mna. 7-4. 7’ 


men (a v #) = 7 — tan 2mne. 7’ 


(470) 


242. When m is an integer, both the series 7’ and 7’ terminate, and in all cases 
cos 2 mn x = 1, sin 2 mn x = 0; and (468), (469) and (470) give 


cos mz = cos™ xz. 7 (471) 

sin mx == cos™ x. 7" (472) 
q 

tan mz = i (473) 


which last expression embraces all the equations of Art. 79.* 

248. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc; but he has 
shown that these developments are impossible, except when m is integral, and in this 
case the series are the same as the preceding, with the terms written in inverse 
order. 

244, To develop any power of the cosine of the simple angle in a series of sines or cosines 
of the multiple angles, the cosine of the simple angle being positive. 

if y=cost+.4/-—I1sinz, we have, by (434) and the Binemial Theorem, 


(2 cos z)™ = (y - y*)™ = y™ + my”? + es o 1) y™—* 4. &o, 


and by Moivre’s Formula, 


y™ = cos m (2nr-+4 2) + ./ —1 sin m (2 nx + 2) 
my"? == m cos (m— 2) (2nx-4- x) +4 m,/—1 sin (m —2) (227 -+-2) 


pala yt Ua cos (m—4) (2 ra) pe i) yt sin (m—4) (2n 7-4-2) 
&c. &e. 
Therefore, if we put 
Panngz = 003 m(2Qnw + x) + m cos (m — 2) (2n7 +. 2) -- &e 
P'onnge == sin m (2nw + x) + m sin (m — 2) (2Qnx + 2) + &e. 
we have 
(2 08 2)" = Panys tof —1 Planes (0) 


Now m being a fraction (2 cos z)™ has imaginary values, but when cos & ts positive, 
it will have at least one real positive value, and then (2 cog z)™ being understood to 
lenote only this real value, all the values are included in the formula 


(2 cos x)™ % (1)" == (2 cos x)™ (cos 2 mn’x 4- 4/ — 1 sin 2 mn’ wr) 


* Although the formule for multiple angles require, in general, the combination ot 
two series when 7 is not an integer, yet there are certain cases, even when ™ is a 
fraction, in which one or the other of the series will disappear. See the memoir cf 
Poimeot, cited at the beginning of this chapter. 
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Therefore we have 


(2 cos x)™ (cos 2 mn’ r+-4/ —1 sin 2 mn! w) = Ponrte- f/f m1 Pancras 
Comparing the real and imaginary terms, 
(2 cos x)™ cos 2mn’a = Panarye 
(2 cos x)” sin 2 man’w = Panga 
and to find the corresponding values of n and n’, let x =: 0, then (2 cos x)" == 2”, 
and tae series become 


Pyne = 0082 maw (1+ m+ sen +. &.) 
== cos 2 mmx (1 -+- 1)” 
== 2” cos 2 mnx 
and in the same way 
Pong == 2” sin 2 mn 
Therefore our formule become 
2™ cos 2 mn! x == 2" cos 2mnw 
2” sin 2 mn’ a = 2” sin 2 mnxr 


and.as in former cases, it is shown that 2 = n’, so that we have finally 


Pes 
mm — annex 
ee cos 2 mn x Ce) 
ean Pon w+ oe ” 
ld Maar Pee er) 


From this it appears that the real and positive value of (2 cos z)™may be expressed 
either by a series of cosines or by one of sines of the multiple angles. and by 
comparing (474) and (475), we have the following constant relation between these 
series. 


Parr r+x sin 9 Mn 


Prannys cos 2mnr 


245. If n = 0, (474) gives 
(2 cos z)"==P,, == cos mx -+- m cos (m— 2) x-+- mr =). 608 (m—4) x &. (476) 


which may be employed as the general development of the real value of (2 cos z)™, 


T 
when z< x 


246. The same supposition of n = 0, gives sin 2 mn x == 0, and (475) gives 
therefore, 
m (m — 1) 


0 = LP’, = sin mz -+- m sin (m — 2) % 4- —“—3-—— sin (m— 4) 2 ++ &e. (477) 


e remarkable property of this series of sines of multiple arcs, which holds for all 
values of m, provided 2 < > 


247, Yo develop any power of the cosine of the stmple angle in a series of sines or cosines 
of ihe multiple unyles, the cosine of the simple angle being negative. 
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If the denominator of 7 is even, there is no real value of (2 cos x)” when cos 2 
is negative ; but we may put 
(2 cos x)™ = ( -2cosz)™ (—1)™ 
= (—2cosz)™[cos m(2n’ +1) r-+,/—I1 sin m (2n' + 1) #] 
which, substituted in equation (a) of Art. 244, gives 
(— 2 cos x)™ cos m (2n' + 1)7 = Panriez 
(— 2 cos x)™ sin m (2n' + 1) 7 = Pannts 


Making » = 7, cos = — 1, (—2 cos z)™ = 2”, and the series become, by the 
process shuwn in Art. 244, 


Panis = 2" cos m (2n+ 1) 
Prange == 2" sin m (2n-+ 1)% 
and we have 
2m cosm (2n! + 1)a == 2" cos m (2n-+ 1)x 
2™ sin m (2n' + 1) 7 = 2" sin m (2n+ 1)% 


whence, as before, 2 = 7’, and our formule are 


es Pawnee 
(7S S08 Roa in (22+ 1)% iets) 


Pannrtez 

ee 479 
(— 2 cos z) in mG neh lhe (479) 
by which it appears that the real value of (— 2 cosx)™ is also expressed either by 


a series of cosines or of sines of multiple ares, which series have the constant re- 
lation 


Ponnte __ Sinm (2n +1)” 
Ponnsz  cosm(2n-+1)7 
248. If n = 0, (478) and (479) give 


(— 2cos x)™ = pia (cos mz +. m cos (m—- 2) x + &c.) (480) 


COS Mm 7 COS mr 


Lf", 


(— 2cos a)" = - = - 
sinmer sin m7 


(sin mz + m sin (m— %) x 4 &e.) (481) 


In this case sin mz is not zero, unless m is an integer, so that the series 2”, does 
not become zero when x > > and both (480) and (481) may be employed as the true 


gevelopments of (— 2 cos z)™. 

249. When m is an integer, the series (476) and (480) always terminate at the 
(m 4- 1)th term; and, since in (480) cos mw = =£ 1, according as m is even or odd, 
and (— 2 cos z)™ == =f (2 cos x)™ in the same cases, both (476) and (480) beconve 


(2 cos x)™ = cos mz-+ mcos (m— 2) a+ mint) cos (m—4)xz-+ &e. (482) 


But the series (481) becomes zero, so that (482) is the only series by which 
(2 cos z)™ can be developed in functions of the multiple arcs, when m is integral. 
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250. To develop any power of the sine of the simple angle, in a series of sines or cosines 
of the multiple angles. 
If y= cosx+ .4/—1sinz, we have, by (425) and the Binomial Theorem, 
(\/ — 1)™ (2 sin 2)" = (y— y™*)™ 


— 1 
= yt — myn tg BT) ys Bo, 


in which y”, y™~, &c. have the same values as in Art. 244, but the signs of the 
coefficients are alternately + and —, so that if we put 

Qann+2 == cosm (2n w + x) — m cos (m — 2) (2Quaer+ x2)+ &e. 

Q'onnpe = sinm(2n 97 + xz) — msin (m— 2) (Qn x + x) + &e. 
we have 

(/ Fase 1D a (2 sin ey on Qann + x + / —1 Vanat+ez 

Substituting the value of (,/ — 1)™ by (446), and comparing the real and imaginary 
terms, we find 


m (4n’ +1) 
2 


(2 sin z)™ cos = Qonrtz 


—— 


— Oona pe 


(2 sin x)™ sin ge aOR a 


and if we make 7 = — we shall find by the process frequently employed above, 


that nm = 7’; whence 


: a Qon Tox . 
(2 sin 2)" = cos fm (4n-F 1pm ot 
: = Q'sna+e \ 
(2 sin 2)" = Tm intl) ¢ 


so that the real value of (2 sin z)™ may be developed in either the cosines or sines 
of the multiples. The two series have the constant relation 


Want ax _ sin 4 m (4n + 1) x 
Qanr4a ie cos 4 m (4n + 1) 


251. If n = 0 in (483) and (484), 


i m= Q 
(2 sin z)™ == ee eerie re (cos mz —m cos (m—2)2-+ &e.) (48D) 
, Q's 1 , : 
2 ITN a —_ Sonus . 
(2 sin 2) ‘hae lame (sin mz —m sin (m— 2)z-+ &c.) (486) 


both of which series are applicable when m is fractional. 

252. When m is an integer, one or the other of the series (485), (486), will always 
be zero, according to the form of m, and there will be but one series to express 
(2 sin x)”, 

\ 


Tf m= Am, (2 sinx)" = cos mz —m cos(m—2)x+&c. (487) 
m==4m+1, (2sinz)" = sin mz—m sin (m—2)2+&e. (488) 
m==4m'+ 2, (2sinz)” = — (cos mz — mcos (m— 2)x-+ &e.) (489) 


m=4m' +3, (2sinx)™ == — (sin mz --- m sin (m— 2)2-+ &e.) (490) 


MULTIPLE ANGLES. 145 


258. The series (485) and (486) become zero when m is an integer, as follows: 

If m= 2m’, 0 = sin mz — msin (m — 2) x + &e. (491) 
m=2m +1, 0 = cos mz —mcos(m— 2) x+ &e. (492) 

The reason why these series are zero is obvious, since they terminate av the 


(m -+- 1)th term, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 


254. Given the equation 
tanz = ptany (See r i ) (493) 


to express x t= y ina series of multiples of y. 
Substituting the values of tan x and tan y given by (481) 


erev—t _. | eyvy—-1_]} 
SVT TP Sv pi 
whence 
erzV—1i — OSes + i ck li —(?—=}) 
pti-(p—i ew 
or rutting . 
p—l 
_ (494) 
T= "p#l 
evvy—-1—g¢ 1l—gqe*yy-? 
ie eee; * ta) (a) 
‘ Er rceh (hg 
er(e—yV—1 = {=e 
Taking the Naperian logarithms of both members, 
2 (2—y) f—1 = log (1 — ge 7#7—*) — log (1 — g r9¥—") 
and developing the second member by the formula 
log (1 —n) = —n—3—3n* — &e. 
we have 
2 (a — y) yA — 1 = — gem 29! — § gem tuv—t — F Pe-syv—! — &e. 


bgeyv—-2 Ld gety¥—- Li geceyv—' + &e, 
Substituting in the second member by (480), 


Coad 


r—yoqgqsinQy+34@sn4y+ iq sin 6y+ &s. (d) 
The equation (a) might have been put under the form 
1— = enyVy—a 
Oty) ¥—-1 = 


1— ta e—tyV¥—1 
g 
from which, by taking the logarithms and substituting as before, 


sin 2 sin 4 sin 6 y 
oe: Cl 


In this investigation, we have, in effect, used Moivre’s formula, in its limited or 
less general form; but the requisite generality may be given to our results, by ob- 
serving, that (493) would hold if we were to substitute tanz—tan (n’r-+ 2), tany 
wztan (n’x-4+-y), and therefore we may substitute for the first member of (0), 

1g N 


[45 PLANE TRIGONOMETRY. 


ni 2 — (no 4 y) =e —y — (rn! — n') re = & —y — nz, n being (like m and n”) as 
arbitrary integer or zero. Hence, the required general development of z—y in 
series is 
e—yonrtgsn2ytigsindyt+ig¢ sin 6y-+ &e. (495) 
In like manner, since tan ¢ = tan (x—7’r), tany = tan (y— nr), we may substi- 
tute in the first member of (c), <—n'r¥-+y—n'x = «+ y—nz, and the general de- 
velopment of «-} y in series is 
sin2y sin4y  sin6y 
; == Ie — : 6 
aly =r IP we +. &e (495) 


In these formule z and y are supposed to be expressed in arc, and to obtain 
% = y in seconds, the terms of the series must be divided by sin 1”. 

255. The preceding problem is particularly useful in finding x when p and y are 
given, and x is nearly equal to y; in which case p is nearly equal to unity, either 


1, . . : 
q ars is a small fraction, and one of the series (495), (496) converges rapidly. 


EXAMPLES. 


lL. Given y == 50° and p = 1:00065, to find x from (493). 
Taking only the first term of the series (495), and assuming n = 0, 


2 == 100° log sin 2y 9-99885 
00065 3 
Y = 5.00085 log g 6-51174 
ar co log sin 1” 5-31448 
%—y == 65-995 log (c — y) 1:81952 
z% == 50° 1’ 5”-995 
2. Given y = 50° and p == — 1-00065, to find z from (493). In this case 
__ _2°00065 
7 = ~~.00065 
and the computation by (496), if we assume v == 0, is 
24 == 190° log sin2y  9-998385 
1 00065 i 
nn ———— — — 6°51 74. 
7 200065 06 ‘ 7 ) He 
arcologsin1” 65:31443 
a+ y = — 65-995 log (2-+- y) — 181952 
e == — y — 65"-995 == — 50° 1’ 5”-995 


or, ifm == 1,2=. 180° — 50° 1’ 6”.995 = 129° 58’ 54.005. 
In general, (493) is to be solved by (495) when p is positive, and by (496) when p 
Is negative. 
256. Given the equation 
sin (2 -+ 2) = msinz (497) 
(c express 2 in a series of multiples of a. 
We deduce as in Art. 168, 
1 
tan (2-++ 42) = yobs 


eT tan da 
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which is reduced to (4938) ky putting 


m+ 1 
tanztida yoo ta EA | 
aS dee 
whence I= peel 


and (495) becomes 
sine sin2a , sinde 


Z2== nr +- — + Spina + Tne + &e. (498) 


m 2m 
which is to be employed when m > 1; and (496) becomes 
g- 2 = nr—msina—}m'sin22—4 msin 8 a— &e. (499) 
which is to be employed when m <1, ” being any integer or zero. 


257. Given the equation 


m sin 2 
ae TT om) 
to express 2 in a series of multiples of 2. 
This equation in the form 
sinz  msina 
cosz l-+-+-mecose 
gives sin z-+- m sin 2 cos 2 = m cos z sina 
sin z = m sin (2 —2z) 
tan (¢— ja) = ae tan 4 
(2— ga) = so a 
which is reduced to (498) by substituting 
m—1 
t=2e $ a Y = $ a P = aa oe | 
p—l 1 
h =. So Se a 
whence qg aes 
and tho series (495) and (496) become 
Sing , sin22 sin 82 
ened eS (i 2 me amar a +- &e, (501) 
Z==nNr--msina—}msin22+4m' sin 3 a — &e. (502) 
258, Gtiven the equation 
m sine 
t an au 503 
ae 1—mcos¢ O89) 


to express 2 in a series of multiples of a. 


The equation (500) becomes (508) by changing the signs of both m and «: the 
rime changes in (501) and (502) give 


Sine  sin22 sin 3 4 


z=nr-+m sing + $m sin 22+-4 mm sin 8a + &. (505) 
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259 Ina plane triangle A BC, given a, b and C, to find A or B by a series of multiples 
of C. 
By (260) 
= sin C 
tan A = 


a 
1— — cos C 


which, compared with (503), gives, by (505), 


a, a sin2C. a sin8C 
A= zysinC+=. 9 +5: a + &e. (506) 


n being necessarily = 0 in this case. Bis found by the same series, interchanging 
a and 8. 
260. In a plane triangle, A BO, given a,b and C, to find c by a series of multiples of C. 
We have 


ee ee ey ee, (507) 
iad b3 26 
a Se 08 C+1 

by (451) = [ = — (cos O-+/—1sin 0) | 


x [ -— (cos C—,/—1sin ¢) | 


e a . a ‘ 
== | 1— + (cos C+ ./—1sin ¢) |x[1-+ (cos Craps ham) 


Taking the common logarithms, employing in the second member the formula 
log (l—n2) =—M(nt+4r°+ 4 °+ &.) 
and applying Moivre’s Formula (440) in expressing the powers of cosC = ./ —1 sin 0, 
we have 


2loge— 2logs = 


—ul< (cos C-+4/—I1sin C) + a (cos2 C+ 4/—1sin2 0) + &e. | 


>} 
—ul (cos O—4/—1 sin C) +5, (cos20—y/—1sin2 0) + &e. | 


cos2 C a cos30 ) (508) 


a a? 
log = log8—M ( cos O45. 5 so ee a + &c. 


This series was first given by Legendre. The series (495) and (496), upon which 
are based those of the subsequent articles, (Arts. 256, 257, 258 and 259), are due 
to Lagrange. 


PART IL. 


SPHERICAL TRIGONOMETRY. 


CHAPTER I. 


GENERAL FORMULA. 


1. SpHERicaL TRIGONOMETRY treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 


* The student is here supposed to be acquainted with Spherical Geometry, at 
least so much of it as is to be found in Legendre’s treatise, or in that of Prof. Peirce, 
of Harvard University. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formule from a direct con- 
sideration of the solid angle itself. 

3. In a spherical triangle, the sines of the sides are proporticnal 
to the sines of the opposite angles. 

Let ABC, Fig. 1, be a spherical 
triangle, O the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes A OB, 
AOCand BO ©, to each other, and 

ce will be designated by A, B and C; 
their opposite sides respectively will 
be designated by a, 6 and e, as in 
plane triangles. The trigonometric 

functions of these sides will be the same as those of the angles 

BOC, AOC, AOB, which they subtend at the center of the sphere. 

(Pl. Trig. Art. 20.) 

From any point B’ in OB, let fall B’P perpendicular to the plane 
AOC; and through B’P let the planes B’PA’, B’PC" be drawn 
perpendicular to OA and OC, intersecting the plane OAC in the 
lines PA’, PC’, and the planes 40 B, BOC in the lines A’B’, B’C". 
The plane triangles A’P B’, B’PC” are right angled at P; and 
0 A'B’, OC'B’ are right angled at A’ and 0’. The angle B’A’P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AOB, AOC, or of the angle A; and 
B'C’P is the measure of the angle C. 

We have therefore, by Pl. Trig. Art. 15, 


Vig. 1. 


sin A = sin BAP =, 
: ts Ses L'P 
sin U= sin B'O'P = Fm 


whence 


sn A BP v BO BC 
sn ~ BAT * BP = BA me 


GENERAL FORMULE. Lbi 


Again, sin a = sin BOl'=35 
A eta eae 
sine = sin B’/OA’ = Ro 


sna BO BO _ Be’ 


sne BO ~ BA” BA’ n) 
Comparing (m) and (2), 


whence 


sina sin A ; 
Sin @ sin C ; 
which in the form of a proportion is 

sind: sine = sin A: sin 0 


which is the theorem that was to be proved. 

4. In Fig. 1, A, a, Cand ¢, are each less than 90°, but the con- 
struction would not vary if any of these parts were greater than 90°, 
except that the points A’ and C’ might be found in the lines AO, CO, 
produced throughO; and one or more of the right triangles A'B’P, 
&e., would contain the supplements of A, a, C, or ¢ instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to Pl. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

do. dn a spherical triangle, the cosine of any side 18 equal to the 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B’A’C’, Fig. 2, be Fig. 2. B 
drawn perp. to OA, intersecting the 
planes AO B, BO Cand AOC, in the 
lines A’B’, B’C’ and _A’C’. Then the 
angle .B’A’C’ = A, and B’0C’ =a, 
and by PI. Trig. Art. 119, in the tri- 
angles A’B’C"’, OBC’, we have 


BC? = A'B? + A’C? —2 A’B’. A'O’ cos A 
BC? = 0B? + 00? —20B'.00' cosa 
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Subtracting the first of these equations from the second, and ob- 
serving that in the right triangles OA’B’, OA'C’, 


OB? — A’ B’?= 0A", 0C?— A’C?® = 0A” 
we have 


9=20A2+2A'R’. A'O’ cos A—20B'.0C cosa 


OM .0A , ABAIO’ 
OB’ .0@ * OB .0a 


whence Cos @ = 


Substituting the trigonometric functions derived from the right urs: 


angles OA'B’, OA'C", 
cosa = cos 6 cose + sind sine cos A (2) 


which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Vig. 2, both 6 and ¢ are supposed less 
than 90°, while no restriction is placed upon A and a; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
Pl. Trig. Art. 49 be granted. As that principle may not be suffi- 

Fig. 8. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 

Ist. In the triangle 4 BC, (Fig. 3), let 6< 90° and 
» €>90°. Produce BA, BC to meet in BH’, forming the 
lune BB’; then A Bb’ = 180° — ce, and 6 are both < 90°, 
and the preceding demonstration would apply to the 
triangle A B’C. Therefore, applying (2) to A B’C, we 
have 


cos (180° — a) = cos b cos (180°—e)+sin dsin (180°—c) cos (180° — A) 
or by Pl. Trig. (64), 
— cosa = — cos 6 cose — sind sine cos A 
and changing all the signs 
cos a = cos6 cose + sind sine cos A 
the same result that would have been found by applying (2) directly 
to ABC. 


ral 
a a ed 


* Hymer’s Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABO, Fig. 4, let b> 90°, e> 90° ; Fig. 4. 
produce AB and AC to meet in A’; then A’B and A’? A 
being both less than 90°, the formula (2) is applicable to 
A'BC. Therefore 


cos a = cos (180° — 3) cos (180° — e) 
+ sin (180° — 6) sin (180° —c) cos A 
= (— cos 6) (— cose) + sind sine cos A 


= cosb cose + sind sine cos A 


the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups: 

sin a sin B = sin } sin A 


sind sin 7 =sine sin B (8) 


sine sin. A =sinasin C0 


cosa = cos b cose + sind sine cos A 
cos 6 = cose cosa + sine sina cos B (4) 
cos ec = cosa cosh + sina sin b cos 7 
8. Let A’B’C’, Fig. 5, be the polar triangle 
of ABC, and designate its angles and sides by 
A’, B’, 0’, a, 0 ande. Then, by geometry, 
A’ = 180° — a, a’ = 180° — A 
B' = 180° — 4, 6’= 180° — B 
O’ = 180° —e, ce = 180° — 0 BI 
and applying the first equation of (4) to A’B’C’, 


cos a’ = cos 0’ cos¢’ + sind’ sinc’ cos A 
or by Pl. Trig. (64), 
— cos A = (— cos B) (— cos C) + sin B sin C (— cos a) 
— cos A = cos B cos C— sin B sin C cosa 
Changing the signs of this, we have the first of the following group: 
cos A = — cos B cos C+ sin B sin C' cos a 
cos B = — cos (cos A + sin C'sin A cos b (5) 
a = —cos A cos B+ sin A sin B cos ¢ 
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It is thus that, by means of the polar triangle, any formula of a 
spherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulse are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos ¢ is 


cosa cose = cos 6 cos?¢ + sin 6 sine cose cos A 


and the second of (4) is the same as 
cosa cose + sina sine cos B = cosb 
the difference of which is 
sina sine cos B = (1 — cose) cos 6 — sin b sine cos e cos A 

Since 1 — cos? ¢ = sin?e, this may be divided by sine, and gives 
sina cos B = sin ¢ cos b — cose sind cos A 

whence _— sin d cos C = sina cos¢ — cosa sine cos B (6) 
sine cos A = sin b cosa — cos 6 sina cos 7 


If we interchange B and C, and therefore also 6 and e, the group 
becomes 


sin a cos C’ = sin 6 cose — cos 6 sin ¢ cos A 
sind cos. A = sine cos a — cose sinacos B (T) 
sine cos B = sina cos 6 — cos asin b cos C 
10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 
sin A cos 6 =sin C' cos B + cos Csin B cos a | 
sin B cos ¢ = sin A cos C'+ cos Asin 7 cos6 | (8) 


sin CO cosa = sin B cos A + cos B sin A cos ¢ 
and 
sin A cose = sin B cos (+ cos B sin C cosa 


sin B cos a = sin C’ cos.A + cos C' sin A cos db (9) 


sin ( cos 6 = sin A cos B+ cos A sin B cose 
11. Dividing the first of (6) by the following derived from (8), 


sina sin.B 


—_——__ = sin Bb 
sin A 
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we find the first of the following group 


sin.A cot B = sine cots — cose cos A 
sin B cot C = sina cote — cosacos B 


sin O cot A = sin 6 cota — cos b cos C 


- (10) 


and in the same way from (7), or by interchanging the letters B and 


C, 6 and ¢ in (10), we find 


sin A cot C = sind cote — cosb cos A 
sin B cot A = sin ¢ cota — cose cos B 


sin 0 cot B = sin a cotb — cosa cos C 


(11) 


If (10) are applied to the polar triangle, we find (11), so that no 


new relations are elicited. 


12. The preceding formule are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma. 


tions are required to facilitate their application in practice. 


In the first of (4) substitute, by Pl. Trig. (139), 
cosA = 1— 2sin?d A 
we find, by Pl. Trig. (89), 
cos a = cos (b — ec) — 2sind sine sin? $A 


and we have similar expressions for cos 6 and cose. 
If we substitute in (4), by Pl. Trig. (188), 


cos A = — 1 + 2cos?4A 
we find, by Pl. Trig. (88), 
cosa = cos (6+ ¢c)+2sinb sine cos*4 A 


and, of course, similar expressions for cos 6 and cos ¢. 
13. Substituting in (5) 


cosa=1—2sin?éa=—1+ 2Zeos*ha 
we find by the same process 
cos A = — cos(B + C) — 2sin B sin Csin? ha 
cos A = — cos(B— C) + 2sin Bsin Ccos* da 


(12) 


(13) 


(14) 
(15) 


which might have been obtained by applying (12) and (18) to the 


polar triangle. 
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14. If ip (12) we substitute cos a = 1-2 sin®} a, cos (6 —c) = 1—-2 sin? 4(a—e), 
we obtain the first of the following equations; and the others are obtained by a 
similar process from (12), (18), (14) and (18). 


sin? 4a = sin? 4(6—c)+ sindsine sin?d A (16) 
sin? 3 @ = sin? 4 (0-+ ¢)— sind sine cos*4A (17) 
cos? 4 a@ = cos*4 (6 — c)—sindsine sin? 4 A (18) 
cos* 4 a = cos?4 (6+ ¢)+ sind sine cos?4A (19) 
sin? 4.4 = cos?4 (B+ C)+ sin Lsin C sin®} a (20) 
sin? 4A = cos*?4 (B—C) — sin Bsin C cos*}a (21) 
cos?4.d = sin? 4 (B+ C)— sin Bsin C sin? 3 a (22) 
cos?4.A = sin? 4 (B— C)+ sin Bsin C cos? $ a (23) 


15. By Pl. Trig. we have 
1 == cos? 4 A + sin?$ A 
cos A = cos? 4 A — sin? 3 A 
whence 
cos 6 cos c = cos b cos c cos*4 A + cos d cose sin? 4 A 
sin } sinc cos A = sin d sinc cos? 4 A — sin b sine sin? } A 
the sum of which is, by (4), 
cos 4 == cos (b — c) cos? 3 A+ cos (6+ ¢) sin? ZA (24) 
and substituting 1 — 2 sin? 4 a, &c., for cos a, &e. 
sin? $a = sin? 3 (6 —c) cos?4 A+ sin? 4 (0-4 c) sin? 4 A (23) 
cos* 4 a = cos* 4 (6—c) cos*4.A + cos?4 (6-4 ¢) sin? 3A (26) 


In the same manner we deduce from (5) 


cos A = —cos (6 — C) sin?4 a— cos (B+ C) cos* Za (27) 
sin?4 A == cos*4(B—C) sin?4 a+ cos?3 (B+ C) cos*Za (28) 
cos?4.A == sin?} (B— C) sin?4 a-+ sin? } (B+ C) cos? a (29) 


It is hardly necessary to add that each of the equations (12 to 29) gives a group 
af three, by applying it successively to the three sides or three angles of the triangle. 


16. From (12) we find 


cos(b—¢) — cosa 
2 sin 6 sin ¢ 


If, in Pl. Trig. (108), we put 


=a, y=b—e 


sin? 4 A = 


whence 
@ty)=Rat0—d, F@-y)=ha-b+9) 
we find 
cos (6 — ec) ~cosa=2sind (a—b+c)sin $(a+6—e) 
which, substituted in the above equation, gives 
sin} (a— b+ ¢)sin Fa+d — e) 
sin 6 sin¢ 


(80) 


sin?4 A= 
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Let s denote the half sum of the sides, that is, let 
atb+te=2s, s(atb+e)=28 
then 
a—bte=atbte—2b=283—2b=2(s—)) 
atb—e=atb+e—2e=28—2c=2(s—e) 
which substituted in (80) give 


sin (¢ — 6) sin (s — ¢) 


sin? 4A = 2 
gin 6 gin ec 


sin (s — c) sin(s — a) 


whence also sin?4 B= een? (31) 
-o4 7 _ Sin(s — a) sin (s — d) 
aa sin @ sin b 
17. From (18) we find 
cos a — cos (6 + ¢) 
cop A=—“Fsinb sine 
and from Pl. Trig. (108), by making 
x=b+e, y=a 
boty)=3(atb+0, 4(e—y)=8b+e-a) 
we find 
cos a— cos (6 +c) = 2sind (a +b+c)sind (6+¢—a) 
which, substituted above, gives 
int in i as 
ete ee ee a) (32) 
sin 6 sin ¢ 
Introducing, as in the preceding article, s= 4 (a + 0+ ¢), 
. sin $ sin (s — a) 5 
2) Ae ee 
ae sin 6 sine 
sin $ sin (s — 6 
cost B= co) 
Peres sin $ sin ($ — ¢) 


sin @ sin 6 
0 


158 SPHERICAL TRIGONOMETRY. 


18. The quotient of (81) divided by (83) gives 


sin (s ~ 6) sin (s — ¢) 


ate sin s sin (s — a) 
sin (s — ¢) sin (s — a) 
tan’ } B= ~~ ain 9 gin (s — 6) ee 
sin (¢ — a) sin (s — 6) 
tan? 3 O = Sing sin (s ~ ¢) 
19. From (14) we find 
: _ cos A + cos (B+ C) 
a ae 2sin B sin C 
from which, by Pl. Trig. (107), we deduce 
— cos i a. _ 
er See (35) 
and if we put 
4(A+B4+CO)=S8 
54 ,_ ~~ cos Scos (8 — A) 
me sin B sin C 
or 7 a 7 COsS cos (S— B) ' 
se i sin (sin A (88) 
«oy ,  ~ 0088 cos (S— C) 
ree sin A sin B 


The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraie 
sign is negative; in fact, since by geometry 28 > 180°, S> 90°, 
cos § is negative, and — cos Sis positive. 

20. From (15) we find 


cos A + cos (B— C) 
2sin B sin C 


cos’ $a = 


from which we deduce, by a process similar to the preceding, 


cos}(A— B+ C) cos} (A+ B—C) 37 
sin B sin 0 87) 


cov sia = 
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cos (S — B) cos (8S — C) 


a sin B sin C 
cos (S'— C) cos (S — A ‘ 
a aa sin Ose peo 
21, _, 008 (S — A) cos (S'— B) 
ae oe sin A sin B | 
21. Frem (36) and (88) 
o1 . . 7 e08 Scos (S' — A) 
nae cos (S — B) cos (S— C) 
re — cos S'cos (S' — B) (39) 


~ cos (iS — C) cos OS — A) 


ree eee — cos S'cos (S'i— C) 
am 2 & = cos (SS — A) cos (SY — B) J 


We might have deduced (86), (88), (39), by applying (81), (88), 
(34) to the polar triangle. 

22. Mapier’s Analogies. Dividing the Ist of (84) by the 2d, we 
find 


iene ee) 


tan} B sin(s—a) 
Regarding this as a proportion, we have, by composition and divisicn, 


tang A+taniB _ sin(s—d)+sin(s —a) 
tan} A—tan}B — sin(s— 6)—sin (s — a) 


(m) 


In Pl. Trig. (109), if we put c =s — 6, y=s8 —a, whence 
ea+ty=2s—a—b=e 
x—y=a—b 

we have 
sin(s—6)+sin(s—a) _—i tan ge 
sin(s —6)—sin(s—a) tan} (a—6) 
and by Pl. Trig. (126), 
tang A+ tan3B sin} (A+ B) 


tang A—tan$}B sing (A—B) 
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Therefore (7) becomes 

sin $(A + B) ___tante 

snd(A—B)  tan}(a— 6d) (40) 
or sind(A + B): sin} (A — B)=tan fe: tan$(a— ) 


which is the first of Napier’s Analogies. 
23. Again, the product of the 1st and 2d of (84) gives 


sin (¢ —¢ 
an ane pa 
sin $ 
or 1:tan}A tan $ B =sin s: sin (s—e) 


whence, by composition and division, 


1—tantAtaniB _ sins —sin(s—e) 
1+tan3 Atan3}B sins+sin (s—e) () 


By Pl. Trig. (109), if «=s, y= 8s —e, we have 


sins —sin(s—c)  _tande 
sins+sin(s—ce) tan}(a +6) 


and by Pl. Trig. (127), 


1—tanzAtan$B cos}(A +85) 
1+tantAtaniB ~ cos$(A — B) 


Therefore (m) becomes 


cos#(A +B) _ tange | 
cost}(A—B)  tan$(a+0) (41) 
or cos$(4+B):cos$ (A— B) =tan $e: tand(a +6) 


which is the second of Napier’s Analogies. 
24. If (40) and (41) are applied to the polar triangle, we shal find 


snd(a+6)  — cot 30 

facaoo) wate) (42) 
or sind (a+): sind (a — 6) = coth C: tand(A—B) 

cos$(a+b) cot $C 

cost(a—b)  tand(A + B) (438) 


or cos$(a+):cos$(a—b) = coth C:tand(A +B) 
which are the third and fourth of Napier’s Analogies. 
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25. Gauss’s Theorem. If 


p = cos¢esin} (A+ B) P = cos $ C cos4 (a — B) 
g = cos }ecos 4 (A+ B) Q = sin 4 C cos 4 (a+ 3) 
r == sin $c sin $ (A — B) R = cos 4 Csin 4 (a — d) 
¢ = sin 4ecos } (A — B) S = sin } C sin } (2+ b) 


then the products pX9,PX%PX83IYIXNIXS7TX 8, are respectively equal to the 
vroducts PK QM, PX R, PXS,OXR, OXS,RXS. 


First. From (38) we have 
sin ¢ (sin A -Esin B) = sin C (sin a sin 3) 
which, by Pl. Trig. (105), (106) and (185), are reduced to 
sindecos¢esing(A-+ B) cost (A —B) = sin} Coos} Csin § (a+ d) cos} (a —d) 
sin $¢ cos $c cos4 (A -+- B) sin§ (A —B) = sin} Ccos}$ Cocos} (a-+ 4d) sin} (a —4) 
or 
ps= PS and gr = QR 
Second. From (6) and (7) 
sin c (cos B cos A) = (l= cos C) sin (2 1d) 

which, by Pl. Trig. are reduced to 
sin $c cos $¢ cos $ (A-+ B) cos} (A —B) = sin § C ain 3 Csin } (a+ db) cos 3 (a }- by 
sin $c cos$csin}(A-+ B) sin} (A — B) = cos} Ccos3 C sin 3 (4a — 6) cos § (a —8): 


or 
gs = QS and pr== PR 


Third. From (8) and (9) 
(1 =tcose) sin (A = B) = sin C (cos b + cos a) 
which, by Pl. Trig. are reduced to 
cos$ccos$csin 4 (A+ B) cos $ (A+ B) =sin} C cos} C cos} (a+ 4) cos§ (a —3) 
sin $csin $¢sin} (A— B) cos} (A— B) =sin } Coos} Csin } (a + 3) sing (@-— 3d) 


or 
pa PQ and rs== RS 


26. The notation of the preceding article being still employed, the quantities p*, g*, r*, 8°, 
are respectively equal to P?, Q*, B?, S?. 
We have 
PY X pr=PUXPR 
and qr = OR 
the quotient of which is 
p= P* whence p=—P 


aud in the same way =O g=tQ 
go a= 1? pos Se 
== S? g=z ck 8 


21 02 
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27. In these last equations, the positive sign must be used in all the second members, or 
the negative sign in all of them. For if we take 
p=H+tP 
the equations 
pa PQ, pr=PR, ps=PS§ 
being divided by this, give 
gq=+9 r=+R s=48 


and if we take 


p= ys 
the same equations, divided by this, give 
g=— Q, ro — R, s== — 8S 


We have therefore the following, which are generally cited as Gauss’s Hquations. 
cos $e sin } (4 + B) = cos $ C cos ¥ (a — 4) 


cos $¢ cos} (A + B) = sin 4 Cocos } (a+ 4) 


1 
sin 4c sin 3} (A — B) = cos} C sin 4 (a — 5) ) 
sin }c cos } (A — B) = sin} C sind (a+ 3) 
" cos $csin 4 (A + B) = — cos § C cos § (4a — 0) 
cos $e cos } (A + B) = —sin § Cocos 3 (4 + B) (45) 
sin }.c sin $ (A — B) = — cos } Csin 3 (4 — 8) 
sin }c cos } (A — B) = — sin § Csin § (2 + 4) 


If, however, we consider only those triangles whose parts are allless than 180°, the 
first of these groups, (44), is alone applicable, for we must then have p = -++ P: since 
cos $e, sin } (4+ B), cos $C, cos } (a —b) are then all positive quantities. The use 
of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier’s Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 


ADDITIONAL FoRMULZ. 


28, We shall here add some formule which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (80) and (82) gives 


aint A == 4 sin ssin (s — aes es b) sin (s — c) (46) 
sin? 6 sin* ¢ 
Put 
n? == sin s sin (s — a) sin (s — 3) sin (s — ¢) (47) 
2 
then sin 4 = a 
sin 6 sin ¢ 
and in the same manner (48) 
2 
ST ene 
sin @ sin ¢ 
the quotient of which is 
sin A sina 
sin B sin 6 


which is our first theorem, Art. 8. As (48) was obtained from (80) and (82), ana 
these from (4) without the aid of (3), we may consider the whole fabric of spherical 
trigunometry as resting upon the fundamental formule (4). 
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30 We have also from (85) and (37) 


—4cos S cos (S — A) cos (S — B) cos (S—- C) 


encase 4 
a aa sin? 3B sin? 7 
and if 
N? = — cos S cos (S — A) cos (S — B) cos (S— C) 
sin @ = - au 
na == sin Bsin OC 
From (48) and (51), 
n siu @ sin } sin ¢ 
N sind” sin B sin C 


81. If we develop (47) and (50) by Pl. Trig. (178) and (174) 


4n? = 1— cos?a — cos?b — cos?e¢ + 2 cosa cos b cose 
4N? = 1 — cos? A — cos? B — cos? C — 2 cos A cos B cos C 
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(58) 
(54) 


82. The following simple results are easily deduced from the equations (31 to 38) 


cost Acos$B _ sins 


sin C sin ¢ 
cos4A sin} B _ sin (s —a) 
~ cst sine 
sin} Acos3B _ sin (s — 8) 
cos $C sin ¢ 
sin} Asin} B sin (s — c) 
ep ee eee 
sin } sin ¢ 
sin $a sin 3 6 — cos § 
cos Fc ~~ gin @ 
sin 4 a cos 3 8 cos (S — A) 
sin 3} ¢ — sin C 
cos 4.asin 3b cos (S — BJ) 
sin $¢ a sin C 
cos 4a cos $ & cos (S — C) 
cos#e =~ sin C 


| 
| (55) 


(56) 


a 


33. By means of (55) and (56) we can deduce expressions for the functions of _ 
#,s —a, &c., in terms of the angles, or of S, S —A, &c., in terms of the sides 


We have, from (51), 
2N N 
sine == sin d sin B 2sin} A cos A sing Bcos$B 


which, substituted in (55), gives 


gin $ == av 
2sind Asin} B sind Cl 
, N 
sin (s—c) = 


2cos4 A coséPBsing C 


whence, by interchanging the letters, we have also sin (s — a) and sin (s — 4). 
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Again, we have 
sin (¢ — ¢c) == sin s cos ¢c — cos s sin ¢ 
whence 


sin 8 cos c — sin (3 —c) 


cos; = ; 
81n ¢ 


which, by (55), is reduced to 
cos 4 A cos 4 Bcosc —sin4A sin4 B 


cos $ == ange {59} 
and from the equation 
oos (¢ —c) = cos s cosc-+ sins sine 
we find, by substituting (55) and (59), 
Soe (oie 2 008 eae os ee (60) 


sin 3 C 
To climinate c from the second members of (59) and (60), we have, by (5), 


cos C -+- cos A cos B 


cos¢= ; ; 
sin A sin B 


whence 
cos C-+ cos A cos B 
Bobs 008 2S ORS agin aR 


cos C +- cos A cos B 
4 cos $A cos} B 


sin $4 A sin 4 Bcose = 


which, substituted in (59) and (60), give 
cos A + cos B+ cos C—1 1 — sin? 4 A — sin? 4 B— sin? iC 


tS Ln k aan bead 0 Sein Ag peo 
PET Pee ce cL ain CC aol aL care BT 
cos ( = 4cos$ Acos$} Bsing GC ~~ FeospAcosgBangc 


From the preceding we easily deduce 


2N a sin ¢ 
cos A -+- cos B-+- cos C— 1 ~~ cos c — tan} A tan ¢ B 


ae IN 5 sinc 64 
tan (P= ¢)' = Gos AL cog B= eos C+ 1~ cot $A cos 4 B— coge (64) 


tan s = 


(68) 


84. The equations (57 to 64) applied to the polar triangle, giva, 


n 


sacs GO ies eos De ane 
— 2 cos $acos$bcoshe 


cos (S— C’) = fos Sate Set ae (66, 


~ 2sindasin $4 cos he 


sin 4a sin 4 bcos C+ cos $acos4d Aa 
A (te 


in S = 
ne cos $c 
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1-+-cosa-+-+cosd+ cose cos? 4 a4 cos? $b-+4+ cos®-fc—1] 


Bint == ""4 cos F acoso Coa be 2 cos # acos 4 bcosde (68) 
a a (69) 

da goatpamecamitere Seba Ht She 
OS spit p ms OE oapeE | 

cot (8 0) = pg paws = ae OP a pee (72) 


85. From (68) we find 


2 cos 4 a cos $ b cos $ c — cos? $ a — cos? $b — cos? ¥c+ 1 


2 cos 4 a cos $ b cosge (78) 


1— sin S = 


2 cos 3 a cos $ 4 cos $c + cos? $ a+ cos?4 6+ cos? fZe— 1 


1 sin S = 
+ 2 cos $acos 4 bcos}e 


(74) 


the numerators of which may be reduced by Pl. Trig. (178) and (174), by making 
t=}, y = 3b, 2 =e, whence v = } (a4 b+ c) = 8,0 —2 = $(s—a), 
&c.: therefore, 


2 sin $s sin 4 (s— a) sin} (s—5) sin $(s — ce) 


=e cos 4 a@ cos $b cos fe (75) 
1+ sin S _, 2.008 § 8 cos # (8s — @) cos $ (s — 6) cos $ (# — ¢) (76) 


cos 4 a cos $ b cos $e 


The product of these equations reproduces (65); their quotient is, by Pl. Trig. (154), 
tan? (45° — 4 S) == tan $s tan 3 (s — a) tan} (s— 4) tang (¢—c) (77) 
86. Cagnol’s Equation.—Multiplying the first equation of (4) by cos A, we find 
cos a cos A == cos b cosc cos A -+- sin 8 sin c — sin 6 sinc sin? 4 
and from (5) in a similar manner, 
cos a cos A == — cos Bcos Ccosa-+ sin B sin C — sin B sin C sin? a 


Observing that by (8) we have sin 6 sin c sin? A == sin B sin C sin’ a, 


these two equations give, 
sin 6 sin e+ cos 6 cosc cos A = sin B sin C — cos B cos C cosa (78) 


a relation between the six parts of the triangle, first given by Cacnour. Itigsa 
property of this equation that ether member ts a function which has the same value in a 
given spherical triangle and its polar triangle. Thus, if we distinguish the sides and 
angles of the polar triangle by accents, we have* 

sin 6 sinc +. cos 6 cos ec cos A = sin 2’ sin c’ + cos b/ cos ¢/ cos A’ (79) 


* Sec Mathematical Monthly, (Cambridge, Mass.,) vol. i. p. 282. 
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87 To deduce the formule of plane triangles from those of spherical triangles. 

The analogy of many of the preceding formule with those of plane triangles is 
sufficiently obvious. We can, in fact, deduce the plane formule from those of this 
chapter, by regarding the plane triangle as described upon a sphere whose radius is in- 
finite, the triangle being an infinitely small portion of the sphere. The quantities a, 6 and 
ec, must, in this case, express the absolute lengths of the sides ; and the angles which 


: . b 
they subtend at the center of the sphere, expressed in arc, will be <, a —, r be 


: : : abe 

ing the radius of thesphere. When is very large, ph pr are very small, and we 

may express the values of sin =a cos <, &c. approximately, by one or two terms of 
Tr 


their expansions in series, Pl. Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formule, we shall obtain approximate relations between the 
sides and angles of the triangle. If we then make ¢ infinite we shall obtain exaet 
relations between the sides and angles of a plane triangle. 

Thus we have 


a a 3 
aes oes wees aie Ry 
fin A a r 2.377 + &e 7 2.3 72 “+ & 
ane. ee Qin) Be ee ee ee let ar 
sin eee aC a b— saa t &e 


sin A _ 4 
sin B 0b 
In the same manner 
a 8 c ae 5? ‘oe b? ¢* 
ee Cos — — COs —~ Cos —- o 1 Or eg &e.—(1 “pa “pat pak ) 
_ . 8 , C 7 b 83 (2 3 
ia acs (<- 237 +&e. ) 7 OP + &. ) 


§3 2 
et &— a— 5 +- &e. 


omaren 
— 


3 


c 
fee a 
o7 


and making r infinite, we have the formula of Pl. Trig. 
Pte — 
2 be 
Formule that involve only the sines or tangents of the sides may be reduced im. 
mediately to the plane formule by substituting a, 4, &c., for sin a,tan a, &ce. Thus. 
(81 to 84) give the corresponding formule of Pl. Trig. by omitting the symbol s7z. 
and (40), (41), by omitting the symbol ¢an. when these symbols are prefixed tv sides 


cos 4 = 
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CHAPTER IL. 
SOLUTION OF SPHERICAL RIGHT TRIANGLES. 


38. WHEN one of the angles of a spherical triangle is a right 
angle, the general formule of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli. 
cation. 


39. Let C= 90°, Fig. 6. From (38) we Hig’: B 
lave 
sin A = a sin C A ‘ 
sin ¢ 


but since C'= 90°, sin C=1; therefore, 


sin @ ? 

sin A = | 

Sin ¢ | 

and, in the same manner 80; 
? b] 

sin } 
sin B= —— 
sin ¢ 


2 


that is, the sine of either oblique angle of a spherical right triangle 
is equal to the quotient of the sine of the opposite side divided by the 
sine of the hypotenuse. Compare Pl. Trig. (1). 

40. From (11), we find 


sin 6 cote—sin A cot 0 
cos b 


cos A = 


but if C= 90°, cot C= 0; therefore, 


sin 6 cot ¢ 
cos A = —— = tan 6 cote 
cos 6 
yr 
tan 6 tan a 
403 A = ——- cos B = - -—- (81 
tan ¢@ tan ¢ 
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that is, the cosine of either angle ts equal to the tangent of the adja- 
cent side, divided by the tangent of the hypotenuse. Compare 
Pl, Trig; 1). 

41. From (10), we have, 


sin 6 cot a — cos 6 cos 0 


CA sin C 
which, when C’= 90°, becomes 
. in} 
cot A = sin’ cota = 
tan a 
or, taking the reciprocals, 
tan @ tan 6b 
tan A = sin b tan B= sin a (82) 


that is, the tangent of either angle is equal to the tangent of the op- 
posite side, divided by the sine of the adjacent side. Compare 
Pl. Trig. (1). 

42, From (5), we find, 


cos B+cos C cos A 


sin. A = ; 
cos 6 sin C 


and if (= 90°, 


sin A = ——- sin. B= (83) 
c 


that is, the cosine of ecther angle, divided by the cosine of its opposite 
side, ts equal to the sine of the other angle. In Pl. Trig. we have 
sin A = cos B. 

43. From (4), we have, 


cos ¢ = cosa cos 6 + sin asin 6 cos 7 
or, when C'= 90°, 
Cos ¢ = cos a cos b (84) 
that is, the cosine of the hypotenuse is equal to the product of the co- 


sines of the two sides. In Pl. Trig. ce? = a? + 6% 
44, From (5), 


cos C+ cos A cos B 
oe = OF > 
sin A sin B 
or, when C’ = 90°, 


cos A cos B 
ON Aa cot.A cot B (85) 
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hat 1s, the cosine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In Pl. Trig., 1 =cot A cot B. 

45. No difficulty will be found in remembering the preceding for- 
mulze for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles: thus, 


In plane right triangles. In spherical right triangles. 


e= ete 
1 = cot A cot B 


cose = cosa cos b 


| 
é a p 5 ; sin a : sin 6 
sin A = — sin b = — | sin. A =- sin B = -—— 
Cc CU sin @ sin ¢ 
b a tan 6 tan a 
cos A = — cos B=— | eos A=—— cosB= 
Cc Cc tan tan @ 
a b tan @ tan 6b 
tan A = — tan B = — tan A =- tan B =-— 
b a | sin 6b sin @ 
‘ ; . cos B cos A 
snA=cosB, sinB=cosA sn A=-—— snB= 
cos 6 Cos a 
| 


cose = cot A cot B 


46. Napier’s Rules. By putting these ten equations under a different form, Napier 
suntrived to express them all in two rules, which, though artificial, are very gene- 
rally employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
ure employed instead of the hypotenuse and the angles themselves. The right angle 
not entering into the formulz, they express the relations of five parts, but in the 
rules the five parts considered are a, 6, co. c, co. A andco. B. Any one of these 
parts being called a middle part, the two immediately adjacent may be called adja- 
cent parts. and the remaining two, opposite parts. Theright angle not being considered, 
the two sides including it are regarded as adjacent parts. The rules are: 

I. Zhe sine of the middle part is equal to the product of the tangents of the adjacent 
paris. 

II. The sine of the middle part ts equal to the product of the cosines of the opposite parts. 

The correctness of these rules will be shown by taking each of the five parts as 
middle part, and comparing the equations thus found with those already demon- 
strated. 

Ist. Let co.c¢ be the middle part; then co. A and co. B are the adjacent parts, 
a and b the opposite parts, and the rules give 


sin (co. c) == tan (co. A) tan (co. B) or cose = cot A cot B 


sin (co. ¢) = cosa cos b cos¢ == cosa cosb 


which are (85) and (84). 
2d. Let co. A be the middle part; then co.c and 8 are the adjacent parts, co. B 
and a the opposite parts, and the rules give 


Bin (co. A) = tan (co. c) tand or cosA =cot ¢ tand 


sin (co. A) = cos (co. B) cos a cos A = sin B cosa 
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In the same maser, if co. B is taken as the middle part, 
sin (co. B) = tan (co. c) tan a or cos B = cotctan a 
sin (co. B) == cos (co. A) cos 6b cos B = sin_4 cos b 


and these four equations are the same as (81) and (83). 
3d. Lec @ be the middle part; then co. Band 4 are the adjacent parts, co. A 
and co. c the opposite parts, and the rules give, 


sin @ = tan (co. B) tan} or sing = cot Btan bd 
sin @ = cos (co. A) cos (co. c) sin @ = sin A sine 
In the same manner, if 5 is taken as the middle part, 
sin b = tan (co. A) tan a or sind’=cotAtana 
sin 6 = cos (co. B) cos (co. c) sin 6 = sin B sin ¢ 
and these four equations are the same as (80) and (82). 
It appears, therefore, that these rules include all the ten equations previously 
proved; and they include no others, since we have taken each part successively as 
the middle part. 


In the application of these rules, it is unnecessary to use the notation co. A, co. B, 
co. c, since we may write down at once sin A for cos (co. A), &c.* 


47. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the required part. 

When Napier’s Rules are employed, it is only necessary to determine which of tke 
three parts—the two given and the one required—is to be taken as the middle part. 
‘¢ These three parts are cither all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts; or one is 


separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts.” 


48. In order to distinguish the functions of parts less than 90° 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to Pl. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 


* If we employ as the five parts, the hypotenuse, the two angles, and the comple- 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier’s Rules, and we shall have 

Maupvit’s Rutes.—I. The cosine of the middle part is equal to the product of the co- 
tangents of the adjacent parts. 

IL. Zhe cosine of the middle part is equal to the product of the sines of the opposite parts. 

With a little attention at the commencement, however, and by observing the ana- 
logy exhibited in Art. 44, the student will find that he will have lit‘le use for either 
of these artificial rules. 

t+ Peirce’s Spherical Trigonometry. 
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49. In a right spherical triangle, an angle and its opposite side 
are always in the same quadrant, that ts, either both less or both 


greater than 90°. For, by (88), 


sin A = 


in which, since sin A is always positive, (A < 180°), cos B and 
cos 6 must have the same sign; that is, B and 6 must be either both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrant, the hypotenuse ts less than.90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 


cos c = cos acos b 


in which, if @ and 6 are in the same quadrant, cos a and cos 6 have 
like signs, and cose is positive, that is, e<90°; but if a and 6 
are in different quadrants, cosa and cos b have different signs, and 
cos ¢ 18 negative, that is, ¢ > 90°. 

We proceed now to the solution of the several cases. 

51. Case l. Given the hypotenuse and one angle, or ¢ and A, 
Fig. 6. 

To find a. The relation among the three Het: re 
parts, c, A, and a, (as in Pl. Trig. with the 


Cc 
same data), is given by the sine of A; and \ 
by Art. 45, . ¢ 
b 
sin @ 
sin A = — 
sin ¢ 
from which we find* 
sin a@ = sinesin A (86) 


There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as AL. 

To find b. The relation among the three parts, ce, A, and @, (as 
m Pl. Trig. with the same data), is given by the cosine of <A, or, 


cos A = ane 
tan ¢ 
from which} tan 6 = tan e cos A (87) 


* This equation would be found by Napier’s Rules, taking a as the middle part. 
{ We find the same result by Napier’s Rules, taking co. A as the middle part. 
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To find B. We have, by (85),* 
cos ¢ = cot A cot B 


from which cot B = tel = cos¢c tan A (88) 


The quadrants in which 6 and B are to be taken, will be deter- 
mined by means of the signs of tan 6 and cot B, according to PI. 
Trig. Art. 40. 

Check. ‘To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
check. In the present instance, when the three parts, a, 6, and B, 
have been found, we should have, by (82), the relation 

sina = tan 6 cot B 
so that if the work is correct, we shall find 
log sin a = log tan 6 + log cot B 


EXAMPLES. 
1. Givene = 110° 46’ 20”, A = 80° 10’ 30”, to solve the triangle. 
By (86). By (87). By (88). 


ce, log sin 9-9708106 log tan — 0-4210061 — log cos — 9.5498045 
A, log sin 9-9985883 log cos + 9-2320794 — log tan + 0-7615088 


log sin a4 9-9643989 log tan 6 — 9-6530855 log cot B — 0.3113083 
log tan 6 — 9.6580856 

Check. log sina + 9.9643938 

Ans. a = 67° 6'52""7, 6 = 155°460'42".7, B= 158° 58'24"0 


2. Given ¢ = 120°, A = 120°; solve the triangle. 
Ans. a= 131° 24'34".7 b= 40° 63'36".2 B= 49° 6'23'8 
52. If A = 90°, we must also have, by (85), ¢ == 90°, and then 
tan 6 = tan B= S 
go that 8 and B are both indeterminate; that is, there is an indefinite number of 
triangles which satisfy the given values of ¢ and A; but since 
cos B ==: cos bsin A = cos b 
we always have B = d; and since 
sing = sinesin A = 1 
we have a == 90°, and all the parts of the triangle are equal to 90°, except 4 and B 
If only c is given == 90°, all the parts of the triangle are equal to 40°, except A 


and a; and we have A = a. 
woe a ey Pa a a a 


* Or by Napier’s Rules, taking co. ¢ as the middle part. 


SOLUTION OF SPHERICAL RIGHT TRIANGLES. 133 


58. Case II. Given the hypotenuse and a side, or ¢ and a. 
To find A. We have by (80), 


sin. A = — = cosec ¢ sin @ (89) 
To find B. By (81), 
cos B = Mba = cote tana (90) 
tan c 


To find b. By (84), 


cos c = cos acos b 


from which cos 6 = : “ = cose sec a (91) 


Check. We have between A, B, and 8, the relation 


cos B = sin A cos b 


EXAMPLES. 
1. Given ¢c = 140°, a= 20°; solve the triangle. 
By (89). By (90). By (91). 


e,log cosec 0-1919825  logeat — 0-0761865 log cos — 9-8842540 
a, log sin 9-5840517 log tan + 9-5610659 — log sec + 0-0270142 
log sin A 9-7259842 log cos B — 9.6872524 log cos 6 — 9-9112682 
log sin A + 9-7259842 
Check. log cos B — 9-63872524 

Ans. A= 32° 8'48%1 

B = 115° 42’ 23”.8 

b = 144° 36’ 28”.4 


2. Given ¢ == 101° 1616-7, b= 115° 42'88".5; find A. 
Ans. A = 65° 82'56"-4 


54, When a==c and consequently both = 90°, sin 4d = 1, A =— 90°, and 


0 0 
cos Baz > cos b= cos B = cos b 


#0 that B= 8, but both are indeterminate as in Art. 52. 
P2 
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50. CasE IIT. Given one angle and its opposite side, or A and a. 
We shall have 


: sin a ' : 
sin A = —— whence sine =cosec A sina (92) 
sin ¢ 
tan @ : 
tan A = — sin 6 = cot A tana (93) 
sin b 
. cos A . 
sin B= sin. B = cos.A seca (94) 
COS a 


Check. sind =sinesin B 


In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

Hig. 7. If AB and AC’be produced to meet in A’, ABA’ and 
ACA’ are semicircumferences and A = A’; the triangles 
ABC and A’BC both contain the given parts A and a, 
but ¢’, b’ and B’ are respectively the supplements of e, 
band L. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 


EXAMPLES. 


1. Given A = 100°, @ =112°; solve the triangle. 
Ans. e= 70°18'10".2 e = 109° 41’49”%.8 
6 =154° 7 26%.5 or b= 25° 52/38". 
B = 152° 23’ 17.3 = 27° 86 58".7 


2. Given A = 80°, a= 68°; solve the triangle. 
Ans. e= 70°18'10"2 e = 109° 41'49”.8 
= 25° 52’ 338”.5 or 6= 154° 726.5 
B= 27°36'58".7 B= 152° 23’ 1”.3 


3. Given B= 150°, 5 =160°; solve the triangle. 


Ans. ¢ = 136° 50’ 28”.3 e= 48° 9'36".7 
a= 89° 4'50%.7 or a= 140° 55’ 9”.3 
A= 67° 9/42”".7 A = 112° 50/178 
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56. Case 1V. Given one angle and its adjacent side, or A and 6. 
We shall find the required parts by the equations 


cos B = sin A cos 6 (95) 
tan a =tan Asind’ (96) 
cot ec = cos A cot b (97) 


Check. cos B = tana cote 


EXAMPLES. 
1 Given A = 80° 10’30”, 6 = 155° 46’ 42”.7; solve the triangle. 
Ans. B=153° 58’ 24”.5 
a= 67° 6'52”.6 
e = 110° 46’ 20”.0 
2. Given B = 152° 23’1”.38, a=112° 0’0”; solve the triangle. 
Ans. A=100° 
b=154° 7'26".5 
e= 70°18'10".2 
57. Case V. Gtiven the two sides, a and b. 
We find the required parts by the equations 


cos ¢ = cosacosb (98) 
cot A = cot asin} (99) 
cot B = sina cot b (100) 


Check. cose = cotAcot B 


EXAMPLE. 
Given a=116°, 6= 16°; solve the triangle. 
Ans. ¢ =114° 55’ 20-4 
A= 97° 89/ 24”.4 
B= 17° 41'39”9 
58. Case VI. Given the two angles, A and B. 
The required parts are found by the formule 


cos ec = cot A cot B (101) 
cos a = cos A cosec B (102) 
cos 6 = cosec A cos B (103) 


Check. cos ¢c = cos a cos b 
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EXAMPLE. 
Given A = 60° 47’ 24”.8, B = 57° 16’ 20”.2; solve the triangle. 
Ans. ¢ = 68° 56’ 28”.9 
a = 54° 82’ 82”1 
b = 51° 43’ 86”1 


ADDITIONAL FoRMULZ FOR THE SOLUTION oF SpaERICAL Riant TRIANGLES. 


59. As in plane trigonometry, cases occur in which particular solutions of greater 
accuracy than the ordinary ones are required. (Pl. Trig. Art. 112.) 


50. From (89) we find 


1 — sin A sin ¢ — sin a 
1+ sin A ~“ sine+ sina 


which by Pl. Trig. (154) and (109) is reduced to 
tan 4 (ec — a) 
tan 4 (e+ a) 
which will give 2 more accurate result than (89), when A is nearly 90°. 
61. From (91) we find 
1—cosb cosa—cos¢ 
1+ cosb cosa-+ cose 
or tan? 4 5 = tan 3 (c+ a) tan } (ce — 2) (105) 
which may be employed instead of (91) when 2 is small, or nearly 180°. 
62. From (90) we find 


tan® (45° — } A) = (104) 


sin (ce — a) 


J ay fg nee, OMA A 
tan? 4 B= ine a) (106) 
which may be employed instead of (90) when B is small, or nearly 180°. 
68. By similar transformations the formule (101), (102) and (103) become 
—cos (A+ 8 
tan? 4 c= ae eae (107) 
tan? 3 a = tan [$ (A + B) — 45°] tan [45° + 3 (A — B)] (108) 
tan? 4} = tan [4 (A + B) — 45°] tan [45°-— 3 (A — B)] (109) 
We have also, by (14), 
Sway 2 008 AB) cos © 
Exeter 2 sin A sin B 
which, when C = 90°, becomes 
wide J SCOR (A 8) 
sme =F sin A sin B ee 
and from (15), in the same manner, 
ee (111) 


2 sin A siu 
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of which (110) may be used when ¢ is small, and (111) when ¢ is nearly 180°, in- 
stead of (101). 
64. The equations (92), (93), and (94), of Casz III. give 


tan 4(A—a 
tan? (45° = 4 c) = eee (112) 
in (A—a 
tan? (45° — 4b) == Tae) (118) 
‘tan? (45° — } B) = tan 4 (A — a) tan} (A + 2a) (114) 


The roots of these equations having the double sign, we may take the angles 
45° — 3c, etc. either with the positive or negative sign, whence the two solutions 
of the problem, as in Art. 55. 

65. Some of the solutions may be adapted for computation by the table of natu- 
ral sines. Thus from (86), (95), and (98), 


sin a = 4 [cos (e — A) — cos (¢ + A)] (115) 
cos B = 3 [sin (6 ++ A) — sin (6 — A)] (116) 
cos ¢ = 4 [cos (a+ 2) + cos (a— 4)] (117) 


66. The following relations are occasionally useful : 
From (83) we have 


cos a sin A cos A sin 24 
cosb sinBcos B sin2B (118) 
From (80) and (88), 
sin B = sin A cos A = sin 2A (119) 
sine sina@cosa  sin2a 
From (80) and (84), 
sin A = sin a cosa _ sin 2a (120) 
cos b sin ¢ cos ¢ sin 2c 


67. Various relations may be deduced from the general formule of the preceding 

chapter by making C = 90°. The following are easily obtained : 
sin (ec — a) = cose tan 6 tan} B = cosa sin 6 tan} B 
sin (c+ a) == cose tan cot; 6 = cosasin b cot 4 B 
cos (¢c — a) = cos b+} sin a@ sin b tan 3B 
cos (c-++ a) = cos 6 — sin asin b cot} B 
sin (4 — 6) = 2sinesin 3 (A + BP) sin } (A — B) 
sin (a -++ 6) = 2 sine cos 3 (A+ Bb) cos 4 (A — B) 

A gi 
eee roe ae cos Ze 


tan S == — cot 4a cot $b (121) 


sin asin 48 


sin S = 
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68. The polar triangle of the right triangle is a qguadrantal triangle, one side (the 
side opposite the angle C) being equal to 90°. The solution of such triangles is as 
simple as that of right triangles, the formule for the purpose being obtained from 
the preceding, by the process of Art.8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided in practice, and when unavoidable are 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
perpendicular from the angle included by the equal sides. 

23 


178 SPHERICAL TRIGONOMETRY, 


CHAPTER JIL. 
SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 


69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its s¢ne, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180°. 

I. The greater side is opposite the greater angle, and conversely. 
Il. Hach side ts less than the sum of the other two. 

‘JIT. The sum of the sides ts less than 300°. 

IV. The sum of the angles is greater than 180°. 

V. Hach angle is greater than the difference between 180° and 
the sum of the other two angles. 


For, by IV., A+ B+ C> 180° 
whence, A> 180° — (B+ C) 
Fig. 8. But if B + Co 180°, we have, in the polar 


triangle, A’B’C’, Fig. 8, by IL, 
0 ae 
or 180° — A <180° -B+180°— 0 
—A<180°—(B+ 0) 
A> (Be Cy 180° 


VI. A side which differs more from 90° than another side, is m 
the same quadrant as tts opposite angle. 
For, by (4), we have 


Gos a — cos 6 cose 
cos A = —-—> : 
sin 6 sine 


in which the denominator is always positive. If, then, a differs 
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more from 90° than 6 or than e, we have, (neglecting the signs for 
a moment), 


COS a> cos b or > cose 
and still more cos a > cos b cose 


Hence cosa being numerically greater than cos 6 cose, the sign of 
the whole numerator, and therefore the sign of cos A, is the same 
as that of cosa; that is, A and a@ are in the same quadrant. 

VIL. An angle which differs more from 90° than another angle. 
ts in the same quadrant as tts opposite side. For, by (5), 


cos A + cos Boos 0 
C08 @ = oO 
sin B sin C 


in which, if A differs more from 90° than #B, or than C, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VL and VII. 

IX. The sum of two sides is greater than, equal to, or less than, 
180°, according as the sum of the two opposite angles 1s greater than, 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 


For, by (41), 
tan $(a + 0) cos} (A + B)=tan}c cos} (A — B) 


the second member of which is always positive, so that tan$(a+ 6) 
and cos $(A + B) must have the same sign. 

70. Case I. Given two sides and the in- Vig. 9. 
eluded angle, or b, cand A. (Fig. 9.) 

First Solution; when the third side and a 
one of the remaining angles are required. 

Zo find a. The relation between the given “8B 


: ; A Se ee 
parts 6, ec, A and the required part a is ex- 


pressed by the first equation of (4), 


CG 


cosa = cose cos6 + sine sinb cos A (11) 


by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. ‘To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 
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Pl. Trig., Arts. 174, 175. Thus, let & be a number and @ an aux- 
iliary angle such that 

ksin @ = sin 6 sos A 

k cos @ = cos 6 (7) 


then (mM) becomes 
cosa = k(cos¢ cos @ + sine sin @) 


=k cos (¢ — ¢) (m’) 
so that & and @ being found from (m) we may find a by (m’). But we 


may eliminate & by dividing the first equation of (m) by the second, 


a me cos b 
and substituting in m’ the value of k= Sole. whence we have, for 


finding a, 
tan @ = tan db cosA 


cos (¢ — ) cos b | (122) 
cos @ = 


cos @ 


which are the formule commonly employed.” 
To find B. The relation between 6, c, A and B, is, by the first 
equation of (10), 
sine cot b — cose cos A : 
Oot Be crrranen a fee —@) 
This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (M) we multiply the numerator and 
denominator of the second member by sin 6, whence 


j —_ esin b A 
cot B = Sine cos 6 cos ¢s cos 


sin 6 sin A 
which by (m) becomes 
k sin (¢ — 0) 
c0b = an bain A ?) 
eee sin 6 cos A 
or substituting the value of k = —~———-, the formule for find- 
ing B are a 
tan @ = tan b cos A , 
sot Bx SLC = @) cot. A | (128) 
sin © J 


* We might have assumed & sing = cos b, & cos ¢ == sin 8 cos A, which would 
have reduced (m) to cosa =A sin (c-+-¢). In this way all the solutions that follow 
may be varied. 
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In the use of these formule, as indeed of all that follow, the 
signs of all the functions must be carefully observed, according to 
Pl. Trig. Arts. 87 and 40. 

We may take @ between 0 and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (Pl. Trig. Arts. 37 
and 174). 


Check. The quotient of (n) divided by (m’) is 


cot B  tan(e—@) 
cos a sindsin A 


which multiplied by the following, from (8), 
sin a sin B = sin 6 sin A 
gives tan a cos B = tan (¢ — @) (124) 


by which the values of a and B, found by (122) and (128), may be 
verified. 


71. If a and C were required, the solution would evidently be 
similar, only interchanging 6 and c, Band C. By the fundamental 
formule we should have 


cos @ = cos 6 cose + sin b sin ec cos A 


sin 6 cos ec — cos b sine cos A (O) 
gine sin A 


cot C= 


and denuting the auxiliary angle in this case by x, the logarithmie 
solution would be 


tan y = tance cos A 


cos (6 — %) cos ¢ 


cosa = oa 
(125) 
cot P= OS (C = x) cot A 
sin xX 
Check. tan acos C= tan (b— y) Jj 


Q 
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EXAMPLES. 
1 Given 6 = 120° 30’ 30”, ¢ = 170° 20'20",, A= 50°10'10"; 
find a and B. 


By (122). 
b= 120° 80'30”" loy tan 6 — 0-2297071 
A= 50° 10°10” ~— log cos A + 9-8065322 
@= 132°36'44”.2* log tan @ — 0-0362893 
¢= T0° 20’ 20”.0 
@—-O=— 62°16’ 24".2 
By (122). By (123). By (124). 
log cos (¢ —9) + 9:6676893 log sin (¢c — 9) — 9-9470304 log tan (e —¢) — 0-2793410 
ar co log cos g — 0-1698898 arco log sing +. 0-1831505 log tan a -+- 0°4291648 
log cos b — 9°7055761 log cot A + 9-9212088 log cos B— 9-8501762 
log cos a+ 9-5426552 log cot B— 0:0018847 Check, —0-2798410 
@ = 69° 84’ 55”-9 B = 185° 5’ 288 


2. Given 6 = 120° 80’380”,  ¢e= 70° 20’20”, A= 50°10'10"; 
find a and @. 
Ans. a= 69° 34’ 55”9 
C= 50° 80’ 8”.4 


3. Given 6 = 99° 40’48”, ¢ = 100° 49’ 380”, A = 65° 33’10”; 
find a and B. | 
Ans. a= 64° 23’15”.0 
B= 95° 88’ 4”.0 
4. Given b = 99° 40’48”, ¢ = 100° 49’30”, A = 65° 83’ 10”; 
find a and C7. 
Ans. a = 64° 23’ 157.0 
C= 97° 26’ 297.1 
5. Given b = 98° 2/20”, e = 80° 84/40", A =10°16' 80"; 
find a and 0. 
Ans. a= 20° 13’ 80”1 
O = 30° 35’ 56”.7 
72. If B, Cand a were all required, we might find a and C by 
(125), and then B by Art. 3, which gives 


sina:sind=sin A:sin B 


; sin 6 sin A 
or sn 2 SS 
sin @ 
* We may also take 9 = — 47° 28’ 15-8, whence e—g==117° 48’ 85” 8, which 


will give the same values of a and # as found in the text 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of B,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case J. Given 6,¢c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier’s Analogies, (42) and (43), 


sin $(b + ¢c):sin$(6—c)=cotZA:tand(B— C) 
cos (b+ ec): cos$ (6 —e) = cot $ A: tang (B+ C) 


whence 
_ sin} 6 — . 
5 a 
tan (B+ C)= eitinnd cot} A (127) 


cos $(b + e) 
which determine $ (B— C) and $(6+ C); then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 
If c> b, we may write ec — 6, C— B, in the place of b —ce, B— C. 
We may now find @ by either of Napier’s Analogies, (40), (41), 
which give 


L(B+ C0 

tanda= EN tan 4 (b — e) (128) 
B+? 

tania= —e a a 4 tan 4 (6 + e) (129) 


* By Art. 69, VI., if & differs more from 90° than ¢, Bis in the same quadrant 
as 5, and all ambiguity is removed. If ¢ differs more from 90° than 4, we may fina 
a and B by (122) and (123), and then C by the formula 

cin O=: sin ° sin A 
sin a 
C being taken in the same quadrant as c. 

+ We may also find a from any one of Gauss’s Equations (44), which become, 

the present case, 
cos $ asin 3 (B+ C) = cos } A cos ¥ (6 — ec) 
cos 4a cos 4 (B+ C) ia fod Cod abe) 
sin fasin $ (B— C) = cos} A sin } (6 — ce) 
sin $acos 4 (B— C) = sin} Asin § (6+ ¢) 
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EXAMPLES. 
1. Given 6 = 120° 30’ 80”, ¢ = T0° 20’ 20”, A = 50° 10’ 10’; 
fnd B, Canda. We have 
& (b + c) = 95° 25? 25” 
3 (6 — ce) = 25° 5’ 8” 
tA = 25° 5’ 5” 


By (126). By (127). 
arcologsind(d+¢)+0-0019487  arcologcos$(d + ec) — 1-0244829 
log sin $(6 — c) + 9-6278228 log cos $(6— c¢) + 9-9569757 
log cot A + 0-8296529 log cot } A + 0-8296529 
log tan 4 (B— C) + 9-9589244 as tanéd(B+ C)—1. 3111115 
4(B—CO)= 42° 17’ 40".2 4(B . C’) = 92° 47’ 487.6 
B=185° 5’ 28”.8 C= 50° 80’ 8”.4 
By (128). By (129). 

ar co log sin}(B—C)+0-1720227 ar colog cos 4(B—C)+0-1809469 
log sin }(B+ C)+9-9994824 log cos}(B+ C)— 8-6888709 
geen 4(6— ¢)+9-6708471 ne tan $(6 + ¢)—1-0225842 
log tan $a + 9-8418522 log tan $a + 9-8418520 


La = 34° 47’ 28.0 
Ans. B = 135° 5! 28".8 
C= 50° 80’ 84 
a = 69° 34’ 56.0 
2. Given 6 = 99° 40’ 48”, ¢ = 100° 49’ 80”, A = 65° 383’ 10”; 
find B, Cand a. 
Ans. B = 95° 88’ 4”.0 
O = 97° 26’ 29"-1 
a = 64° 238’ 15.1 
74. It may be remarked with regard to (128) and (129) that, when 4 and ¢ (and 
consequently GB and C’) are nearly equal, a small error in the previous determina- 
tion of the small angle 4 (2 — C) may produce a large one in log sin } (B—C), and 
consequently in log tan y a found by (128). In that case, therefore, (129) must be pre- 
ferred. 
In like manner, if $(4 +c), and consequently $(b-+ C), are nearly equal to 
90°, (129) will become inaccurate, and then (128) is to be preferred. 
Formula (128) would fail entirely if B = C, and formula (129) would fail if 
3 (B+ C) = 90°, since the second members in'these cases would assume the inde- 


0 
terminate form of 


75. Case I. Given 6, e and A. WVhird Solution. When the 
third side is alone required, the computation by (122) is in most cases 
as convenient as any other; but theie are various other methods 
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derived from the formule of the preceding chapter, which have been 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13): 


cos a = cos (b — c) — 2sindsine sin $A (130) 
cos a = cos (b + c) + 2 sin 6 sin ¢ cos? 4A (181) 
The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 
EXAMPLE. 


Given 6 = 99° 40’ 48”, ¢ = 100° 49’ 80”, A = 65° 383’ 10”; 
find a. 


By (180).* 
2A = 82° 46’ 35” log sin? 4 A = 2 log sin 4 A 9-4669752 
b—e=-—I1° 842” log sin ¢ 9-9922023 
log sin 6 9.99387722 
log 2 0-3010800 
— 2sin b sin ce sin? 4A = — 0-5675181 log 9-75389797 
nat cos (6 — c) = + 0-9998008 
nat cosa = + 0-4322822 a = 64° 23’ 15” 
By (181). 
2A = 82° 46’ 35” log cos? 4A = 2 log cos $.A 9.8493748 
b+ e¢ = 200° 30’ 18” log sine 9-9922023 
log sin 6 9.9987722 
log 2 0-8010300 
+ 2 sin 6 sin ¢ cos?} A = + 1-3689240 log 0-1863793 
nat cos (b + c) = — 0-9866416 
nat cos a = + 0-4322824 a = 64° 23’ 15” 


76. In Art. 14, we have deduced several formule by which 4 a may be computed 
We may adapt (17) and (18) for logarithmic computation, as follows : 

sin? ¢ = sin } sin ¢ cos?4, A 

sin? 4 @ == sin? 4 (4 + c) — sin*¢ (132) 

= sin [} (+ 0) +0] sin [0+ 0)—¢] 

sin? ¢ == sin 0 sin ¢ sin? 4A 

cos? 4 a = cos* 4 (b — c) — sin?¢ (133) 

(> — 0) -—9] 


== cos [4 (6 — ¢)+ 4] cos [$ 
of which (182) isto be preferred when 4 a < 45°, and (1838) when 3 a > 45°. 


* The computation of (180) is facilitated by the use of a special table (given in 
many treatises on navigation), from which, with the argument 4 is taken the logas 
rithm of 2 sin?4.A = versin A. [Pl. Trig. (4) and (1389)] 

ud O2 
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Fig. 9. og T7. Cas If, Given two anyles and the 
included side, or A, Cand 6. (Fig. 9). 
: 0. First Solution ; when the third angle and 


one of the remaining sides are required. 


ttt OB To find B. The relation between A, C, 6 
Oa Woe and B, is, by (5), 


cos B = — cos Ccos A + sin Csin A cos } (M1) 


which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 


Asin S$ = cos A 
(™m) 


AcosS = sin A cos 6 


then (m) becomes 


cos B =/h (sin C cos3 — cos Csin $) 


=f sin(U— 9) (m’) 
A 
or, eliminating h = = the formule for finding B are 


cot $ = tan A cosb 
sin (C_— 5) cos A (134) 


cos Bb = ; 
sin S 


To find a. From the third equation of (10), we find, 
__ sin Ocot A + cos C'cos 6 


me sin b 
sin (cos A -+ cos C’sin A cosb 
- sn Asinb (x) 
which, by (m), becomes 
ct ane on 
sin A cos 6 


or, eliminating ) = 5? we have, for finding a, 


Cos 
cot 5 = tan A cosh 
cos (C’'— S$) cot — (135) 


cot ad = 
cos & 


As in the preceding case, we may either take 3 always between 0 
and 180°, less or greater than 90° according as its tangent Is posi- 
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tive or negative; or we may take $ numerically less than 90° in ail 
cases, positive or negative, according to the sign of its tangent. 
(Pl. Trig. Art. 174.) 
Check. The quotient of (n) by (m’) is 

cota cot (C—3) 

cosB~ sin A sind 
which, multiplied by 

sinb sina =sinA sind 
gives 

tan B cos a = cot (C’— S) (136) 

by which the values of B and a, found by (184) and (185), may be 
verified. 

78. If B and ¢ were required, the solution would be similar, only 
interchanging a andc, A and C. By the fundamental formule, we 
should have, 

cos B = — cos A cos (+ sin A sin (cosb 
sin _A cos 0+ cos Asin C’cos 6 (0) 
COL Che ee 
sin C’sin 6 
and denoting the auxiliary angle by Z the logarithmic solution 
would be 
cot (= tan Ccosb 


sin (A — ¢) cos C 
sin ¢ 
cos(A — ¢) cot 
cos ¢ 
Check. tan B cose = cot(A — @) 


EXAMPLES. 
1. Given A = 185° 5’ 28”.8, O = 50° 80’ 8”.4, b = 69° 84’ 55”.9; 
find B and a. : 


cos B= 
(137) 


cot e = 


By (134). 
A= 185° 8’ 288 log tan. A — 9:0986154 
b= 69° 84’ 55/9 log cos 6 + 9°5426553 
5 = 109° 10'31”.0* log cot SF — 9-5412707 
C= 50° 80’ 8” 4 
C—5=— 58° 40! 22’ .6 
7 We may also take $ == — 70° 49’ 29”-0, whence C—3 = 121° 19° 37” 4, witch 


will evidently give the same results as those obtained in the text. 
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By (184). By (185). By (186). 
log sin (C—3)— 993815664 logcos(C—+) +-9-7159386 log cot (C—)— 9-78438722 
ar co log sinS -+0:0247897 ar co log cos 3—0:4835187 log tan B 4. 0-0787962 
log cos A —9-8501762 log cot 6 +. 9-57083852 log cos a —9:7055757 
log cos B+ 9-8065323 log cot a— 9-7702925 Check. —9-7848719 
B= 50° 10’10”-0 a==120° 80’ 297-9 


Ans. B= 60° 10/10’-y 
a = 120° 30’ 29”-9 
2. Given A = 185° 5/2878, C= 50°380'8"-4, 6 = 69°34'55'"9; 
find B and e. 
Ans. B= 650° 10’10’"0 
e= 70° 20’20”0 
3. Given A = 65° 33/10”, OC = 95° 38’ 4”, 6 = 100° 49’ 30”; 
find B and a. 
Ans. B= 97° 26’ 29” 
a= 64° 23/15” 
4, Given A = 97° 26’ 29”, (=95° 88’ 4”, 6 = 64° 23’15"; 
find B and a. 
Ans. B = 65° 33/10” 
a = 100° 49’ 30’ 
79. If a,¢ and B were all required, we might find B and ¢ by 
(1387), and then @ by Art. 3, which gives, 


sin B:sin. A = sind: sina 


. sin A sin 6 
sna = ap (133) 


Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (185) and (187), 
or to employ the following solution when the three unknown parts 
are all to be found. 


* By Art. 69, VIL, when A differs more from 90° than C, a must be taken in the 
same quadrant with A, and all ambiguity is removed. If, then, by A we always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this case by means of (187) and (188), without meeting with any diffi- 
culty in determining the qua rant in which ¢ is to be taken. 
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80. Case II. Given A, Mand 6. Second Solution; when the two 
remaining sides, or when the three unknown parts are all required. 


We have, by Napier’s Analogies, (40) and (41), 
sind (4+ C):sin§(A— C) = tan $ 6b: tang (a —c) 
cos $(A + C):cos$ (A — C) = tan $5: tang (a + ¢) 
whence 


snt+(A — CO 
tnd (@— = tan 46 
139) 
1(A—C ( 
tan (a+ 0) = SEG tan | 


which determine }(a—c) and 4(a+c); then the half difference 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (>A, we may 
write (’— A, c—a in the place of A— G,a—e. 

We may now find B by either of Napier’s Analogies, (42) and 


(43), which give* 


pS sin 4 (a +e) 
cots B= ew Ee meee 4(A—C) (140) 
1p ua cselats) og 
cot i B onoeo tan$ (A +0) (141) 
EXAMPLES. 


1. Given A = 185° 5’ 28”.6, C= 50° 80’ 8”.6, b = 69° 34’ 56”.2 ; 
find a, c and B. 
We have 4(A + C) = 92° 47’ 48”.6 
(A — C) = 42° 17'40".0 
4b = 84° 47 28”-1 
Then, by (189), 
ar cologsint(A+C)+0-0005176 ar colog cos}(A+ C)—1-3116286 


log sint (A—C)+9-8279768 log cos}(A— C)+9-8690535 
log tan $b +9-8418527 log tan 4 6 +-9-8418527 

tog tan} (a — ¢) +9-67038471 log tand(a + ¢c) —1.0225348 
$(a—c)= 25° 5’ 57.0 4 (a + c) = 95° 25 25”. 

a = 120° 80’ 380”.0 c = T0° 20’ 20”. 


* We may also find B by any one of Gauss’s Equations, (44), interchanging B 
and C, d and e. 
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By (140). By (141). 
ar co log sing(a—c)+0-3726772 arcologcos}( a—c) + 0-0430248 
log sind(a + ¢) + 9-9980523 log cos#( a + ¢)—8-97501T1 
log tang(A—C)+ 9-9589234 log tan}(A+ C)—1-3111110 
log cot 4 B + 0.326529 *log cot 4 B + 0-8296524 
4 B= 25° 6’5".0 

Ans. a= 120° 80’ 30” 

e= T° 20’ 20” 

B= 50° 10’ 10” 
2. Given A = 95° 38’4”, (= 97° 26’29”, 6b = 64° 23’15”"; 

find a, ¢ and B. 


I 


| 


Ans. a= 99° 40’ 48” 

c = 100° 49’ 80” 

B= 65° 83’ 10” 
81. Case II. Given A, Mand & Third Solution. When the 
third angle B is alone required, the computation by (134) is in most 
cases as convenicnt as uny ‘ther, but there are other methods (cor- 
responding to those given ia Art. 75 for finding a) which may occa- 

sionally be serviceable. By 14) and (15) we have 

cos B = — cos(A + (’) — 2sin Asin C'sin? 3b (142) 
cos B = — cos(A — C) + 2sin Asin C'cos’? $b (143% 


the computation of which is similar to that of (180) and (1381). 


EXAMPLE. 
Given A = 95° 88’ 4”, C= 97° 267 29”, 6 = 64° 28'15"; 
find B. 


By (142). 

yO= 382°11'87".5 logsin®46=2logsin}6 9-4531022 
A+ CW=193° 4’ 33” logsin A 9-9978967 
log sin = 9.9968268 
log 2 0-3010300 
— 2sin Asin Csin? 46 = — 0-5602162 log 9-7483557 

— nat cos(A + C) = + 0-9740715 
nat cos B = + 0-4138553 B= 65° 33/ 9"y 


* For the reasons given in Art. 74, (141) is, in this example, not so accurate 
as (140). 
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82 In Art. 14, several formule are given, by which } Bmay be computed By 
(21) and (22) we have 
sin? 4 B = cos? 3 (A — C) — sin A sin C'cos® 3b 
cos? 4 B = sin? $(A + C) —sin A sin C sin® 3 0 
which may be adapted for logarithms, thus: 


sin? ¢ == sin A sin C cos? § 6 


sin? 4. B = cos* 4 (A — C) — sin’ ¢ (144) 
— cos [} (4 — C) + $] cos [} (A — 0) — 9] 
sin? ¢ = sin A sin C sin® 3 5 
cos? $ B = sin? 4 (A + C) — sin? cu) (1 45) 


= sin [} (A+ 0) + 9] sin [$ (A+ 0) —9] | 
of which (144) is to be preferred when 3} B< 45°, and (145) when } B > 45°, 

88. Case Il. might have been reduced to Case I. by means of the polar triangle, 
Art. 8; for there will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solved, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formule: above given for this case might have been obtained by these 
considerations. 

84. Case. LIT. Given two sides and an Vig. 9. 
angle opposite one of them; or a, b, and A. 

Fig. 9, a 

First Sclution, in which each required 
part is Jeduced directly from fundamental Lee B 


—_ 


formw» independently of the other two parts. ¢ 
To find ec. We have, by (4),* 


cos ¢ cos 6 + sin e sin 6 cos A = cosa (Mt) 
te aolve which, let 


C 


k sin @ = sin bcos A 


k cos © = cos 6b 
then (1) becomes 
k cos (¢ — ©) = cos a 


or putting ¢— 9 = 97, 


(m") 


k cos 0’ = cos @ > 


* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transformation of (122) gives(146). It will also be observed that the given angle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
aud 6. in order that the auxiliaries ¢ and $ may have the same values throughout 
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The auxiliary @ will be fully determined by (m), being taken be- 
tween 0 and 180°, and always positive (Pl. Trig. Art. 174); but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [Pl. Trig. (56)], we may take 9’ in (m’) either with the posi- 
tive or the negative sign, so thate =@-+ 0’. There will thus be 
two values of ¢ answering to the same data, both of which will be ad- 
missible, except when © + @’ exceeds 180°, in which case the only solu- 
tion is e= @ — g’; and except when 9’ exceeds © (which would make 
¢ negative), in which case the only solution is e = @ + 9’. 

Therefore, eliminating k, we have for finding e¢, 


tan @ = tan 6 cos A 


; OS © COS a 
cos ® =— = (146) 
c=O40' 


To find C. We have by (10), 
cos C’'cos 6 + sin C'cot A = sin d cot a 
or, multiplying by sin A, 
cos (sin A cos 6 + sin C cos A = sin A sin 0 cot a (17) 
to solve which, let 
hsinS = cos A 
. (2) 
h cos = sin A cos b 
theu (N) becomes 
h cos (C — $) = sin A sin ) cot a 
or puttung T— f= &, 
h cos 3’ = sin A sin 6 cot a 
) (n') 
C=3+9 


Here & will be fully determined, while 3’ found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of C = 3 + &, corresponding respectively to the two values 
of ¢; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 


sin_A cos 0 


Hliminating h = rece iL have, then, for finding C, 


SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 193 


cot $ = tan A cos 0 


cos 3’ = cos 3 tan b cot a (147) 
C=343' 
To find B. We have several methods: 1st, directly by (3), 
Oe nea (148) 
sin a 


which gives two values of B, supplements of each other, correspond- 
ing respectively to the two values of c and C. We shall presently 
see how to determine which are the corresponding values of e¢, 
Cand B. 

2d. In (123), @ has the same value as in (146), and therefore put- 
ting in (123), e— @ = g’, we have 
sin 0’ cot A 
cot B = <_< a (149) 
which gives two values of B by the positive and negative values 
of o’. 

3d. By (124), 

cos B = tan 9g’ cot a (150) 


which also gives two values of B by the positive and negative values 
of o’. 

4th. In (134), 5 has the same value as in (147), and therefore put 
ting in (184), C—S=¥%, 


sin 3’ cos A 
cos B = ao (151) 


which gives two values of B, as before. 


5th. By (186), 
cot B = tan 3’ cos a (152) 


which gives two values of B, as before. 

The formula (149) shows that when 9’ is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant; and 
that, when 9’ is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9’. Hence, that value of B which ts in the 
same quadrant as A, belongs to the triangle in whiche=O+ 9, 
C=3+5'; and that value of B which is in a different quadrant 
from A, belongs to the triangle in which e=QO—@', C=3—-—S. 
This precept enables us to employ (148) without ambiguity. In the 
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ase of (149), (150), (151) and (152), it is only necessary carefully te 
observe the signs of the several terms. 

Checks. Of the various formule above given for finding B, one or 
more may be employed for the purpose of verification. Wheneand C 
have been found, the most simple check is the following, from (8), 

sin sin A 


sin @ sin @ 


(153) 


which, indeed, might have been employed to find C, after ¢ was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VIL, if b differs more from 90° than a, 
B must be in the same quadrant as 6, and, since but one of the twe 
values of B can satisfy this condition, there will be but one solution. 
In that case ¢ and ( will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than 0, and is yet not in the same quadrant with A. In 
such case, we should find that o + 9’> 180°, and 9-9’ <0; 
Or os 10", See 0 

The problem will also be impossible, when sin A sind > sin a, since, 
by (148), we shall then have sin B> 1. 


EXAMPLES. 
1. Given a =40°16’, 6 = 47° 44’, A = 52° 80’; find B. 
By (148). 
a= 40° 16’ ar co log sin a 0°1895350 
b= 47° 44’ log sin 6 9°8692449 
A= 52° 30’ log sin A 9:8994667 
B= 68° 16’ 35” log sin B 9:9582466 
or B= 114° 43' 25” 
2. With the same data, find ¢ and B. 
By (146.) 
a= 40°16’ log cos a+ 9-8825£99 


b= 47° 44’ log tan 6 +0-0414996 ar co log cos 6+0-1722547 
Az= 52° 30’ log cos A+9-7844471 
m= 35° 48'51”".4 log tan g+9-8259467 log cos@+9-9195204 


¢’=+19° 80’ 29”.0 log cos +9 9748250 
e= 53° 19/204 
a= 14°18 22/4 
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By (149). Check. (150). 


© = 338°48'51"4 arcologsino+0-2545328 log cot a+ 0-0720848 
g! = 19°30/29".0 log sing’£9-5236676 log tang’9-5498427 
A= 52°30’ 0” log cota +9°8849805 +9-6214274 
B= 65°16'349 

1 +9°6631809 log cosB+9°6214275 
B= 114949251 \ log cot B log 08 7 


Ans. ¢ = 58° 19! 20-4 e = 14° 18/22! 
B= 65° 163479 ( * ) B= 114° 49/95"4 


3. Given a = 120°, 6=70°, A =180°; find Cand B. 


By (147). 

a= 120° log cot a —9-7614394 
= 70° log cos 6 +9-5340517 log tan bd +0-4389541 

A= 130° log tan A—0-0761865 
5 = 112°10'33”.6 log cot $ —9.6102382 log cos $3—9-5768627 
Y= + 53°1313”8 log cos S’+-9-7772362 
C= 165° 23'47"-4 
C=  58°57/197.8 

By (151). Check. (152). 


$= 112°10'33”.6 arcologsin$+0-0533755 log cos a—9-6989700 
S’=+ 58°18'18".8 log sin9’£9-9036030 log tanS’£0-1263669 
A= 130° 0° 0” log cosA—9-8080675 = 9.8253369 
B= 123°46’87".5 
By= 56° 18/22”.5 
Ans. C= 165° 23’47”.4 \ ag { C= 58° 57’19”.8 

B = 123° 46’ 87.5 B = 56° 18/ 22”.5 


4, Given a = 70°, b= 120°, A = 130°: find C. 


\ log cos B3-9-7450460 log cot B-9-8253369 


By (147). 
a= 70° log cot a + 9-5610659 
b= 120° log cos B — 9-6989700 log tan 6 — 0-2385606 
==. 130° log tan A — 0-0761865 
3 = 59° 12/37”.0 log cot S + 9-7751565 log cos $ + 9-7091756 
9’ = +108° 49/35”-1 log cos 3’ — 9-5088021 


C= 168° 2 12”1, taking 9’ with the positive sign only, since 
its negative value would render C negative. 
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5. Given a = 99° 40’ 48”, b = 64° 23’15”, A = 95° 88'4"; find 
e, Cand B. 
Ans. c= 100° 49’ 30” 
O= 97° 26’ 29” 
B= 65° 83’ 10” 
6. Given a = 40° 5’ 25”.6, 6 = 118° 22’7”.3, A = 29° 42’ 38.8 - 
find ec, Cand B. 
Ans. ¢ =158° 88’ 42”.4 ec = 90° 8'41”%.0 
C=160° 1/24”%4 > or O= 680° 18’ 55”.2 
B= 42° 87'17".5 B= 187° 22’ 42”.5 
7. Given a = 69° 34’56”, 6 = 120° 30’30”, A= 50° 10’10"; 
find ¢ and C. 
Ans. e@= 70° 20’ 20’ 
C= 50° 80’ 8”.4 
8. Given a = 120° 30’ 80”, 6 = 69° 34’56”, A = 50° 10’10"; 
find ¢ and C. 
Ans. Impossible. 
9. Given a = 40°, b = 60°, A = 50°; solve the triangle. 
Ans. Impossible. 
87. Case III. Given a,band A. Second Solution. We find 
B by the formula 


; sin A sin 6 
sin B = sin a 
and then by Napier’s Analogies, (41) and (43), 
_ cos$ (A+ B) 
tan de e568) tané (a+) 
(154) 


cos¢(a + 6) 
dias 
ce cost (a — 6) 


or by (40) and (42), 


tan} (A + B) 


es ET) ea pcs 
tan 4 ¢ nC b) 


A _ sin3(a +6) 
cohe@ smnd(a—é) 


(155) 


tani (A — B) 


ones facial Nile 


im which we employ successively the two values of B, and obtain 
two solutions, except when for one of these values the second mem: 
bers become negative, for $ ¢ and $C being less than 90°, their 
tangents must be positive. 
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We leave it to the student to apply these formule to the preceding 
examples. 


88. Zo determine by inspection of the data a, b and A, whether there are two solutions, 
or but one. 

Ist. It has already been seen, Art. 85, that when 6 differs more from 90° than a, 
B must be in the same quadrant as 4, and there can be but one solution. It remains 
to show, 

2d. That when a differs more from 90° than 2, there will necessarily be two soln 
tions, We have, by the first of (4), 
cos a — cos db cose 


sine = > 
sin 6 cos A 


Two solutions exist so long as both values of ¢ are positive, and less than 180°, that 
is, so long as sinc is positive. Now when g differs more from 90° than 8, we have. 
(neglecting the signs for a moment), 
cos @ > cos 6 > cos b cose 

therefore the numerator of the above value of sin ¢ has the sign of cos a. But by 
Art. 69, VI., a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the value of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there is ut one solution when the side opposite the given angle differs less from 90° 
than the other given side, and two solutions when the side opposite the given angle differs 
more from 90° than the other given side. 


89. Case IV. Given two angles and a side opposite one of them, 
or A, Band d. (Fig. 9). 

First Solution, in which each required Fig.9. 
part is deduced directly from the fundamen- 
tal formule. 


To find ce. We have, by (10), 


sine cot 6— cosecos A = sin A cot B 


br multiplying by sin 8, 
sin ¢ cos 6 — cose sin b cos A = sin A cot Bsin b (1) 
to solve which we take 
k sin ®@ = sindcos A 
(m) 


k cos @ = cos b 


* The same proposition may be otherwise proved thus. By the equations (m) 
and (m’) Art. 84, we have 


= : cos ¢! = — ‘ k= —— : cos A 
from the third of which we see that & has the sign of cos A; if then a differs more 
from 90° than 4, that is, if cos a and cos A have the same sign, cos ¢’ is positive, 
and ¢’ << 90°. Also since, (neglecting signs), cos a > cos 6, we have cos #' > cos 4, 
or }’ differs more from 90° than¢ Hence ¢’ << ¢ and ¢’ < 180° —4¢, or ¢ — a > 0 
and ¢ +- g' < 180°, or both values of ¢ are between 0 and 180°. 

R2 


cos ¢ = 
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then, putting ¢ — @ = @’, (M) becomes 

k sin g’ = sin A cot Bsin b 

(m’) 
e=o+0 

or eliminating &, we have, for finding e¢, 

tan @ = tandcosA 

sin @’ = sind tan A cot B (156) 

=o+¢ 


Here 9’ being determined by its sine, will have two values, sup- 
plements of each other, which being successively added to 9, give 
two values of ec. 

When the second member of the formula 


sin ®’ = sing tan A cot B 


1s negative, sino’, and therefore @’ is negative, and the two supple- 
mental values of 9’ must be successively subtracted from @. There 
will be two solutions, then, except when one of the values of ¢ ex- 
ceeds 180°, or when one of them is negative. 


To find C. We have, by (5), 
sin (sin A cos 6 — cos C'cos A = cos B (N) 
whence, if we put 
hsin3 = cos A 
heos3 =sin A cos} 


and also C—3 = &, we have 


Asin 3’ = cos B \ 


C=3+4+9' ” 
Eliminating h, we have 
cot S = tan A cos 6 ) 
Agi eS ee | ae 
cos A | et 
es ie a 


As 5 is also determined by its sine, it wil] have two supplemental 
values, which will both be added to or Loth subtracted from 3, (ac- 
cording to the sign of sin 9,) thus giving two values of (, except 
when one of them exceeds 180°, or when one of them is negative. 
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To find a. We have several methods: Ist, directly by (8), 
which gives 


sin @ = —.—_— (158) 


2d. By (146), where © and o’ have the same values as in this case, 


cos 0’ cos b , 
COS = OOS (1591 
dd. By (150), 
cot a = cot @’ cos B (160) 


4th. By (147), where $ and S’ have the same values as in this 
case, 


org =— (161\ 


Sth. By (152), 
cos a = cot &’ cot B (162\ 


Each of the last four formule gives two supplemental values of 
a by the two values of ’ or 9’, employed in the second members. 
From (156) we have 


cos A = tan @ cot b 
which with (159) gives 


COs a ,_ sind 
soa sin © 


The sign of the second member of this equation depends upon 
that of cos g’, since sin 6 and sin © are always positive. Hence 
when cos @’ is positive, cos @ and cos A must have like signs; and 
when cos @’ is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 5’. Hence, that value of a which is in the same quadrant with 
A. belongs to the triangle in which o' <<90°, 9’<90°; and that value 
of a which ts in a different quadrant from A belongs to the triangle 
in which o’ > 90°, $’>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formule above given for finding a, one or 
more may be employed for the purpose of verification. When ¢ and 
C have been found, however, the most simple check is 
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sn( sin£ 


sine sin & 


(163) 


which might have been employed for finding C’ after ¢ was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VIL., if A differs more from 90° than 
B,a must be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case ¢ and C’ will each be found to have but one admissibla 
value. 

91. The problem will be impossible when B differs more from 90° 
tnan A, and yet is not in the same quadrant with 6. In such case 
we should find both values of ¢ (and both values of C’) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin A > sin B, 
since by (158) we shall then have sin a > 1. 


EXAMPLES. 


lL. Given A = 132° 16’, B = 139° 44’, 6 = 127° 30’; find a. 


By (158). 
B = 189° 44’ 0” ar co log sin B 0-1895350 
A = 132° 16’ 0” log sin A 9-8692449 
b = 127° 80’ 0” log sin 6 9-8994667 
a= 605° 16’ 35”-1 log sin a@ 9-9582466 
or a = 114° 43’ 24”.9 


2. With the same data, find C and a. 


By (157). 

B= 1389°44 0” log cos B—9.8825499 
A= 132°16’ 0” log tan A—0-0414996 ar co log cos A—0-1722547 
b= 127°30 0” logcos 0—9-7844471 

$= 56°11’ 8-6 log cot? 4-9-8259467 — logsin $-+4+9.9197 94 
Y =+ 70°29'31"-0 | en 
3 = +109°30'29”.0 f 
O= 126°40'39”.6 
(= 165°41/37".8 


log sin 9’-+ 9-9743250 
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By (161). Check. (162), 
3 = 56°11’ 8%6 arcologcos3+0-2545328 log cot B—0-0720848 
SY = 70° 29’31”.0 ’ 9 ; | 
5” =109° 30'29".0 \ log cos’+.9-5236676 log cot sh) 0498427 
b =127° 30’ 0” log cot 6—9-8849805 +9.6214275 
_ = 114° 48/25".1 | 

‘6214276 

: — 65° 16734"9 \ log cot a=F9-6631809 log cos a==9-621427 
Ans. (= 126° 40/39”.6 | (= 165° 41'37".6 
a= 114° 43'25”.1 a= 65° 16'34”.9 


3. Given A = 110°, B= 60°, b= 50°; finde anda. 


By (156). 
B= 60° log cotB+9-9614394 
A= 110° logcosA—9-5340517 logtanA —0-4389341 
b= 680° log tand +0-0761865 


@ = 157°49'26".4 — logtang—9-6102382 logsin 9+9-5768627 
\ ms arene eg ee ee dog sin g’—9-7772362 
Cc 


| 


= —148°13/18".8 
== 121° Pe 
ce, = 14°386'12"°6 


By (159). Check, (160). 
@ = 157°49/26”.4 ar cologcos@—0-0333755 log cosB+9-6989700 
Qo BO 20 tor > 9.9036030 log cotg’-0-12636 
of =~143°1913".8 f  108°0SP= ee OE eee 
b = 50° 0 0” logeos b +9-8080675 98253369 
a, = 123°46'37'"5 \ logeos @ +-9°7450460 log cut a==9+8253369 
a= 56°13'22"5f oe 
Ans. c= 121° 2402) fe = 14° 36 12"6 
a = 123° 46/ 875 a = 56° 13! 225 
4. Given A = 60°, B=110°, b= 50°; find e. 
Ans. ¢=11° 87° 47".9 


5. Given A = 115° 36’45”, B= 80° 19'12”, b = 84° 21’ 56"; 
find a, ¢ and C. 
Ans. a= 114° 267 50” 
e=: 82° 337 31” 
O= 79° 10’ 80” 
6. Given A = 61°37'52”.7, B= 139° 54’ 34.4, b=150° 17’ 26.2; 
find a, ¢c and C. 
Ans. a= 42° 387'17"-5 a = 187° 22’ 42”.5 
e = 129° 41’ 4”.8 \ or | ¢ 19° 58’ 85”.6 
C= 89° 54’ 19”.0 O= 26° 21’1T".6 
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7. Given A = 70°, B== 120°, 6 = 80°; solve the triangle. 
Ans. Impossible. 


8 Given A = 60°, B=40°,6 = 50°; solve the triangle. 
Ans. Impossible. 


92. Case TV. Given A, Band & Second Solution. We find a 
by the formula 


.  _ sindsin A 
ee sin B 
and then by Napier’s Analogies we find ¢ and C, precisely as in 
Case III., Art. 87, employing successively, in (104) or (155), the 
two values of a given by the preceding equation. ‘There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 


93. Lo determine by inspection of the data A, B and b, whether there are two solutions 
or but one. 

Ist. It has already been seen, Art. 90, that when A differs more from 90° than B, 
aimust be in the same quadrant with A, and there can be but one solution. It 


remains to show that, 
2d. When Z differs more from 90° than A, there will necessarily be two solutions 


We have, by (5), 


cos B+ cos A cos C 


sin C = - - 
sin A cos b 


Two solutions exist so long as both values of @ are less than 180°, and both positive, 
that is, so long as sin Cis positive. Now when £ differs more from 90° than A, we 
have, (neglecting signs for a moment), 


cos B > cos A > cos A cos 


therefore the numerator of the value of sin Chas the sign of cos B. But by 
Art. 69, VII., Band 6 are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin Cis always 
positive, as was to be proved.* 

Hence, there is but one solution when the angle opposite the given side differs less from 
90° thun the other given angle; and two solutions when the angle opposite the given side 
differs move from 90° than the other given angle. 

94. Casz IV. might have been reduced to Case II. by means of the polar triangle 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and its 
twe remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 


* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equations 
of Art 89. 
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95. Casz V. Given the three sides, or a, 6 MeO 
and c. (Fig. 9.) We have three methods 
for computing the half angles: 

ist. By the sines, from (31), remembering 
that 


s=1(a+6b+¢) 


aes ie (s = b) sin (s — *) 


sin 6 sin ¢@ 
z sin (s — ¢) sin (s — a) 
sing B= ‘| ( sin e sind na) (10-4) 
: _ {,sin(s - @) sin (s — 8) 
sngo= {( gina sin } ) 


2d. By the cosines, from (83), 


sins sin (s — @ 
cong A=} ( ca Ly 


sin 6 sine 


cos B= | (Sno) | 7 


ree ee ee) ——) 


sin @ sin 6b 


Sd. By the tangents, from ee 


news :| eats ) sin (¢ — )) 


sin $ sin (s — @) 


(166) 


ne foe s—e a) 


sin s sin (s — b) 


mee = J ( sin ( See JE Ueet 
sin s sin (s — @) 

When only one of the angles is required, the simplest method will 
be by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then }A < 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin @, sin 6, and sin ec, are not then required. 
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No ampiguity can arise in these solutions, since the half angles 
must be less than 90°; they require therefore no attention to the 
algebraic signs. 


EXAMPLES. 
1. Givena = 100°, 6=50°, ¢ = 60°; find A. 
a =100° 
b= 650° log cosec 0-1157460 
e= 60° log cosec 0-0624694 
28 = 210° 
$= 105° log sin 9-9849488 
ga—g= 5° log sin 8-9402960 


2)9-1034552 
LA= 69° 752”.7 log cos 9-5517276 
A = 138° 15’ 45”.4 
2. With the same data, find all the angles. 
By (166). 
s=105° 1. cosec 0-0150562 1. cosec 0-0150562 1. cosec 0-0150562 
s—a= 5° 1. cosec1-0597040 1.sin 8-9402960 1. sin 8-9402960 
s—b= 55° = 1. sin 9-9133645 1. cosec 0-0866355 1. sin 9-9133645 
s—c7= 45° = J. sin 9-8494850 1. sin 9-8494850 1. cosec0-1505150 
2)0.8376097 2)8-8914727 2)9.0192317 
1. tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 
4 A= 69° 7'52”.7 LB=15° 35/87".0 $C= 17° 5459-1 
Ans. A = 188° 15'45".4 B= 31°11'/14".0 C= 385° 49'58”.2 
5. Given a = 10°, b = 7°, ¢ = 4°; find the angles. 
Ans. A = 128° 44/45] 
= 33° 11'12”-0 
C= 18°15'31"1 
96. The method by (166), may be put under the following convenient form. Let 
pies i (s—a) sate ia b) sin (s — c) 
then (167) 


LP 
sin (s — 9) 


tan 3 A a sin (8 — a)’ tan 4 B= sin (s — 0)’ tan 4 C — 


which are similar to the formule of Pl. Trig. Art. 146, and are computed in the same 
manner. 
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97. Cass V. Given a,8andc¢. Second Solution. If the whole angle is rejuired 


directly,* we have 
108 a@ — cos 
ota ee 
sind sine 
which may be adapted for logarithms by an auxiliary thus: 


cos ¢ == cos 4 cose 
woods Ce Cen eS 8) (168) 
sin 6 sine 
Or thus, 
cos 6 cos ¢ 
sin a 
. (169) 
sin (¢ — a) 
cos 4A = SS 
sin 6 sine sin » J 
98. Case VI. Given the three angles, or es 2 


A, Band C (Fig.9). We have three methods 
of finding the half sides: 
1st. By the sines, (386). 
2d. By the cosines, (88). A ee 
3d. By the tangents, (89). 
The computations are conducted precisely in the same form as those 
of the preceding case. 


EXAMPLE, 


Given A = 120°, B = 180°, C= 80°; find e. 
Ans. ec = 41° 44’ 14”.6 
99. The formule (39) may be arranged for convenient use in the same manner as 


the corresponding formule: of the preceding case, Art. 96. 
100. Casz VI. Given A, Band C. Second Solution. We have, by (5), 


__ cos A+ cosBecosC 
ao sin B sin C 


28 &@ 


which may be adapted for logarithms by an auxiliary, thus: 


cos ¢ = cos B cos C 


2 cos (4 + ¢) cos 3 (A — 9) (170) 
COS @ = - ney 
sin B sin 7 
or. 
‘: __ cos B cos 
ane ate 
(171) 
cos (A — 4) 
cos é2@ = 


sin B sin C cos ¢ 


* See Nore at the end of this chapter, p. 211, for the method of computing many 
of the general formule of spherical trigonometry directly, without the aid of aux- 
iliary angles. 

5 
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SonvTion OF OBLIQUE SPHERICAL TRIANGLES BY MEANS OF A PERPENDICULAR. 


101. Ail the cases of oblique spherical triangles may be solved by dividing the 
triangle into two right triangles by a perpendicular from one of the vertices to the 
onposite side, and solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier’s Rules, (Art. 46), by 
which the application of this method is facilitated. 


102. Bowditch’s Rules for Oblique Triangles. ‘If in a 
Fig. 10. g spherical triangle, (Fig. 10), two right triangles are 
formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 

p dicular is an adjacent part in both of them; then 
The sines of the middle parts in the two triangles are pro- 

portional to the tangents of the adjacent parts. 

But if the perpendicular is an opposite part in both the triangles, then 

The sines of the middle parts are proportional to the cosines of the opposite parts. 

To prove which rules, let Af denote the middle part in one of the right triangles, 
A an adjacent part, and O an opposite part. Also, let a denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part; and let p denote the 
perpendicular. 


First. If the perpendicular is an adjacent part in both triangles, we have, by 
Napier’s Rules, (Art. 46,) 
sin A! =: tan A tan p 
sin m == tan a tan p 


whence 
sin tandtanp tana 
sinm  tanatanp tana 
or sin UM: sin m‘= tan A: tana 


Secondly. If the perpendicular is an opposite part in both triangles, we have, by 
Napier’s Rules 
sin Af == cos O cos p 


sin m == COs 0 cos p 


whence 
sin Jf cosOcesp cos O 
sinm COSOGOSp  coso 
or sin 1: sin m = cos O: cog 0” * 


We proceed to solve the six cases of spherical triangles with the aid of a perpen- 
dicular. It will be seen, however, that Bowditch’s Rules are applicable but in the 
first four cases. 


we ee ee 


* Peirce’s Spherical Trigonometry, Art. 44. 


SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. oer 


{08. Casn I. Given 3,cand A. Let the perpendicular C P, Fig. 10, be drawn 
from C, (that is, in such a manner as to put two given parts in one of the right 
triangles). Then the right triangle A C P gives, by Napier’s Rules, 1f we put 
AP = thy 

tan ¢ = tan 4 cos A (172) 
then taking co. 6 and co. a as middle parts in the two triangles, A P= # and 
B P= c — $* are the opposite parts, whence, by Bowditch’s Rules, 

cos @: cos (¢ —}) = cos 6: cos a 
whence 
cos (¢ — 4) cos b 


COS 


cosaéa= 


(173) 


Again, taking A P and 7’? B as middle parts, co. A and co. B are adjacent parts, 
whence, by Bowditch’s Rules, 


sin: sin (ec —¢) = cot A: cot B 


whence 
ee ae sin (¢ = $) cot A (174) 
sin ¢ 
and the formule (172), (173), (174). agree entirely with (122) and (128). 
The triangle B CP gives as a check 
tan a cos B = tan (¢ — ¢) (175) 


which agrees with (124). 
By drawing the perpendicular from B, we may in the same manner obtain the 
formule (125). 
The angle C may be found by the proportion 
sin a: sine = sin A: sin 0 
or if C las been found by means of a perpendicular from B, B may be found by a 
similar proportion, as in Art. 72; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 
104. Casu IL. Given A, C and 8. Let the perpendicular be drawn as before, 
Fig. 10, and let 
ACP= 4, BCP=C—S8t 
thea, by Napier’s Rules, 
cot S =: tan A cos b (176) 
and by Bowditch’s Rules, taking co. A and co. Bas middle parts, and therefore 
co. ACP and co. BCP as opposite parts, 
sin 3: sin (C —‘) = cos A: cos B 
whence 
i — 3) cos A ; 
cos B = eu Ceeot Bs (177) 


gin 3 


ot Lh TN NARNIA QA aed 


* If AP should exceed A B, (that is, if the perpendicular should fall without 
the triangle), B P would be equal to A P — A B = $ —e, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
BP as negative; that is, by still taking BP = ¢— ¢ and attending to the signs of 
all the terms as already exemplified, p. 182. 

+UrACPS>ACB, BCP=C—ACP will become negative, but the true 
results are still fouad by attending to the signs, as already shown, p. 187. 
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Again, taking co. A C Pand co. B C Pas middle parts, and therefore co. 5 and ¢9. @ 
as adjacent parts, Bowditch’s Rules give 


cos 3: cos (C — $) = cot b: cota 


whence 
cos (C — $) cot é 
cota = = oe (178) 
and (176), (177), (178), agree entirely with (184) and (1385). 
The triangle B C P gives 
tan B cos a = cot (0 — 3) (179) 


which agrees with (1386). 
By drawing the perpendicular from A, we may in the same manner obtain the 
formule (187). 
The side c may be found from the proportion 
sin A: sin C = sina: sine 
and Art. 69; or ¢ being found by means of a perpendicular from A, we may find a 
by a similar proportion. 
Fig.10. 105. Casz HI. Given a, 6 and A. Let the per. 
pendicular be drawn from C, Fig 10, as in the preced- 
\ ing cases, and let A P= ¢, B P==q’; then, by Na: 
x pier’s Rules, 
tan ¢ = tan b cos A (180) 


‘a 
A _ and, by Bowditch’s Rules, 


cos 6: cos &@ = cos ¢: cos ¢’ 


whence 
, _ C08 $ Cos a 
cos fj’ = caeee (181) 
and then 
ie 


In Art. 84, we have found, from analytical considerations, that this case admits 
of two solutions, and that the general expression for ¢ is 

c= yy’ (182) 

In fact, let us attempt to construct the triangle with the data a,band A. Having 

constructed A equal to the given angle, and 6 equal to the adjacent side, Fig. 11, let 


Fig. 11. é a small circle be described about CO as a 

ate pole, with a (circular) radius = 4a; this cir- 

Jf i i cle intersects the great circle AB in two 

we | \ Es points, B and SB’, and both triangles, ACB 
oe | \ a and ACL’ contain the same data a, Gand A. 


If the perpendicular CP is drawn, we have 
Sad i BP = £L'P, so that in one of the triangles, 
nn: the side cm AB= AP+ PB= ¢4+ 9, 
and in the other, ce = AB’ = AP— BD’ P = 4 —¢". If both points of intersection, 
Band B’, fall on the same side of A, and within 180° of A, both solutions will be 
ndmissible. ‘ 
To find C, let ACP = S$, and BCP = %’, then by Napiev’s Rules, 


cot $ == tan A cos b (183) 
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and by Bowditch’s Rules, 
cot 6: cot a = cos 3: cos 3’ 
whence 
cos Y’ == cos $ tan 4 cota (184) 
and since in Fig. 11, 


C= ACB = ACP+ BCP=3$+4+ 9,010 = ACD’ = ACP— BCP mi—y, 
we have 
C= Sry (185) 
and the formule (180), (181), (182), (183), (184), (185), agree entirely with (144) 
and (147). 
After c was found, we might have found C from the proportion 


sin @: sine = sin 4: sin C (186) 
and B is found from the proportion 
sina: sin’ = sin A: sin B (187) 


The two values of B determined by (187), are both admissible when c has two values 
as above. It is also evident, from Fig. 11, that the two values of B are supplemental. 
To determine the corresponding values of ¢ and B, we observe that, by Art. 49, the 
perpendicular CP isin the same quadrant with 4 and with CBP and CL'P, and 
therefore CB’A is in a different quadrant from A. Hence, that value of B which ts in 
the same quadrant as A corresponds to the value of ¢ == ¢ -+- q', and that value of B 
which ts in a different quadrant from A corresponds to the value of c == ¢ — $'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of ¢ must be employed successively, and the 
formula computed twice. At each computation we shall have two values of @ found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, itis better to find C by (184) 

and (185). 

The formule (149), (150), (151), (152), for finding B, may easily be deluce! by 
Napier’s and Bowditch’s Rules. 

106. Cass IV. Given A, B and b. Let the perpendicular be drawn as before, 

Fig. 10, and let AP = ¢, BP = 4’, then as before, 


tan ¢ == tan 6 cos A (188; 
and by Bowditch’s Rules, 


cot A: cot B = sin }: sin »! 

whence 

sin ¢’ == sin ¢ a A cot B \ (189) 

co oh 
which agree with (156). But y’ having two supplemental values determined by the 
sine, ¢ has two values, as already explained in Art. 89. 
To show the same geometrically, let 22”, Fig. 12. 

Fig. 12, be the acute value of ¢’, and about 
Casa pole, let a small circle be described 
passing through B, and intersecting the 3%” 
great circle AB again in B”. Let B’Cbe 
drawn, and produced to meet AB again in 
#', forming the lune B’B’. Then we have 


B’ == B" — CBA 
27 so 
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so that in both triangles, ACB and ACB, 
the value of the angle opposite the side 8 
is the same, that is, both triangles contain 
the same data, 4d, Band d. Now 

180° == BB’ = B’P+ BP= bP+SHP, 
so that BP and BP are supplements of 
each other. 


In the triangle ACB we have 
c= o+¢ = AP+ BP 
and in the triangle ACS’ we have 
c= @-+ 9%’ = AP+ BP 


and hence the two values of ¢ are found by giving ¢’ its acute and obtuse values 
successively, as alveady shown analytically. 

By Art. 49, CP must be in the same quadrant with A; hence, if B is in the samo 
quadrant with A, P falls between A and B, as in the figure, and for the same reason, 
between A and BL’. But if A and B were in different quadrants, both points, 
B and B, might fall between A and P. The two values of ¢ would then be found 
by the formula 


C= $y 
y' taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin ¢’ would be negative, which would make ¢’ 
negative, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find C, let ACP = 8, BCP = ~*, then we have, as before, 

cot S$ == tan A cos b (190) 

and by Bowditch’s Rules 


cos 4: cos B = sin 3: sin Y 


whence 
Si BS aes sin $ cos B 
cos A (191) 
C= 3+ 


which agree with (157). It is evident from Fig. 12, that BCP and B’CP, are sup- 
piemental, and that the remarks above made with reference to ¢’ apply also to Y. 
After ¢ was found, we might have found C by the proportion 


sin 6: sine = sin B: sin 0 (192) 
and @ is found by the proportion 

sin 6: sin A = sind: sinuw (193) 
The tw) values of a found by (198) are both admissible when c has two values. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with CP, that is, (Art. 49), in the same quadrant with 4; and when £P is obtuse, 
a must be in a different quadrant from A. That is, that value of a which is in the same 
guadrant with A, belongs to the triungle in which o' < 90°, and that value of a which is in 
a different quadrant from A, belongs to the triangle in which 9’ > 90°; which agrees with 
Art. 89. 


The formule (159), (160), (161), and (162), for finding a may easily be deduced 
ny Napier’s and Bowditch’s Rules. 
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107. Casp V. Given a, Bande. The perpendicular Fig. 13. 


cannot be drawn, in this case, so that two of the given x 

parts snall be in one triangle; nevertheless the case can 

be solved by means of a perpendicular. Let the perp. 

be drawa from any angle, as C, Fig. 18, and as before, 

put AP = ¢, BP == ¢'; then by Bowditch’s Rules, 4 ee B 
cos: cos’ = cos: cosa OP 


cos ¢’ — cos ¢ cos a — cos b 
cos #’ + cos¢ cosa-+ cos db 


whence 

or, by Pl. Trig. (110), 
tan 4 (¢-+ ¢’) tan d (¢— ¢’) =tan 4 (6+4- a) tan} (b—a@) 

whence, since ¢ + #& = ¢, 
tan 4 (¢ — ¢’) = tan 3 (6+ a) tan 4 (6 — a) cot Ze } (194) 
+0) =Fe 

which determine 4 (¢ — 9’) and 3} ()-++ #’) whence ¢ and’, The angles A and B 


are then determined by Napier’s Rules. 
108. Casz VI. Given A, Band C. In Fig. 18, let ACP = S$, BCP =‘; then, 


by Bowditch’s Rules, 
sin $: sin’ = cos A: cos B 
whence 
sin$—sin¥ cos dA — cos B 
sinS + sin 3’ cos A + cos B 
or, by Pl. Trig. (109) and (110), 
; tan 4 ($ — $’) 
tan 3 (3 + 9’) 
whence, since $-+- # = C, 
tan} ($—) = tan} (B+ A) tan} (B A) tanZC } (195) 
S49) = 40 
which determine 4 (S — <’) and 3 (S++ ) and therefore 3 and 9’. The sides a and 
are then found by Napier’s Rules. 


== tan 4 (B-+ A) tan 4 (B— A) 


NoTE REFERRED TO ON PAGE 205. 
Computation of Spherical Formule by the Gaussian Table. 


The Gaussian Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 


quantities are given. 
If p and g are the two numbers whose logarithms are given, p being the greater 
uumber, (or log p the greater logarithm), we have, in the first place 


pto=a(it2)=p(14+4) 


If, then, we put ¢ = a we have 


log « = log p — logg 
log (p + ¢) = log ¢g + log (1 + 2) 


1 
- log (x + 9) = log p+ log (14 a 
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Downes’s Table XXII., with the argument log 2, the difference of th} given logar: 
ithms, gives log (1+ 2), which being added to log gq, the /ess logarithm, gives the 
required log. sum, or log (p-++ gq). Table XXIII., with the argument log z, gives 


1 
log € + —) which, being added to log p, the greater logarithm, gives the required 


log. sum. Either table may, in general, be employed, but one or the other may be 
found more convenient in a particular application, and therefore both are given 


Again, we have 
q 
—Y=p (1 —1) 
J P 


go that, putting, as before, x = a we have 
log x = log p — log g 
1 
log (p — 9) = log p + log (1 ——) 


1 
Downes’s Table XXIV., with the argument, log z, gives log (1 — —) which, being 


added to the greater logarithm, gives the required lng, difference, or log (p — q). 
With these tables, then, we may readily compute any of the preceding formula 
which contain two terms in the second member, without the aid of auxiliary angles 


EXAMPLES. 


1. Given & == 120° 80’ 80”, ¢ = 70° 20’ 20”, A = 50°10’ 10”; finda. (Same 
as Ex. 1. p. 182). 
The formula is 
cos a = cos 6 cos c-+ sin d sin ¢ cos A 
which will be thus computed: 
log cos & — 9°70557 
log cos e¢ + 9:52693 
log g — 9:238250 
log sin 6 + 9-93529 
log sin ¢ -+- 997391 
log cos A + 980654 
log p + 9:°71574 


log p — log g = log z — 0-48324 


The terms p and g have opposite signs, and although, by the formula, they are to pe 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference 
is required by the sign before log z. In this case this sign being negative, we are 
to find a difference, and therefore, by Table XXIV., we take 


log (1 = ~) 9-82694 


log p + 9-71574 


log cos a +- 9-54268 
a = 69°34’ 52” 
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2. With the same data, find B. The formula is 


sine cot — cose cos A 


obs sin A 
which must here be put under the form 
i b 
6B OO hase eed 


sin A 
and is thus computed: 
log sin ¢ + 9-97391 
log cot 6 — 9-77029 
ar co log sin A + 0-11467 


log p — 9:85887 


log (—~ cos c) — 9°52698 
log cot A + 9:92121 


log g — 9-44814 
log p — log g = log a -++- 0-41078 


where the sign before log x being positive, the tables for log. sum must beused. By 
Table XXII., we have 


log (1-2)  0°55325 
(which is to be added to the less log.) log g .— 9-44814 
log cot B — 0-00189, 

or, by Table XXIII., we have 


1 
ioe (1 + —) 0-14252 
(which is to be added to the greater log.) log p — 9-85887 


log cot B — 0-001389 
B= 135° 5'31” 


In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while J and ¢ are constant, log ¢g will be constant, and log x 
will take successive values, corresponding to those of log cos A, so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary ¢ in the formule (122), depends upon A, the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach’s Monailiche Correspondenz, Nov. 1812; Mat- 
thiessen’s, (to seven places), Altona, 1817; in Vega’s Sammlung mathematischer Ta- 
feln, (five places), Leipzig, 1840; Zech, (seven places), Leipzig, 1849; Shortrede’s 
Cellection of Tables, (seven places), Edinburgh, 1849; Gray’s Tables for the Compu-~ 
tatwn of Life Contingencies, (six places), London, 1849; Schumacher’s Hu/fstafeln, 
new ed. (four places). 
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CHAPTER IV. 
SOLUTION OF THE GENERAL SPHERICAL TRIANGLE. 


109. Wr have thus far, following the usual course, considered those spherica} 
triangles only whose sides and angles are less than 180°. In the applications of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180°. (For example, the right ascension of a heavenly body, 
admitting of all values from 0° to 360°, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180° or 860° of those of the proposed triangle; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. Butif we proceed by a method that is as applicable 
when the parts of the triangle exceed as when they are less than 180°, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherical triangle. 


Fig. 14. 
, Let ABC, Fig. 14, be any spherical triangle whose parts 
7 c! are all less than 180°; then the remainder or complemen? 
; a of the sphere is also a spherical triangle whose sides are 
{ A! ) uv, band c, and whose angles are 860° — A, 360° — B 
6 and 860° — C. We shall distinguish these triangles from 
; BB’ | each other by means of accents, writing the letters within 
\ ard c the triangle to which they respectively belong. as iv 


, 
‘ ‘ : Fig. 14. The sides are common, but when referred to ag 
*s sides of A’B'C’, they will be denoted by a’, 0’ and ¢’. 
Again, one of the sides may excecd 180°, as the side a of the triangle ABC, 
Fig. 15. In this triangle, it is evident that we must have 4 > 180°, so long as B. 
C,b and ¢ are each <180°. In the triangle .4’B’C’ we have A’ < 180°, while 
B' > 180°, C’ > 180°. 


if we next suppose two of the sides to exceed 180°, as a and 4, Fig 16, these sideg 
intersecting in two points whose distance is 180°, the figure ceases to present the 
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triangle as an enclosed surface, but it will presently appear that such triangles are 
solved by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceive Fig. 16 to be obtained from 
Fig. 15 by carrying the point A along the are CA produced until it crosses the side a 
the points A and B may then be joined either by an arc less than 180°, as in Fig. 16, 
or by its supplement to 860°, as in Fig. 17, in 
which last case every side exceeds 180°. In 
these figures, to avoid confusion, the point A», 
is not placed in its true position according to 7 
perspective. ~ 

In each figure we have two triangles, whose | 
sides are common, and whose angles are sup- © 
plements to 860°. It will be easy to trace the \ 
two triangles signified by ABC and A'B'C’, by 
remarking that the letters in each case are all 
on the same side of the perimeter of the triangle. 

We may go farther, ana suppose the are joining A and B to be a circumference 
-- the arc AB, or any number of circumferences +- AB; and similarly the angles 
may be supposed to be altogether unlimited; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
360°, nothing is gained by passing beyond this limit. 

lll. All the formule of Chapter I. are upplicable to the general spherical triangle. 

This proposition might be considered as established by the principle of Pl. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180°, 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 


cos @ = cos 6 cos e +. sin 8 sin ¢ cos A (at) 


We have then only to prove the generality of this single equation. 
Ist. Let all the sides be C180, but A’ >180°, Fig. 14. The formula being true for 
the triangle ABC, we have 


cos @ == cos b cos ¢ ++ sin dD sin ¢ cos (860° — A’) 
or in the triangle A’B’C’, by Pl. Trig. (76), 
cos a’ = cos J’ cos ce’ + sin 0’ sin ¢’ cos A’ 
2d. Let a>180°, Fig. 15, and produce a to complete the great circle. The triangles 
ABC and A’B’C" are respectively the difference and sum of a hemisphere and the 


triangle A’vk, all of whose parts are < 180°. In the triangle A’¢k we have, in terms 
of the parts of ABC, 

cos (360° — a) == cos 6 cose + sin d sin ¢ cos (860° — A) 
and in terms of the parts of A’B'C’," 

cos (860° — a’) == cos 0’ cos e’ + sin 8’ sin ¢’ cos A’ 
both of which reduce to the form (m™). But it is here necessary to show that the 
formula may also be applied to each of the other angles: thus the triangle A'%k 


fives 
~ 208 b == cos (860° — a) cos ¢ + sin (360% — a) sin ¢ cos (180° — B) 


cos b' = cos (860° — a’) cos c+ sin (860° — a’) sin e’ cos (B’ — 180°) 
both of which reduce to the form (11). 
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3d Let w > 180°, d>180°, Fig. 18; these arcs intersect at 4 and the triangle 
A’ B’2 gives 


Fig. 18. 


vos (a — 180°) = cos (b — 180°) cos ¢ + sin (6 — 180°) sin ¢ cos (860° — 4) 

cos (a’— 180°) == cos (o’ — 180°) cos ¢’ + sin (’ — 180°) sin ¢' cos A’ 
which reduce to the form (™); and in the same way the formula applies to the an- 
gle B. We have also 

cos ¢ == cos (« — 180°) cos (6 — 180°) +- sin (a — 180°) sin (2 — 180°) cos 
and since cos 7 = cos 0 = cos (860° — C’) = cos C’, this also reduces to the form 
(™) for both A BC and A’ BC’. 
4th. Let a > 180°, 6 > 180°, ¢ > 180°, Fig. 19; the side c being produced to 

complete the circle, the triangle 7&7 gives 


Fig. 19. 


Beg 
B 


Ted se ee oc 


cos (¢@ — 180°) = cos (6 — 180°) cos (860°—ce) + sin (b— 180°) sin (860° — ec) cose 


and since cos J == cos (180° — A) = — cosA = cos (A’ — 180°) = — cos A’, this 
reduces to the form (mu) for both A BC and A’ BC’; and in the same way the for- 
mula applies to the angle 2. We have also 

cos (860° — ¢) == cos (4a — 180°) cos (2 — 180°) 4- sin (a — 180°) sin (6 — 180°) cos?, 
and since cos 7 == cos C = cos C’, this reduces to the form (m) for both ABC 
and A’ 2’ 0” 

The cases in which the angles or sides exceed 360° are included in the preceding, 
in consequence of Pl. Trig. Art. 45. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formule represent. But perhaps the 
smost satisfactory (as it is the most eicgant) method, is to rest the demonstra- 
tion of our fundamental equations themselves upon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, Fig. 20, and 4 BC a spherical triangle upon its 
surface. Let one of the co-ordinate planes, as Y ¥, coincide with the great cir- 
sle 4B, and let the axis of .Y pass through B. If CF be drawn perpendicular 
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te the plane XY Y, and CP’ and PP’ to the axis OY, the co-ordinatus of the 
peimt C are 
= OP, yo PP, z= UP 


Fig. 20. Fig. 21. 


Y 


the values of which (O C being taken = 1) are 


x == COS @ 
y == sinacos B 
Z== sinwsin B 


If now the axis of X be made to pass through A, Fig. 21, without changing 
the position of the plane Y Y we shall have for wv’, y’, z’, the co-ordinates of Creferred 


to the new axes, 
v= cos b 


y’ == — sin bcos A 
Z’ = gin 6 sin A 


The axis of z being unchanged, the relations between 2’, y’, and x, y, are expressed 
simply by the formule for the transformation of co-ordinates in a plane; the in- 
slination of the new axes to the first is here expressed by c, and the formule of 


transformation are therefore 
«== 2 cose —y’ sine 


z’ sine -+- y’ cos ¢ 
Zam 2! 
substituting the values of the co-ordinates, we have at once the three following 
“indamental equations : 


cos a = cose cos b+ sinc sin b cos A | 
sin a cos B = sinc cos b — cos c sin 6 cos A ~ (N) 
sin a sin B= sin 6 sin A . | 


which are identical with (4), (6), and (8). 

113. Having established the complete generality of our fundamental equations, 
we may now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. 

As a single trigonometric function is not sufficient to determine an unlimited 
wnhgle or arc, (Pl. Trig. Art. 53), it becomes necessary in most cases to deduce ox- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six cases of the general triangle admit of two solutions, 
uut that they all become determinate, when, in addition to the other datu, the sign of 
the sine er cosine of one of the required parts ts given. In the practical applications in 
astronomy, ‘t mostly happens that the conditions of the problem supply this sign. 

28 T 
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114. Case I. Given 4, ¢ and lt. First Solution; when one of the remaining aa. 
gles, as 2, and the third side a are required. The relations between the given and 
required parts are 


cos @ = cose cos 6+ sine sin bcos A | 
sin a cos B == sin ¢ cos 6 — cos ¢ sin b cos A (196) 
sin a sin B= sin } sin A 


The signs of the second members will be known from their computed numerical 
values; the sign of cos @ is therefore known. [If the sign of sin @ is also 
given, the quadrant in which a must be taken will be known; the second and third 
equations will determine the sign of the sine and cosine of £, and therefore the 
quadrant in which & is to be taken. 

In like manner, if the sign of either cos B or sin Bis given, that of sin a becomes 
known, and the problem is determinate. If no conditions are atttached to the re- 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows: The values of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted; then the quotient of the 8d by the 2d (or the difference 
of their logs.) will give tan 2B, and hence &, which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the $d divided by sin JB, 
or the 2d by cos ZB, will give sin a, which, agreeing with the value from the 
Ist equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

lst. Let & and 4 be determined by the equations 


k sin? = sindécos A 
k cos ¢ = cos b 
k being a positive number (PI. Trig. Art. 174); then (197) 


Cos @ == k cos (¢ — $) 
sin acos B = k sin (¢ — ¢) 
sin asin B = sin db sin A 


2d. Eliminating /, and taking ¢ < 180°, (Pl. Trig. Art. 174), 


tang==tandcosA ($< 180°) ] 
cos 6 
cos @ == cos (¢ — ¢) 
cos ¢ 
(198) 
; cos 
sin a cos B = ar sin (¢ — ¢) 


sin a sin B = sin 0 sin A 


38d Tf tke quadrant in which a is to be taken is given, we may give the preceding 
equations tae following form: 


tan ¢ = tan d cos A (¢ < 180°) 
tan a cos B = tan (¢e — ¢) 


sin ¢ tan A 


tan asin B= ——_____. 
os cos (¢ — ¢) 


| 
. eee 
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4th. If both a and 4 are less than 180°, as not unfrequently happens in the appli- 
cations of this problem, let 


k gin a 
R= -—-—_—_ n= 
sin } k 


then m and n are both positive numbers (x being positive) and (197) gives 


m sin ¢ = cos A 


m cos > == cot b 
nsin B = sin ¢ tan A (206) 
n cos B = sin (¢ — $) 

cot a = cot (ec — ¢) cos B J 


Check. We find 


sin (¢c — ¢) sin a@ cos B tan A } 


sing  sindBcosA tan B | 
L (201, 
cos (ec —«) cosa 
COS * ™ cos 6 


besides which we may employ, in connection with (200), the equation sin a sin B 
== sin 6 sin A; or in connection with (197) or (198) the equation tan a cos B = 
tan (ec —¢). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B, interchanging B and C, 
& and ¢, in the preceding formule. But when B and Care both required, the Se- 
cond Solution to be given presently is preferable. 


EXAMPLE. 


Given A == 261°16’ 5 = 45° 54’, ¢ = 188° 82’, and a < 180°; to find a and B. 

We shall first employ (197). The first column of the following computation, con 
taining the symbols expressing the operations to be performed, should be prepared 
before opening the tables: 


A 261°16' 
b 45° 54’ 
e 188982’ 


log sin. A — 9-9949852 

log cos A — 9:1818744 

log sin 6 + 9:8562008 

log cos 6 == logk cos ¢@ + 98425548 

log sin 6 cos A = logk sin ¢ — 9-0875752 
log tan ¢ — 9:1950204 

log cos ¢ -+- 9°9947836 

logk# -+ 9-8478212 

@ 851° 5° 42'-6 

*¥e—¢ 147° 26° 17'"4 


anon 


mE sR RE 


* As ¢ >, we take ¢ = 188° 32’ +. 360°, so that ¢c — ¢ may bea positive angle: 
but it would be equally convenient to take ¢ — ¢ == — 212° 83’ 426 
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log sin (ec —¢) -+ 9-7809514 
log cos (e —¢) — 9:9257308 
jog & cos (c— ¢) == log cosa — 9°7785515 
a 126° 25’ 6-6 
(1) log sin dsin A = log sinasin B — 9-8511860 
log& sin (ec — ¢) = log sinacos B +- 9:5787726 
log tan B — 02728634 
B 298° 6’ 26”:8 
log sina + 9-9056351 
log sm B — 9-9455009 
(1) Check. log sinasin B — 9-8511360 
If a@ were not limited, we should have two solutions, the second being 
@ == 288° 34’ 587-4, B = 118° 6 268. 
We shall next give the computation by (200), which is applicable to this example, 
since botk a and 6 are less than 180°. 


A 261° 16’ 
b 45° 54’ 
c 138° 82’ 


log cos A == log msing — 9-1818744 
log cot 6 = log mcos¢ + 9-9863540 
log tang — 9:1950204 
@ 851° 5’ 42’-6 
e—¢ 147926174 
log tan A + 08185608 
log sin ¢ — 9-1897534 
log tan A sing = lognsin B — 0-0033142 
log sin (e — $) == logncos B + 9-73809514 
log tan B — 0-2723628 
B 298° 6 26”-9 
log cos Bo -+- 9-6781879 
log cot (ec — 9) — 0:1947789 
log cos B cot (¢ — ¢) = log cot a — 9°8679168 
a@ 126° 25’ 6-7 
116. Casr I. Given b,c and A. Second Solution; when the two angles B and v, 
er when all the remaining parts are required. We have, by Gauss’s Equations (44), 
cos4asin} (B-+ C) = cos} (6— ce) cosp A 
cosh acos4 (B+ C)= cos} (06+ c) sin § A 
sin} asin} (B— C) = sin} (6—c) cos3 A 
sin 4 a cos 4 (B — C) = sin 3} (6+ e) sin} A 
From the first two we deduce 3 (B+ C) and cos $a, and from the second twu 
3 (6 — C) and sin $a, whence B, Cand a. The problem becomes determinate, ag 
before; that is, when a is limited by one of the conditions 


a<180°, or a> 180° 


for then the signs of both cos 4 @ and sin 4 @ will be known.* 


(20%) 


* By Art. 27, Gauss’s Equations may also be taken with the negative sign when 
the triangle is unlimited, as in the group (45), but the same final results are ot- 
tained from either (44) or (45). See note at the end of this chapter, p. 227: 
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EXAMPLE. 
Same asin Art. 115. @< 180°. 
A 261° 16’ 
b 45° 54’ 
c 188° 32’ 


+ (6 —c) 46° 19’ 

4 (d-+-¢) 92° 13’ 

$ 130° 38’ 
log d == log cos (6 — cc) + 9-8892719 
log e = log sin $(— c) — 9-8592393 
log f = log cos $(6-+4- ce) — 8-5874694 
log g == log sin 4(d-+c) + 9-9996749 
log cos 4 A — 9-8187250 
log sin} A -+- 9-8801803 


log d cos 4 A = log cosjasin§ (B+ C) — 9-6529969 
log f sin 4 A = log cos} acos} (B+ C) — 8-4676497 
log tan 3 (B-+ C) -+ 1-1853472 


3 (B+ C) 266° 15’ 58”-0 


log sin} (B+ C) — 9-9990771 

log cos#a + 9-6539198 

3a 68°12’ 3387:3 

log ecos 4 A = log sin}asin} (B— C) + 9-6729643 


log g sin } A = log sin} a cos 3 (B— C) + 9:8798552 
log tan 3 (B— C) -+ 9-7931091 


}(B—C) 81°50’ 28"-7 


log sin } (B— C) -++ 9-7222788 
Verification. logsinda - 9-9506855 
Ba 68° 12’ 3373 


B = 298° 6'26"-7 
Ans. CO = 234° 25’ 293 
a == 126° 25’ 66 


117. If a only is required, we may find it by one of the methods of Arts. 75 aad 
76; ani if the sign of sin a is given, the solution is determinate. If the sign of 
sin B or of sin C is given, we find that of sin @ by inspecting the equation 


, sin Asin’ sin A sine 
811 42 =>= 

sin B sin C 

118. Case Il. Given A, C and 6. First Solution; when the third angle B, and 
one of the remaining sides (as a) are required. 

The general relations between the given and required parts are 


cos B = — cos (cos A+ sin Csin A cos 6 
sin Beosa= sin Ccos A-+ cos C'sin A cos b (203) 
sin B sin a = sin A sin 6 


which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin B, cos a, or sin ais given. 
qT 2 
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Adapting (205 for logarithms, we find 


Ist. 
*% sin $ = cos A (& positive) 
k cos$ = sin A cos b 
cos B == k sin (C — 3) (204) 
sin B cos a = k cos (C — $) 
sin 2B sin a = sin A sin } 
2d. 
cot 3 = tan A cos b (3 < 180°) 
cos A , 
cos B = sing 2 (Cc — 3) 
(205) 
cos A 
i = —$ 
sin B cos a = os (C ) 
sin B sin a@ = sin A sin 0 
&d. When th: quadrant in which B is to be taken is given 
cot $ == tan A cos b (3 < 180°) ) 
tan B cos a = cot (C — ¥) 
: tan 3 cos 3 (206) 
tan Bsina=> ,- —~,——- 
sin (C’ — S$) 
4th. When A and B are both less than 180°, let 
k sin B 
P= sin A ra ta | 
then p and g are positive numbers, and we have from (204), 
psinS = cot A 
pcoss == cos 6 
g sina == tan 4 cos ¥ (207) 
g cosa = cos (7 — 9) 
cot B== tan (C — ¥) cos a 
Checks. We have 
cos (C—s) __sinBecosa _ tanb 
cos 3 ~~ sin d cos 6” tana 
(208) 


al 


* The same factor ¢ is used here and in (197), although the auxiliaries ¢ and 9 are 
different. To show that % has the same value in (197) and (204), let the squares of 
the equations 


- 


k sin ¢ = sin 8cos A k cos ¢ == cos } 
be added ; we find 


i (sin? ¢ + cos? ¢) = k* = cos? b + sin® b cos? A = 1 — sin® 2 sin? A 
and in the same manner, from the equations 


kA sin $ = cos A k cos $ == sin A cos 0 


we find 
k? = 1 — sin? 8 sin? A 


and therefore, in both cases, 4 = ./ (1 — sin? 0 sin® A) 
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besides which we may employ, with (207), the equation sin B sin a = sin A sin 6; 
or with (204) and (205), the equation tan B cosa = cot (C’—%). Also, when 
(204) or (205) is employed, we may find 2 both by its sine and its cosine. 
These formule are computed in the same manner as those of preceding case. 
119. Casz II. Given A, Cand 6. Second Solution; when the two sides, @ and ¢, 
or all the remaining parts, are required. We employ Gauss’s Equations in the fol- 
lowing form: 


) = cos } (A — C) sin } 8 
) = cos § (4 + C) cosh b 
a@—c) = sin} (4 —C) sin} 6 
a@—c) = sing (A + C) cos} d 


whica are solved in the same manner as (202). 


TEXAMPLE. 
Gren A me 121° 30° 198, C == 42° 15’ 13-7, b == 40° 0’ 10”, and B > 180°. 
By (202). 
56 40° 0'10”-0 
A 121° 36'19"-8 
(1 42°15! 18"-7 
$(A4—C) 89° 40'338"-0 
4(4d+ C) 81°55’ 46"-7 
4b 20° 0 8-0 
log d == log cos $ (4 — C) + 9-8863088 
loge = log sin 4 (Ad —C) + 9-8051224 
log f == log cos} (A+ C) + 9:1478826 
logg = logsin} (4+ C) + 9:9956775 
log sin} b + 9°5340806 
log cos $5 + 9-0729820 


log dsin } 6 = log sin} Bsin} (a+ c) + 9-4203844 
log f cos } b = log sin 4 Boos} (a4-c¢) + 9:1203146 


log tan 4 (a+ c) + 0-3000698 

k(a+ec) 68° 23°83 

log sin 4 (a+-c) + 9°9518526 

log sin} B +. 94690318 

¢ B 162° 62’ 28-6 

*log (-—e sin $6) = log (— cos } B) sin } (a —e) — 9:3392030 
*log (—g cos 4 b) = log (— cos 4 B) cos } (a — ¢) — 9-9686595 
log tan 3 (a—c) + 9:°3705485 

4 (a—e) 198°12'382"9 

a == 256° 86'36'2 

Ans. | ¢ == 230°10'30"-£ 

| B= 325° 4457-2 


* The sign of eacn oi these factors is changed because B > 180°, and cos $ & is 
negative. 

+ It was necessary to increase } (a4 -+- c) by 860°, to obtain c. The correspond- 
ing value of 4 would be 616° 85’ 86’-2. See note at the end of this chapter, p. 227. 
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120. When B only is required, we may employ the methods of Arts. 81 and 82, 
which are determinate when the sign of sin B is given; or when that of either sin a 
or sin ¢ is given, since we may then find that of sin B by inspecting the equations 
sin A sind sin (sind 

sina sin ¢ 

121. Casz III. Given a, Band A. Virst Solution ; when the three remaining parts 
B, C, and ¢ are all required. 

We find & by the equation 


sin B= 


ioe (210) 
sin a 
which is determinate when the sign of cos B is given. 
Then, to find C, we have 
—cos CcosA + sin C sin A cosd} = cos B 

sin Ccos A + cos C'sin A cos d = sin B cosa 
which have already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by $, and put 0 — $ == %, we find, from (204), 


k sin 3 = cos A (i positive) | 
kcosS = sin A cos b 
k sin S’ = cos B (211) 
k eos’ = sin B cosa 
C=3$ + Ni 


To find c, we have 


cosc cos d+ sinc sin } cos A = cosa 
sin c cos 8 — cose sin 6 cos A = sinacos B 


which have already been employed and adapted for logarithms in Art. 113. If we 
denote the auxiliary by ¢, and put c — ¢ = 4’, we find, from (197), 


ksing = sin bcos A (% positive) 
kcos¢ == cos b 
k sin ¢’ = sinacos B (212) 
k cosy’ == cos a 
c= e+? 
Checks. We have 
sin?  cosd cos¥ tana 
sins’ cosB cos’ tan} 
(213) 
sing tan B cos¢ cos bd 
sing’ tana cos¢’ ss cos a 


One of which may be used as a check when cither C or ¢ has been alone computed.* 
When both C and ¢c have been found, the obvious check is 


sin 0 sin A 


sine sina 


(214) 


* The following relations deserve a passing notice: 


sin ¢ cos ¥ . ; sin ¢’ cos $ 
pales == sin 6 sin B 


PST CPE ee == Bin @ SA 
Cos ¢. sin J cos ¢ sin 3 


tan ¢ tan 3’ 


- - == sin? a sin? B = sin? d sin? A 
tan < tan < 


sin2¢ sin 2 <’ sin? 5 


sin 2° sin 2 ¢’ sin? @ 
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EXAMPLE. 


Given @ == 126° 25’ 6”-6, 6 = 188° 32’ 0’, A = 261° 160”, and cos B negative 


a 
b 
A 


By (210), = sin : 
og sin 
log sin A 
log sin B 

B 


By (211), log cos b 
log sin A cos 6 = log k cos $ 
log cos A = log & sin $ 

log tan $ 


Ni 


log cos a 

log sin B cos a = log k cos 9’ 
log cos B = log & sin S’ 

log tan 

s/ 

$4+-V’=C 


By (212), log sin 6 cos A = log & sin ¢ 
log cos 6 = log & cos ¢ 
log tan ¢ 


¢ 


log sin a cos B = log & sin ¢’ 
log cos a = log & cos ¢’ 

log tan ¢’ 

¢’ 

¢+y =e 


log sin 
log sin ¢ 


& C 
& \sin c 


Check. log (= “) 


sin @ 


126° 25’ 66 
188° 82’ 0”-0 
261° 16’ 07:0 


-. 9-9056351 
-L 9-8209788 
— 9:9949852 
— 9-9102789 
234° 25’ 298 


— 9:8746795 
+4. 9-8696147 
— 9:1818744 
—— 9:8117597 
848° 24’ 58-0 


— 9°7785515 
-L. 9-6888804 
— 9°7647520 
— 0-0809216 
809° 41’ 83-7 
298° 6! 267 


— 9-0028532 
— 98746795 
4. 9-1276787 
187° 88’ 81-8 


— 9-6703871 
— 9°7785515 
-- 98968356 
218° 15/28"-6 

45° 58' 59-9 


— 9-9455010 
+. 9-8562006 


— 0:0893004 


— 0-0893001 


In this example, both $ + 9’ and ¢ -+ ¢’ exceed 860°, and consequently we have to 
deduct 860° from each of them. We might have avoided this, however, by taking 
$ == — 50° 18’ 26"°3, 9’ == — 141° 44’ 81"-4. 


122. Case III. Given a, band A. Second Solution; when C ande are required 
without finding B. 

We have only to eliminate B from the fourth equation of (211) by means of (210), 
and then (omitting the third equation) determine S’ by its cosine, observing, however 
to take it so that sin $’ shall have the sign of cos B, which sign is supposed to be 
given. The formule for finding C thus become 

29 
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% sin $ = cos A (& positive) 
k cos $ = sin A cos 6 
cos 3’'== cos $ cot a tan b (215) 
(3 < 180° with the sign of cos B) 
Cm S49 


To find c, we observe that sin ¢’ has the sign of sin a cos B, so that we have the 
following formule: 


& sin ¢ = sin 6 cos A ( positive) 
& cos ¢ == cos 6 
, _ 008 ¢ cosa 
a (216) 
(o’ < 180° with the sign of sin a cos B) 
c= o+¢ J 


Check. The equation (214). 


128, Case IV. Given A, Band b. First Solution; when the three remaining parts 
a, cand C are all required. 
We find a by the equation 


: sin A sin 4 
= 217 

ie sin B way) 
which is determinate when the sign of cos ais given. Theremainder of the solution 
is by (211) and (212). 

124. Case IV. Given A, Band b. Second Solution; when ¢c and C are required, 
without finding a. 

We easily find, from (211), 

: k sin $ = cos A (% positive) 

k cosS == sin A cos 6 


ee sin $ cos B 
sin 3’ = cree a (218) 
(cos Y and sin B cos a to have the same sign) 
C= 3 +. y 
And from (212), 

Asin ¢ = sin d cos A (& positive) 
& cos? == cos b ; 

sin ¢’ = sin ¢ tan A cot B > (219) 


(cos 9’ and cos a to have the same sign) 
c=ot? 
Check. The equation (214) 


3125. Case V. Given a, Bande. The formula 


cos a — cos & cos e€ 


cos A = : 5 
sin 6 sine 


(220) 


determines A when the sign of sin A is known. If the sign of sin B or of sin C ir 
giren, that of sin A becomes known by the equation 
sin A sin 2 sin C 


ee 


sina sind + Sine 
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The formule (81), (88), (84), may be used, each of which will become determi- 
nate when the sign of either sin A, sin B, or sin CO is known. 
126. Case VI. Given A, Band C. The formula 


cos A +- cos Boos C 
sin B sin 0 


determines @ when the sign of sin ais given. If the sign of sin d or of sine is 
given, that of sin ¢ becomes known by the equation 


cos @ = (221) 


sin a __ sin 6 sine 
sn A” sin B sin C 
The formule (36), (38), (89), may be used, each of which will be determinate 
when the sign of either sin a, sin 4, or sin ¢ is known. 


Nore upon Gauss’s EQUATIONS. 


In the unlimited spherical triangle, we may consider any part, as a, to have ap 
infinite number of values, viz. a, a + 360°, a -+- 720°, &c., expressed generally by 
the formula a + 2  w, n-being any whole number or zero; and since 

sin ad == sin (a@-++ 277) cos @ == cos (a + 2 nx) 
all those equations of Chap. I. that involve only sin a and cos a will not be changed 
by the substitution of a+ 22-afora. A similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a -++ 860° for a, in Gauss’s Equations, (202), will change 
the sign of all of them, since 


sin 4 (a -+ 860°) = — sinja cos $ (a -+ 360°) = — cos $a 
while the substitution of a +- 720° for a will not change their sign, since 
sin $ (a -+ 720°) = sinja cos $ (a + 720°) = cos $a 


In general, their sign is changed by the substitution of a+ (4 -+ 2) » for a, and 
it is not changed by the substitution of at+-4n27. The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (45) of Art. 27. 

In practice, however, we may take them with the positive sign only; for they will then 
give at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 360°), may be directly deduced by the appli- 
cation of 3860°.* 

This will be illustrated by the example of Art. 119, p. 223; we there find 


$(a+tc) = 68° 23’ 37:3 
$ (a —c) = 198° 12’ 82”-9 
or rather, since 4 (4 + c) should be greater than $ (a — e), 
$ (a+ c) = 428° 28’ 33 
4 (a — c) = 198° 12’ 32-9 


* Gauss (Zheoria Motus Corp. Cel. Art. 54) recommends the use of the positive 
sign only, observing that any side or angle may be diminished or increased by 360°, 
as the case may require, but confines himself to the statement of this practical pre- 
sept, without explaining the grounds upon which it rests. 
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whence 
a@ == 616° 35’ 86-2 
¢ == 280° 10’ 80-4 
which is the proper solution of the equations taken with the positive sign. If now 
we deduct 860° from a, and take, as on p. 228, 
@ == 256° 85’ 867-6 
¢ == 280° 10’ 80-4 
we have the solution that would have been obtained by taking the negative sign in 
all the equations; for we now have 
% (a c) == 248° 23’ 33 
%(@—c) = 18° 12’ 82"9 
which, differing from the former values by 180°, must change the sign of all the 
equations. 
I have given some further particulars respecting unlimited spherical triangles, 


and a fuller discussion of Gauss’s Equations, in an essay which the reader will find 
in the Astronomical Journal, Vol. I., published at Cambridge, Mass. 
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CHAPTER V. 
AREA OF A SPHERICAL TRIANGLE. 


127. Given the three angles of a spherical triangle, to compute 
the area. 

This problem is solved in geometry, where it is proved that the 
surface of aspherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles, 

To express this analytically, let 


y = radius of the sphere 
T = surface of the tri-rectangular triangle 
= 4 surface of a sphere = 3 7 7? 
28=A+B+C 
KE = area of the triangle ABC. 
Also, let the angles A, B and C’ be expressed in the unit of Art. 11, 


that is, let A, B, C’ denote the arcs which measure the angles in a 
circle whose radius is unity. The rvight angle expressed in the same 


unit is 7, therefore the number of right angles in 2 8 is 


9? 
_a_48 
aa ale 


and we have, according to the above theorem of geometry, 


es 7 x(*%—2) =" @s—s) 


w 
or K = 177 (2 8 — x) (222) 
and if the radius of the sphere is taken = 1 

K=28S—-r7 228) 


128, In a plane triangle the sum of the angles is equal to z, 
and in a spherical triangle the sum exceeds x by IX; hence this 
quantity, K, is commonly called the spherical excess. 

U 
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129 Given the three sides, to find the area. 
By (223), we have 


sin4 K = gin (s—=) = — cos & 


ie (224) 
cos 4 K = cos (s—2) = sin S 


tan $ K = — cot S 


in which we have only to substitute the values of cos S, sin S, and cot S, given in 
Art. 34, to obtain the required solution. We find, [s = } (a+ 6--¢)], 


: __/[sinssin (s — a) sin (s — 0) sin(s —c)] ; 
ee ee 2 cos $a cos 4 b cos $e ~~ 2) 


b 1 
ae cos @ -+- cos b ++ cos ¢ +- 


4 cos 4a cos 48 cosde 


, 008" § a+ cos? 4 6 +- cos? 4c— 1 


2 cos 4 a cos $d cos $e (426) 
The numerator of (225) being denoted by , we find, 
1 
cot} K= sia aa (227) 


which is known as De Gua’s formula. 


Again, from the formule of Art. 85, since 1— sin § = 2 sin 4K, 1-+ sin S=m 
2 cos*}.K, we find 


. sin $s sin} (s—a) sin § (s—4) sin} (s—ce) } 
inp K=y| cos 4 a cos 4 b cos $c | 
cos 4s cos } (s — a) cos 4 (s— d) cos § (s —c) (228) 
stay |e bese | 
tani K=,/ [tan }s tan } (s—a) tan 3 (s— 0) tan} (s—e)] J 


the last of which is known as Lhwillier’s formula. 


130. Giten two sides and the included angle, (or a, 6 and @) to find the area. 
We have, from (224), by (71), 


one cot } acot } b+ cos C 
sin 7 
or 
inex = tanZatan$dsin C (229) 


1+ tangatan4dcos 7 
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131. lf we admit more than three parts of the triangle into the expression of &, 
we have by (56) and (67), 


: ink . 
sin 3a sin 4 si 


ae oe cos $e 


n@ 
(230) 
cos 3 @ cos 3 6-+ sin $a sin 3 b cos C 


cos 4 K = 
i cos 4c 


the quotient of which gives (229). 


182. Since there are always two triangles upon the surface of the sphere which 
have the same three sides, (Art. 110), the angles not being limited to values less than 
180°, the formule (225), (226), (227) should give the areas of both of them, and 
their sum should be equal to the surface of the sphere = 47. In fact, by (225), 
sin } K may be either positive or negative, while by (226) the cosine is fully deter- 
mined, so that these formule give two values of 4 K whose sum is 2%, and therefore 
two values of K, whose sum is 47. 

It tollows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it gives four solutions. The most convenient formula is therefore 
(228), for we must always have } K <7, and the double sign of the radical giver 


the two values of $ XK, one less and the other greater than 3 
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CHAPTER VI. 
DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES. 


133. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it 1s required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(Pl. Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two partsin common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences, an 
give them the positive sign, (Pl. Trig. Art. 187). 


134. Case I. A and ¢ constant. The parts of er 
ABU, Fig. 22, being A, ce, B, C, a, b, those of the AX 
derived triangle ABC” are A,c, B+ AB, C+ a, 
a+ Aa, 6 + Ad; and the parts of the differential ra B 


triangle BC” are a, a+ Aa, Ad, 180°— C, C+ AC 
and AB. We have, then, in BCC", by (3), 


sin Ab _ sin(a + Aa) _ sin @ 


= a 231) 
sin AB sin C/ sin (C+ AC) ee) 
Also, in BCC’, by (40), we have 
sin 3 (180°—- C+ C+ AC) _ tang Ad 
sing (180° — C— C— AC) tan} (a+ da— a) 
whence 
tan} Aa cos(C+ $A) (232) 
tani ab — cos $ AC 
By (41) we find in a similar manner, 
tan x Ab ats tan (a +4 Aa) (238) 
snZAQ  sin((+4aAC) 
By (42), 
sindtAa _ sin (a+4 Aa) (234) 


tantaAB tan(C+ tac) 
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By (48), 


tangAl’ — cos(a + $ Aa) (235) 
fant AB cos $aa 


By combining (232) and (238), 


tandaw tan (a+ 4A) (286) 
tandAQ tan(O +4 AC) a 


As these formulz involve the increments in the second members, 
they are to be computed by successive approximations. (See 
Pl. Trig. Art. 201). 


185. Case II. A and a constant. The given EER 
triangle being A BOC, Fig. 23, the parts of the 
derived triangle A’ BC are Aja, B+ A B,b+ Ad, Va 
C+ A0,ce+ Ac. Although the figure appears to “> 
show that the angle Bis diminished, it is still proper 4 
to represent the angle A’BC by B+ AB, to preserve uniformity 
in the algebraic signs of the increments; the essential signs being 
given by the equations of differences themselves. Hence we put 
the ansle ABA’ =ABC—A'BC=B— (B+ aB)=—AB. 
Joining A A’ we have in B A A’ and CA A’, by (43), 


cos (¢ + $ Ac): cos} Ac = — cot 4 AB: tan} (A’AB+ AA’B) 
cos (6 + 4A): cos} Ab= cot ZAC: tang (A’AC+ AAC) 
but since A is constant, or BA C = BA’O, we find that the fourth 
terms of these proportions are equal; whence 
tan$AB _ __ cos (b+ 4 Ad) cos § Ac 
tant AC cos(e¢ + $Ac) cos § Ad 


(237) 


In the polar triangle of A BC, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 


tang Ad  — cos(B+4AB) cos $ AC (238 
tan$ Ac ~— cos (1+ 4 AC) cos 4 AB } 


In A B Cand A BC we have 


sin asin B = sin A sin b 


sin a sin (B + AB) = sin A sin (6 + AL) 
30 u2 
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the difference and sum of which give 
sin a cos (B+ 4 AB) sind AB = sin A cos (6 + $ Ab) sin 4 Ad 
sin a sin (B+ 4 AB) cos $ AB = sin Asin (6 + 4 Ad) cos $ Ab 
from which, by division, we find 


tan3 Ab _ tan (6+ 4 Ab) 


tan$AB  tan(B+ 3AB) Si 
and in the same manner 
- 1 
aan ad an (OF 400) 240) 
The product of (287) and (239) gives 
sin 4 Ab sin (b + 4 Ad) cos 4 Ae 
tan $AO ~~ cos(e+FAcjtan(B+yab) AY) 
whence also* 
sin 4 Ae sin (¢ + 3 Ae) cos 2 Ab 
fan gAB ~~ cosG+F aljtan(T+ yao) — #*) 
cae 136. Case III. 6 and ¢ constant. The given 


o triangle being ABC, Fig. 24, the parts of the 
derived triangle A BC” are b,c, a+Aa, B+ AB, 
C+AC,A+AA. Joining CC’ wehavein BCC’, 
by (42), 

sin (a + 4 Aa): sind Aa= cot 4 AB: tan 4(BCC’— BCC) 
But observing that AC’ = AC, ACC’ = A O’C, we have 


BCW= ACC’ —-@ 
BC'C =AOCC+ C+ aC 
4(BCC’-— BCC) = —(C+ 4A) 


and the above proportion gives, therefore, 


sinf Aad  _ sin(a+# Aa) 


EB ccd SL Has 248 
tan SAB cot(O+ 4 AC) er) 


* The equations (239), (240), (241), and (242), contain each two factors less than 
the corresponding equations given by Cagnoli, 
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In the same manner we should find 


sin + Aa sin (a + 4 Aa) (244) 


— 


tan} AC  —cot(B+4AB) 
The quotient of (243) and (244) gives 


tan} AB _ tan(B+4 AB) 


tan AG ~ tan (O + $A0) oe 


In ABCand ABC’, by (4), we have 


cos a = cos b cos ec + sin bd sin > cos A 


cos (a + Aa) = cos b cos ¢ + sin & sin ¢ cos (A + AA) 


the difference of which gives 


sin } Aa _ sin dsine sin(A + } AA) 


sn AA sin (a + 4 Aa) (246) 

The quotient of (243) divided by (246) gives 
sin} AA ____ sin?(a + $ Aa) tan(O + $ AC) (247 
tan} AB sin 6 sin e sin (A + } AA) ) 

and from (244) and (246), in the same manner, 
sin} AA __ sin?(a +} Aa) tan (B+ 4 AB) 948 
tan AC sin 6 sine sin (A + 4 AA) ie) 


187. Caspr IV. Band C constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 


sin$ AA _ sin (A + $ AA) 


tand Ad cot (e + 4 Ac) oe 
sin ¢ AA _ sin (A + 3 Ad) 250 
tan3 Ac cot (6 + 4 Ab) Se 
tan $ Ad __ tan (6 + 4 Ad) 

tani Ac tan (¢ + 4 Ac) oe 
sin g AA __ sin B sin Csin (a + 3 Aa) (252) 


sin 3 Aa sin (A + 4 AA) 
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sini Aa _ sin?(A + 4 AA) tan (ce + $ Ac) 


tan} Ad sin Bsin (sin (a + } Aa) a9) 


sin} Aa _ sin?(A + } AA) tan (6 + $ Ad) 


tand Ac sin B sin C'sin (a + $ Aa) (254) 
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188. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable ( = 90° 
(231) and (282) become 


sin Ad = sin (a + Aa) sin AB 
tan + Aa = — tan 4 Ad tan 4 AC 


and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variables in both members, which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suffice 
to explain it. . 

Let C'(= 90°) and 6 be the constants; to find the relation of Ae 
and A B, we have between the two variables and the constant 6, the 
eyuations 


sin B = sin b cosec ¢ 
sin (B + AB) = sin 6 cosec (¢ + Ac) 
the difference and sum of which, by Pl. Trig. (105), (106), (181), 
and (132), are 
. 2 sin b cos (¢ + 4 Ac) sin $ Ae 
2cos(B+iAB ee 
ee aera Ae sin ¢ sin (¢ + Ac) 


; 2 sin 6 sin (e + 4 Ac) cos2 Ac 
2sin (B+ 4AB) cos} AB = “sin 6 ain ( + 2 he) a 


sin ¢sin(¢ + Ac) — 


* Cagnoli gives these equations reduced so as to involve the same variables in 
poth members; but in almost every instance his formule involve two factors more 
than are necessary, and are far less simple and convenient than those here given. 


and the quotient of these is 
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tand AB 7 
tan(B+2aB) 


which gives the first equation of the following article. 


tan $ Ac 


tan (¢ + 4 Ac) 


This process 


always eliminates the constant, and is applicable in every case. 
When the equation to be differenced involves cosines, we employ 

Pl. Trig. (107) and (108); if tangents, (115) and (116); if cotan- 

gents, (122); if secants, 


follows: 


140. Case Il. C = 90° and 6 constant. 


tandAc 
tankaB 


sin Aa 


snAaA 


sinAe 


taniAA 


__tan(¢ +3Ac¢) 


~ tan(B +4AB) 


sin(2a+ Aa) 
sin(2A+AA) 


( 

( 
sin(2 e+Ac ) 
cot(A+; 4A A) 


tandA¢ 


(129) and (180). 


tandA a 


tangAa 
sin dB 


tantaAdA 
tantAB 


141. Case IL. C = 90° and ¢ constant. 


sinAA 


sinAB 


tansA a 


tankaAA 


sinAd 


tank AB ~ 


142. Case III. C= 90° and 


tandAc 


tantAa 


tangAe 
sinAB 


sinAec 


sinAb 


sin(2A+AA) 


~ gin (QB+ AB) 


tan(a +dAa) 


tan(A+AA) 


sin(2a+Aa) 


~ cot(B+2aB) 


tan(e +$Ac ) 
tan(a +$Aa) 
cot(e+3Ac ) 
sin(2B+AB) 
sin(2¢c +Ac) 
sin(26-+Ab) 


tandAa 


tandAb 


tanta 6b 


tandAb ~ 


sin Ab 


tankAA 


A constant. 


sin Aa 


tankab 


tandA b 


tangaB 


tanzA a 
tansaB 


The results are as 


cot(e +4Ac) 
cot(a +ZA a) 
__tan(a +3 +3Aa) 
sin (2B+ AB) 

an(A +3AA) 
~~ cot (B+4aB) 


cot(a +4Aa) 


~ cot(b +446) 


tan(d +406) 
tan(B+iaB) 


sin(26 +A) 


~ cot (A+iaA) 


sin(2a+Aa) 
tan( b +306) 
cot(6 +445) 
cot (B+ 3AB) 
cot(a+iAa) 
tan( b+ sa B) 


(268) 


143. If a constant side is 90°, the equations of finite differences 
for the triangle may be obtained hy applying the preceding equations 
to the polar triangle 
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DIFFERENTIAL VARIATIONS OF SPHERICAL OBLIQUE T'RIANGLES. 


144. To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of Pl. Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in Pl. Trig. Art. 192 
For example, A and ¢ being constant, to find the relation of da 
and @.B, we have 


sin A sine = sina sin 0 
the differential of which is 


0=sinadsin C+ sin Cdsina 


=sinacos Cd C+ cosasin (da 
da _ _ tana 
dC ~— tan CO 
and to find the relation of da and dd, we have 


cosa = cos b cose + sin dsine cos A 


—sinada=-— sinbdcoscdb+cosb sinecos A db 
da _ sinbcose — cosdsine cos A 
db sin @ 
or by (7), 


of = cos C 


results which agree with those found from (236) and (222), by making 
Aa, Ab and AC infinitely small. By either method then, the fol- 
lowing equations may be readily verified. 


145. Cass I. A and ¢ constant. 


da tan a db sin @ 

aha eee ads |e 9 
aC §6tan?d dB sn@ (264) 
da d b tan a 

ae SO a0 ~~ sin @ ais 
da sin @ d 0 


dB tan@ cp ee (266) 
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146. Casz II. A and a constant. 


db cos 6 d b cos B : 

aC cose de cos (267) 

db tan 6 de tan @ 

adB tanB dG tan@ (268) 

d 6b sin } de sin ¢ , 

dC cos etanB aB ~~ cosbtan 0 (269) 
147. Case ITI. 8 and ec constant. 

d 

3 = — sin a tan C —_ sinatan B (270) 

dB tanB d ; ; : 

70> a = sin 6 sin C (271) 

dA__ smd = dA_ sin Ag, 

dB sinBeosC aC? sin@cosB (272) 
148. Case IV. B and C constant. 

d A 

= gin Atane 7 sin A tan 6 (273) 

d b tan 6 d : ; 

Tom — ; , Bsin e (274) 

da sin a da sin @ 

db sin 6b COSC de ms sin ¢ cos b (275) 


DIFFERENTIAL VARIATIONS OF SPHERICAL Rigut TRIANGLES. 


The preceding may also be used for right triangles; but it 
may be desirable to have the same variables in both members, as in 
the following furmule derived from those of Arts. 140, 141, and 
142: 


149. CaszlI. CO = 90° and 8 constant. 


de tan ¢ de cot ¢ a 
d B~~ tan B da cota (276) 
da sin 2a da 2 tan a 

ese te eee 2a Se (277) 
d A sin 2A dB sin 2B 


de sin 2 ¢ ad A tan A 
dA” 2cotA aB cot B 
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150. Case II. C = 90° and ¢ constant. 
aA sin 2A d a cot a ere 
cB se OP ab ob} 279) 
da tan a db tan 6 j 
Ds 128. Pe a ed 280 
dA” tan A dB” tanB een) 
da 2 sin 2a db sin 26 (281) 
adB 2ctB dA 2cotA ie 

151. Case ITI. C = 90° and A constant. 
d¢ tan ¢ d a sin 2 @ ee 
da tana db = Fine A) 
de 2 cot e d b cot b 
aB~ sin2B ab cotB eee) 
de sin 2¢ da cot & 
—— ae a 28 
d b sin 2 6} dB tan B (284) 


152. The differential variations are often 


employed for approxi- 


mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of Pl. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 


DIFFERENTIAL VARIATIONS OF SPHERICAL TRIANGLES WHEN ALL THE PARTS ARE 
VARIABLE. 
153. Let the equation 
cos @ == cos 6 cos c-+ sin J sinc cos A 
be differentiated, all the parts being variable; we find 

sin ada == (sin } cos c — cos d sinc cos A) db 
-++- (sin c cos 6 — cos ¢ sin b cos A) de 
-- sin dsinesin Ad A 


Dividing by sin a, this becomes, by (7) and (38), 


da = cos Cdb-+ cos Bde + sin b sin Cad (285) 
and in the same manner from the 2d and 8d equations of (4) we find 

db = cos Ade+ cos Cda-+sincsinAdB (286) 

dc = cos Bda+ cos Adb-+ sina sin BAC (287) 


From these three equations, any three of the six differentials da, db, dc, dA, 
dB, dC, being given, the other three may be determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, 
and these equations will assume simpler forms. If two of the parts be suppcsed 
constant, we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER VII. 


APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN CERTAIN 
CASES. 


154. Wuewn some of the parts of the triangle are small, or nearly 90°, or nearly 
180°, approximate solutions may be employed with advantage. These are generally 
found by means of series. 

155. In a spherical right triangle (the right angle being C’), given A and ¢, to find b 
We have 

tan 6 == cos A tan c¢ (288) 


which is of the form in Pl. Trig. (498), and may therefore be developed by (495) 
and (496) by putting 7 = b, y = ¢, p = cos A, whence 
Pee ase, 1 — cos A 


Sas A rag are nt ee a 
CS ga to 


and (495) and (496) become, [taking n = 0 in (495), and m = 1 in (496)], 
b== c—tan?4A sin 2¢+ 3 tants A sin 4ce — &e. (289) 
b =7—c-+ co#®4A sin 2c —} cot*4 A sin 4e+ &e. (290) 


If A is small, cos A is nearly equal to unity, and b exceeds ¢ by a small quantity 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or cos A nearly = — 1, 6 exceedsr—c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see Pl. Trig. Art. 255. 

156. Although these solutions are termed approximate, it must not be inferred that 
they are less accurate in practice than the direct solution of (288) by the tables; for 
the logarithmic tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may involve a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. Inthe examples of Pl. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions. 
in astronomy. 

157. If A and 0 are given, to find c, we have 


tan c = sec 4 tand 


which is reduced to Pl. Trig. (493), by putting « = ¢, y = b, p = sec A, 


= seed fi 1-poosd ~ "34 
and the series will be 
e= 6-+tan?$ A sin2b+ 4 tan‘} Asin 4b + &e. (291) 
¢ roauae ame sin 2b — J cot! 3 A sin 46 — &e. (292) 
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158. Similar solutions apply to the equations of right triangles, 
tan a = sin 6 tan A 
cot B = cose tan A 
the last being solved under the form 
tan (90° — B) = cose tan A 
We may also compute, in the same manner, the auxiliaries ¢ and $ in (122) and 
(184), so frequently employed in the solutions of oblique triangles. 


159. Ln a right spherieal triangle, given ec and A, to find a, when A is nearly 90°. 
We have 
sin a = sin A sinc (293) 
from which we deduce 
tan $ (c —a) = tan? (45° — 3 A) tan } (e 4 a) (294) 
From this we may find ¢e — a, which is supposed very small, by successive approxi- 
mations. Fora first approximation, let a = cin the second member, and find thence 
the yalue of ¢ —a and of a; for a second approximation substitute in the second 
member the value of a just found; and so on until two successive values agree as 
nearly as may be desired. 


EXAMPLE. 
Given A = 89°, c¢ = 87°; find a. 

Here 45° — 4 A = 0° 30’, and for the first approximation $ (¢ + a) == 87°. 

log tan 4 (e+ a) 1-28060 

log tan? (45° — 3A) 5-88172 

arcologsin1”  5-31443 

}(e—a) = 299-74 log }(c—a) 247675 

& == 87° — 9’ 59"-48 = 86° 50’ 0-52 


2p APPROX. 8D APPROX. 47H APPROX. 


h(e-+a) | 86°55’ 0” 86° 55’ 8” 86° 55’ 8-17 


log tan } (c + a) 1-26868 1-26899 1-26900 
tan? (45° — 4A 
log a 1:19615 1:19615 119615 
log } (e — a) 2-46483 2-46514 2-46515 
ioc) 29163 291-83 291-84 
ae 9’ 43-26 9’ 43-66 9’ 43-68 


a | 86° 60’ 16-74 86° 50’ 16”:34 86° 50’ 16°32 


The direct solution of (298) gives a == 86° 50’ 16”, but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The process here explained may obviously be applied to any equation of the form 

sin z == msin y 


when m is nearly equal to unity. 
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160. In a spherical oblique triangle, given two sides and the included angle, to find the 
other angles and side by series. 
If a, 6 and C are the data, to find c, we have 


cos ¢c = cos a cos 8+ sin a sin } cos 0 
Substituting half arcs, 
sin* $c == sin? 4 a cos* $ b + cos? 4 a sin? 3b 
— 2 sin 4acos}4bcos4a sin} bcos C 


which is of the form Pl. Trig. (507), and may be developed by (508) by substituting 
sin 4c for ¢, sin 4 a cos 3 6 for a, and cos} asin } 6 for 6; so that (508) becomes 


1 a C 
logsin c= log cos$.asin } ba EE cos +(ee LE et | (295) 
2 


To find A and B, we have, 
cos 4 (a — d) 


tan 4 (A + B) Pr eee ay ne 
tan 3 (A — B) = eh) cot $C 
whence 


tan [$2—} (4+ B)] = (erie ian te) tan 3 C 


tan [bw — 3 (4 — By) = (Sop) tnd 


Comparing these equations with Pl. Trig. (493), and developing by (495), = 0, 


an 4 an 4 b\? sin 
eee oe i: ee i Tha n+ (rts : SS 286 (296) 
ba—}(A— By =} wo a ema C'+ be. (297) 


If we develop by (496), we find 


br —3(44 By) =—304 (2S sin — (C28 me + be. (298) 


tan 46 tan 3 6 


t 
tan 5a nd 


si a) sin2 C 
tandd tan 3 6 


3 ke. (299) 


7—3(A—B) =—3 0— 


from which a selection will be made in any particular case, according to the con- 
vergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividing by sin 1”. 

This solution may be applied to the case where two angles and the included side 
are the data, by means of the polar triangle. 

161. Zo express the area of aspherical triangle in serves. 

vompanng (229) with Pl. Trig. (500), and developing by (502), we find 


4 K = tan } atan $d sin C — 4 tan? 4 a tan? 46 sin2C + &e. (800) 
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162 Lxarenpre’s Toxorem. If the sides of a spherical triangle are very small com- 
vared with the radius of the sphere, and a plane triangle be formed whose sides are equal 
to those of the spherical triangle, then each angle of the plane triangle is equal to the corre- 
sponding angle of the spherical triangle minus one-third of the spherical excess. 

Let a, 6 and c be the sides of the spherical triangle expressed in arc, the radius 
of the sphere being unity; and let 4’, B’ and C’ be the angles of the plane triangle 
whose sides are a, bandc. Then we have, in the spherical triangle, 


cos @ — cos 6 cose 


cos A = : = 
gin } gin ¢ 


Substitute in the second member of this, the values of cos a, &c., in series, by 
Pl. Trig. (405) and (406), neglecting only powers above the fourth, viz. 


cosa == 1—4a?+ yy a* 


cos 6 == 1 — 407-4 41, O° sin} == b—3 3° 
cose==1—jZ C+, ¢ sine == c—jc 
we find 
PO em ta ce? — a?) + 4), (at — b* — c§ — 6 0°) 


bc {1 —4(P+ &)] 
Multiplying the numerator and denominator by 1 + 4 (2?+ ©), and neglecting 
terms of a higher order than the fourth, as before, we have 
B? + Oe a: at + bt cof —20°R—207P—2H02 
2be 24 be 
which, by Pl. Trig. (225) and (289), becomes 
cos A == cos A’ — 3 be sin® A’ 


Let A = A’-l x, then since z is small, we may put cos = 1, so that, by 
Pl. Trig. (88), 


cos A = 


cos A = cos A’ — z sin A’ 
whence 
z==todcsin A’ 
But 4 be sin A’== area of the plane triangle = very nearly area of the spherical 
triangle = , whence 


zon 3K A'=A— 3K 
The same reasoning applies to each of the other angles, so that 
B=B—-tK C'= C—iK 


which proves the theorem. _ 

168. This theorem is applied in geodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered that the sides are to be expressed in arc; and if they are given in 
feet (for example), they must be reduced to are by dividing by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius, If 
then 7 == radius of the earth in units of any kind, a, 6 and ¢ the sides of the tri- 
angle in units of the same kind, and & the area of the plane triangle, we shall bave 
F in seconds, by the equation 

k 


~~ 9 sin 1” 


EXAMPLE. 


In a triangle upon the earth’s surface, given 5 == 183496-2 feet, ¢ = 156122:1 feet, 
and A == 48° 4’ 82-35; to find the remaining parts. 
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We have & = $c sin A, and the mean value of r == 20888780 feet. Hence 
log 6 5-26363 
log c 6:193846 
log sin A 9-87159 
arco log 27* sin 1” 0-37856 
K = 5-04 log K 0-70224 

It is evident that great accuracy in the value of 7 and of the other data is not 
required in computing AK. We now haved K = 17:68, A’ = 48° 4’ 30"°67, and by 
solving the plane triangle with the data A’, d and c, we find - 

a == 140580-0 feet B’ = 76° 12’ 22-19 C’ == 55° 43’ 7-18 

Adding 4 K& to each of these angles, the angles of the spherical triangle are 

B == 76° 12’ 28”-87 C = 55° 48’ 8-81. 

For further details respecting geodetical triangles, and for the methods of solving 
spheroidal triangles, special works upon geodesy must be consulted, such as 
Legendre’s Analyse des Triangles tracés sur la surface d’une sphéroide; Puissant’s Traité 
de Géodésie; Puissant’s Nouvel essai de trigonométrie sphéroidique; Fischer’s Lehrbuch 
der héheren Geodisie; various papers by Gauss, Bessel, &c. 

164, To solve a spherical triangle when two of its sides are nearly 90°. 

If a and b are nearly 90°, c and Care nearly equal, and it will be expedient to 
compute the small quantity C — c by an approximate method. We have, by (25), 
sin? 4¢ == sin? 4 (a + 0) sin? 4 C+ sin* 3 (4 — 0) cos? 3 C 

and by Pl. Trig. 
sin? 4 C = [sin? 4 (a4 + b) + cos? 3 (a+ b)] sin? § C 
the difference of which equations is 
sin 3 (C+ c) sin } (C —c) = cos* 4 (a + 8) sin* 4 C — sin? } (a — 4) cos*3 C 
Let 


a’ = 90° — a b! = 90° — b 
a’ and 0’ being very small: also, since C and ¢ are nearly equal, put 
(C++ ¢) = 


then the above equation becomes 
sin C sin }(C —c) = sin? (a’ + 30’) sin? } C — sin® 3 (a — 2’) cos* 3 
Dividing by sin C = 2sin3 C cos} C, and substituting the arcs 3 (C— ¢), 
4 (a’ + 2’), 4 (a’ — W’), for their sines, we find 


, 


’ b’\2 — $'/\2 ; 
C—e =< sin 1” [ (<= tan go—(- 5} ) cot 3 C | (801) 


which is the required approximate formula for the case when a’, 0’ and C’ are given 
to find e. 

If a’, b' and ¢ are given, to find C, we may exchange C for ¢ in the second member, 
whence 


C—-¢ = sin 1” [ (44 lin hd °) ; tan $e— (F °). cot $ e | (302) 
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CHAPTER VIII. 


MISCELLANEOUS PROBLEMS OF SPHERICAL TRIGONOMETRY. 


165. In a given spherical triangle, to find the perpendicular from one of the angles upon 
the opposite side. 
Fig. 25. Denoting the perpendicular upon the side ¢ (Fig. 25) 
C by p, we have 
sin p = sin d sin A (8032 


If the three sides or the three angles are given, we 
find by (48), or (51), and (803), 
B 
2n 2N 


A P i poe ee 
sm P= sne sind on) 

in which 7 and JW are given by (47) and (50). 
If we admit more than three parts of the triangle into the expression of py, we 


have, by (55), (56), and (803), 


2singAsing B . 2 cos $a cos 45 


i = _— 5 
snp = cos 3 C ms = gin ke os S (305) 
166. To find the radius of the circle described about a given spherical triangle. 
Fig. 26. The radius here understood is the are OA = OB= 


OC, Fig. 26, drawn from the pole of the small circle 
A BC to either of the angles. Let 
OAB=OBA=2% 
then C= OCALO0CB=OAC+H+OBC 
gozt(A+B—C)=S—C 

putting S= 4 (A+ B+ C). 

The triangle A O B being isosceles, the perpet-licular 
O P bisects the side e, therefore if O A = KR, we have 


tan 4¢ tan dc 


Se Se 306 
vee COS x cos (S —C) oe 
or, by (66), ton B ae 2S ES se Losin de (gor 


By applying the principles of Art. 37, this will give the corresponding formule of 
Pl. Trig. (285). 
167. From (65) and (66) we find 
cos (S — C) = — cos S cot } a cot § 6 
by which (806) is reduced to 
tan datan4 btanéde 


R= 
= —cos S 


1308 
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Also, by the last equation of (56), (806) becomes 


sin de 
cos 4a cos 4 b sin C 


168. Substituting in (306) for tan 3 ¢ by (89), 


tan k = (809; 


— cos § 
tan & = // (Son WA) oon Bon EO) 
or, by (50), 


— cos § 
tan k= =< 


169. Let the sides of the triangle A BC, Fig. 27, be pro- Fig. 27 
duced to meet in A’, B’, and C’; and denote the radii of 
the circles circumscribed about A’ BC, B'A CO, C'AB by 
R', R", R’” respectively. Then if 28’ denote the sum of C, 
the angles of A’ BC, (A, B and C being the angles of 
ABC), B 
28'’=2r—B—C+A 


S'’—A'=wr—4(A+8+4+0)=7—-S8 
so that (306) applied to A’ BC gives cr 


by 


tan 4a tanta 7} 
~~ cos (S’— A’) ~~ — cos 8 


tan R’ 


and in like manner 


tan £3 (311) 


ce 
rede ~ —cos 8 


tan 2!” = ———- 


Substituting for tan 4 a, &c., by (89), or for cos S by (69), 


cos (S—A) 2 sin da cos $d cos}e 


tan 2’ = W = 


cos (S—B)  2cosfsasin}b cosze 
oe n 


cos (S—C) 2 cos $a cos $d sin $e 
N = n 


tan A” = (312) 


tan R’” = 


170. Combining (310) with (312), we find the relation 
cot & cot &’ cot R” cot R” = N? (818) 
If this be multiplied successively by the squares of (310) and (812), we obtain 


tan R cot R&’ cot R” cot R” = cos? 8 

cot & tan F’ cot &” cot #” = cos? (S — A) 
cot & cot 2’ tan R” cot R’” = cos? (S — B) 
cot R cot R’ cot Rk” tan KR” = cos? (S — C) 


(314) 


248 SPHERICAL TRIGONOMETRY. 


171. Again, from (310) and (812) we find 

— tan & + tan A’ + tan R&R” + tan Rk” 
cos S + cos (S — A) -++ cos (S — B) + cos (S — C} 
ee 


2 cos A cos ¢ (B-+ C)-+ 20s 3 A cos 3 (B— C) 
N 


whence 
4 cos 4 A cos4 Boos $C 


— tan & + tan RF’ + tan R” 4+ tan 2” = W 


(815) 
We shall find in a similar manner 


tan R— tan 2’ + tan BR” tan 2” = a esl ae 


4sint Acos4 Bsin} C 
N 

4 sin 4 A sin 4 B cos 3 
N 


tan R + tan #’ — tan R” + tan Rk” = (316) 


tan & + tan &’ +. tan Rk” — tan &” = 


It is also easily shown that 
2+ 2 cos A cos B cos 0 
wv? 
172. To find the radius of the circle inscribed in a given spherical triangle. 
Fig. 28. ‘ In Fig. 28, O being the pole of the required circle, 
draw OF’,OP” and OP” to the points of contact, and join 
OA, OB. We have OP’ = OP’ and the triangles 
p, AOP and A OP” right-angled at P” and P’”’; hence 


; ro sin OP” = sin OP” tee se 
. sin OA P” = lO oo sin OAP 
—— pu therefore OA P” = OAP", (for we cannot have 
OA P" = 2x—OA P”"), and the pole of the inscribed circle is consequently found 
by the same construction as in plano, namely, by bisecting the angles of the triangle. 
If then we put s== 4 (a+ 6-+-¢), and r = radius of the inscribed circle, we 


have 


tan? R -+- tan? R’ +. tan? R” + tan® Rk” = (317) 


AP” +. BP’ +- OP =AP”"+az=z 4, AP” =8s—a 
and the right triangle 4 O P” gives 
tan r = sin (s — a) tanj A (818) 


corresponding with the formula of Pl. Trig. (288). 
Substituting, in (318), the value of tan 3 4, 


tan r -(AcerRweeo 


sin $ 
or tan 7 = aay (819) 
Substituting, in (818), the value of sin (s — a) given by (58), 
N 
= eee 320) 
wae 2 cos 4 A cos 4 B cos $ C (820) 
Also, by (51), we have V = } sin B sin C'sin a, which reduces (320) to 
Ge aes 
tan 7 = ana Dae sin a (821) 


cos 4A 
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178, Let the radii of the circles inscribed in the three triangles A’BC, B’AC, 
C’AB of Fig. 27, ber’, r’ andr”. Then if s’ denote the half sum of the sides of 
A'BC, we have 

2s) => 27r7—b—e+ta 
ss—amar—j(atbdb+te=ur—s 
#0 that (818) applied to the three triangles, gives 
tan?’ == sins tan} A 


tan 7’ = sinstan}B 
tan 7” = sins tan 4 C 


(322) 


Substituting in these the values of tan 4 A, &c., or of sins, 


n = N 
sin(s—a)” 2cosfAsin$ Bsin} C 


n = N 
sin (s — 5)” 2sin} Acos4 Asin $ C 


tanw” = 


tan 7” == (828) 
t 1 sd ite See eee 
ican ~ gin (s—c)” 2sin} Asin} Beos$C 


Also, by (321), 


tanr = 
cos 3 A 


cos ¢ Coos $ A 6j 


in } (324) 


tan 7” = 
cos $ B 
cos 7 A cos 3 B 


= sin ¢ 
cos  C 


tan 7” = 


1 
cosp Boos} Co. | 


174, The product of (819) and (828) gives 


tan 7 tan 7” tan 7” tan 7” == —, =n? (825) 


whence, as in Art. 170, 
cot rtan 7” tan 7” tan 7’” = sin? s 
tan 7 cot 7 tan 7” tan 7’” = sin? (s — a) 
tan 7 tan 7’ cot r” tan r’” == sin? (s — 6) 
tan r tan 7’ tan 7” cot 7” = sin® (s — c) 


(826) 


175, We find from (319) and (828), as in Art. 171, 
4sinfasm4sinie 


— cotr + cot 7 + cat r” + cotr” = 7 


4sin4acos46bcoshe 
n 


cot r — cot 7” + cot r’+ cot r” = 


4cos} asin} bcosde 


/ poet Jf t Ls = ; 
cot 7 + cot 7’ — cot r’ + cotr ; (327) 


4cosdacos#bsinde 


cot r + cot 7” + cot r’ — cot 7” = a 


2 — 2 cos a cos Bb cose 
cot® r+ cot? 7 -+ cot? r” + cot? 1” = areca aaacs J 


82 
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176. From (309) and (321), we find 


tan 7 


ian B = * SN 2 A sin 2 B sin § C cos 3 a cos 3 b cos $6 (328) 
From (307) and the first of (827), 
— cot r+ cot r + cot r” + cot r” = 2tan k (829) 
From (815) and (820), 
— tan & -+ tan &’ + tan Rk” + tan #” = 2 cotr (830) 


and other similar relations are found by comparing (812) with (827), and (316) 
with (323). 

177. The following relations are also worth remarking. 

If p is the perpendicular from C upon e¢, 


cos $¢ 


ieee 2 cos ee Ed 
sin 3 C 

178. The pole of the circle inscribed in a spherical triangle is also the pole of the circle 
circumscribed about the polar triangle ; and the radii of these circles are complements of each 
other. 

The arcs bisecting the angles of a given triangle will evidently bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectively; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90°, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced all the formule for the inscribed 
from those for the circumscribed circle, or vice versa. 

179. Yo find the are joining the poles of the circles inscribed in, and circumscribed about 
a given spherical triangle.* 

Fig. 29. Cc Let O be the pole of the circumscribed circle, 
Fig. 29, and O’ that of the inscribed circle. Put 

A O00 = a)? then 
2 cos D = cos AO cos AO’ + sin AOsin AO’ cos OAO’ 


By Art. 166, we have OAB = S — C, whence 
B OAO’ = S—C—4 A> 3(B—OC) 
We have also 
cos AO’ = cos O’P cos AP = cos r cos (8 — @) 
sin O'P sin 7 
sin O'AP sind A 


sin AO’ = 


* Hymer’s Spherical Trigonometry 
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There fore, 


cos D cos + (B— C} 
aaa Sin ==: cot r cos (s —a) + tan & sing id 


Substituting by (319), (807), and (44), 


cos D sin s cos (s — a) +. 2 sin $d sin $c sin 3 (6 + ©) 
ros Rsinr n 


_ sina-+ sin d+ sine 
-— 2n 
whence, sy (53), 


‘ cos D : te 1tsinasind+sina sinc + sind sine — cos a cosd cose 


cos R sin r 2n? 
br PL Dug. (170, = (BAH Beindesin Dein dey 
n 
== (cotr + tan 2)? 
cos? D = cos? (& —r) + cos? & sin? r 
sin? D = sin® (2 — r) — cos? # sin®r (832) 


If the inscribed circle is inscribed in A’BC, Fig. 27, and its radius = 7’, we 
have, by a similar process, 


sin? D’ = sin? (A + 7’) — cos? & sin? 7’ (333) 
180. To find the equilateral spherical triangle inscribed in a given circle. 
If & = radius of the given circle, and A = one of the angles of the equilateral 
triangle, we have, by (810), and Pl. Trig. Art. 76, 
—cos#AM  8cossA—4cos* 3A 
cos*$ A cos? 3 A 


whence cos 4A = a rir) (334) 


181. Zo find the equilateral spherical triangle circumscribed about a given circle. 
If r = radius of the given circle, and a = one of the sides of the triangle, we find 


tan? Rk = 


. 3 
oge= J (gpar) =) 
182. Given the base and area of a spherical triangle, to find the locus of the vertex. 
Fig. 30. 4 Let a == the given base, and A = area of ABC, Fig. 30. 


Produce AB and AC to meet in A’, Let O be the pole 
of the circle described about A’BC. The radius of this 
circle is given by the first equation of (811), which, by 
(224) becomes 


tan 4 a 
sin 4 K 


tan Zt’ = (335) 

The second member of this equation, being constant for 
all the triangles of the same base a, and the same area A, 
shows that R’is also constant, and consequently, that the 
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point A is always found upon the circumference of the same small circle 4’BC. 
But A and A’ being the extremities of the same diameter of the sphere, A is alse 
found upon a small circle, equal and parallel to the circle A’BC. 

The perpendicular distance (p’) of O from the base BC, is found by the equation 


cos &’ 
cos $a 


cos p’ = 


and the pole of the locus of A is in the same perpendicular, at a distance from 
BC = 27 — p’ = p, whence 


The equations (336) and (837) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to Lezell. 

183. To find the angle between the chords of two sides of a spherical triangle. 


Fig. 31. 


EN 


In Fig. 31, O being the center of the circumscribed circle, the angle between tne 
chords of the sides AC and BC is half the spherical angle AOB. If, then, 


C, == angle between the chords of a and 8 
we have 


cos C, = cos AOP = sin OAP cos AP 
or, by Art. 166, cos C, = sin (S— @) cos ge (3888) 
By (72) this becomes 
cos C, = sindasin$b-+4+cosiacosib cos (839) 


184. The preceding problem is employed for geodetical triangles, in which C, 
differs very little from C, in which case it is expedient to compute the small differ- 
ence C— C, = 2. We easily reduce (339) to the following: 


vos C, = cos $(a—8) cos?4 C— cos § (a+ 4) sin? § C 
== cos? $ C — 2 sin? } (a — 6) cos? 4 C—sin® 3 C+ 2sin?} (a+ b) sin® $C 
Subtracting cos C = cos? 4 C — sin? 4 C, we have, 
sind (C+ C,) sin§ (C— C,) = sin? $ (a+ 4) sin? C—sin?} (a— d) ccs?id 
or approximately, taking 
sin} (C+ C,) = sin C= 2 sin} Ceos3 C0 
and sin 4 (C— C,) = $2 sin 1” 


« being expressed in seconds, 


Ls Pk 
% == 77 Sin®} (a + 8) tang O — Sogn sin” 3 (a — 5) cot $ C 840) 
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188 If agreat circle (DE, Fig. 82) bisect the base of a spherical triangle at right 
angles, any great circle (FG), perpendicular to it, divides the sides (AC, BC) into seg- 
ments whose sines are proportional; that is, 

gin A: sin FC = sin GB: sin GC (341) 

uet P be the pole of HD, (DP = 90°), and Fig. 32. 

PGF any great circle drawn through P, and i 
therefore perpendicular to DH. Then, since Cc 


PB-+ PA = 2 PD = 180° 


we have, by (8). 

sin /sin FA = sin PsinPA=sinPsinPB 4 P 

== sin G sin GB 

sin F sin FC = sin G sin GC D B 
whence, by division, the theorem (341). The arc YG is analogous to the parallel to 
the base in plane triangles. 

186. If two ares of great circles, (AB, OD, Fig. 83), terminated by any circle, intersect, 
the products of the tangents of the semt-segments are equal to one another; that is, 


tan} AE tan} HB = tan} CH tan} 4D (842) 
Let P be the pole of the circle DACB. Join PH Big. 38. 


and draw the perpendiculars PF, PG, bisecting the 
arcs AB and CD. Then we have 


cos LH __ 008 PE _ ©os PH __ 0s GH 
cos FB cosPB cosPD ~~ cosGD 


cos FH —cos FB __ cos GE —cos G”? 
cos FH+ cos FB cos GH +- cos GD 


which, by Pl. Trig. (110), gives (342). 


187. If three arcs be drawn from the angles of a spherical triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
will be equal. 

Thus, in Fig. 34, we shall have 

sin AB’ sin CA’ sin BC’ = sin CB’ sin BA’ sin AC’ (348) 

For we easily find 

sin AB’ sin AP sin APB 


sin CB’ sin CP sin CPB’ 
B’ 
sin CA’ _ sin CP. sin CPA’ ZR A 


sin BA’. sin BP sin BPA’ 
sin BC’ _ sin BP sin BPC’ A 
“™ sin AP sin APC’ B 


sin AC’ 


Multiplying these equations together, the product of the second members is unity, 
whence (348). 

Thy same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (848), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
sides are bisected; when the three arcs are drawn from the angles to the points of 

Ww 
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sontact of the inscribed circle ; and when the threearcs are the three perpenticulars 


upon the sides. 
The first three of these cases are obvious. To prove the last, if 4’, B’ and C’, 


Fig. 34, are right angles, we have 


cos CB’ cos BA cos Ae’ cosCB cos BA cos AC 
whence cos 4B’ cos CA’ cos BC’ = cos CB’ cos BA’ cos AC’ 


and in the same manner we find 
tan AB’ tan CA’ tan BC’ = tan CB’ tan BA’ tan AC’ 


The product of these two equations gives the condition (843), and therefore the per- 
pendiculars intersect in the same point. 

189. Zo find the are drawn from any angle of a spherical triangle to a given point in 
the opposite side. 


In the triangle P.A A”, Fig. 35, let P A’ be drawn; we have 
Fig. 35. 
P 


cos P A’ sin A A” = cos PA’ sin (A A’ + A’ A”) 
= cos P A’ cos A’A” sin A A’ + cos P A’ cos A A’ sin A’A” 
But in the triangles P A A’, P A’ A” we have, by (4), 

cos P A’ cos A A’ = cos PA —sin PA’ sin AA’ cos PA'A 

cos P A’ cos A’A” = cos PA” + sin PA’ sin A’A” cos PA’ A 
which substituted above give 

cos P A’ sin A A” = cos PA sin A’A” + cos PA” sin AA’ (344) 
which determines PA’, the sides P_A and PA” and the segments of the side AA” 
being given. 

190. Let three arcs PA, PA’, PA”, Fig. 85, passing through the same point P, 
be intersected by two others A.A” and BB” whose intersection is Q; we have eeve- 
ral symmetrical relations among the parts of the figure which find their application 
in astronomy. 

Let the points A, A’, A” be given in position by their distances from Q, and pnt 


A@=2 AB=u£, PB =y 
AG = 2’ A'B’ = ff PB =y 
A”? — alt A" B" = B" PB! = y" 


By Pl. Trig. (171), we have 
sin « sin (2’ — 2”) -++ sin «’ sin (2” — a) 4 sin a” sin (2— 2’) = 0 
and in Fig. 35, 
s] 7 B + YF as a 
in @ sin sin Bey sin B 


sin 2 == ——--—.-—— ¢ 
sin Q sin y 
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whence . sin 8 sin y” sin B” 
sine= - + 

sin y sin 9 

and similar'y 

‘ sin # sin y” sin B” 
S16) SS OS SS 

sin 7 sin Q 
; sin 3” sin "sin B” 

sin 2” == @ z 


sin y” sin Q 
which, substituted above, give 
s1n 
a(t a") +s 
Again, if we express (344) in the notation of this article, it becomes 
cos (6+- +) sin (2’—2a’)+-cos (@’-+ 7’) sin (2”—a) 4 cos (4”+- y”) sin (2—2’)==0 (846) 
which, added to (845), gives | 


B” 


510 8 ain sin (2 — a a iy? sin (2 — 2!) = 0 (845 


siny 


FY) sin (at a") SEY) in a) f SEED) oin(a—e! =e 0 (847) 
Y 


tany tan 7” 
191. If P is the pole of A Q, we have 
Bby=hty = sity" = 90° 
and (345) and (847) both give 
tan 2 sin («’ — #”) + tan @ sin (2” — 2) 4+ tan 2” sin (2 — 2’) = 0 (848) 

192. To find the inclination of two adjacent faces of a regular polyhedron, and the radii 
of the inscribed and circumscribed spheres. 

Let Cand H, Fig. 86, be the centres of two adjacent faces whose common edge is 
AB; O the centre of the inscribed and circumscribed spheres. Draw OD bi- 
secting AB at right angles; draw CD, FD, which will alsn evidently be per- 
pendicular to 4 B; and put 


J = inclination of the faces = CDH Fig. 36, 


R = radius of the circumscribed sphere = OA = OB 
r == radius of the inscribed sphere =OC= OH 
@ == one of the edges = AB 

m == number of faces that form a solid angle 

m == number of sides of a face 


Suppose a sphere to be described about the centre O 
with any radius, and cad the triangle formed upon its sur- 
face by the planes COD, COA, AOD; this triangle is 
right-angled at d and gives 

sos cad 
cos ed = => 
sinacd 


But cos cd == cos COD, and 


COD=9°—CDO=>—}I 


0 
cad =} angle of the planes OA Cand OAB 


_1 47 oF 

~ 2 m~ on 

1 ln i 

. 3 2 0H n 
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therefore cos — 


sin ¢ J = (849) 


Then from the triangles O CD, ACD, &c., we find 


a v 
sia I cot — 350 
r x tan } cot — (350) 
T , 
r== Reoosac= Rcotacdcotcad = K cot — cot — 


a ca 
eee aie 351 
R y tan 4 J tan m= (351) 


198. Zo find the surface and volume of a regular polyhedron. 

Let f== number of faces of the polyhedron: © = the surface, and V= the 
volume; then the area of each face (the notation of the preceding article being 
continued) is equal to 

tABXODXn=a-— cot = 


” 


whence nf ys 
a he ee at 5 
S = a q oot 7 (352) 
and since V=SX 47 
V= a? te tan $I cot? = (353) 


194. To find the surface and volume of a parallelopiped, given the edges an. their incit- 
nations to each other. 

Fig. 37. Let OP, Fig. 87, be a parallelopiped, 
whose edges OA = a, OBr=b, OC = Gg 
and their inclinations BOC =2,AOC= 6, 
AOB = jy, are given. 

Pp The area of any face, as BC, is found by 
the formula 6c sin a, and therefore for 
the whole surface, we have 
S=—= 2 (bcsina-+-acsin 6+ absiny) (3854) 

To find the volume, let CD be the alti- 
tude, then 
V=baeABX CD=—absinyx CD 
Suppose a sphere to be described about O, whose intersections with the planea 
BOO, AOC, AOB and DOC are B’C' = 4, A'C' = 6, A’B’ = 3, and C’D’, The 
triangle A’C’D’ is right-angled at D’, whence 
CD-=csin C’D' = csin 2 sin C’A'D’ 
or by (46), ife = # («+ B+), 


ae = J [sin ¢ sin (2 — 2) sin (c — @) sin (¢ — 7)] 
whence 
V = 2aber/[sin o sin (e—a) sin (o—A)sin(o—y)] (888) 


THE END. 


